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Abstract

In this thesis, we study the existence and multiplicity of weak solutions of nonlocal prob-
lems involving fractional Laplace operator along with singular and critical nonlinearity.
We begin with introducing briefly the fractional Laplacian, critical exponent problems,
singular problems and Nehari manifold technique, which is subsequently used through-
out the thesis.

The second chapter includes the study of existence and multiplicity of weak solutions of

the following fractional singular equation

(P}): (=Ap)u=Au94u* u>0inQ, u=0inR"\Q,

where A >0, s € (0,1),0<¢q¢<1, p<a-+1<pi pj:nf’;p, n>spand Qis a
bounded domain with smooth boundary in R”. Using the fibering map analysis over
the Nehari manifold, we show that there exists a A; > 0 such that (P/{) admits at least
two solutions when A € (0,A;). We have also studied the case ¢ > 1, @ =2} — 1 case
separately in the last section. Here, we use the results from non smooth analysis to show
the multiplicity of weak solutions in LllOC for suitable range of A. We also show regularity

of the weak solutions obtained for this problem, that is they belong to L*(Q) NC (Q)

loc

where a € (0,1).

The third chapter contains the existence and stabilization results for the following singular
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parabolic equation involving the fractional Laplacian

u+ (—A)’u=u"94 f(x,u), u>0in Ar,
(7) u=0inTr,
u(0,x) = up(x) in R",

where A7 = (0,7) x Q,T'7 = (0,7) x (R"\ Q), Q is a bounded domain in R” with smooth
boundary 9€ (at least C?), n > 2s, s € (0,1), ¢ > 0 such that g(2s — 1) < (2s+1) and
T > 0. The function (x,y) € Q x R — f(x,y) is assumed to be bounded from below
Carathéodary function, locally Lipschitz with respect to the second variable and uniformly
for x € Q and it satisfies

limsupM <A1 5(Q),

y—=teo Y ’

where A1 ;(Q) is the first eigenvalue of (—A)® in Q with Dirichlet boundary condition in
R"\ Q. We prove the existence and uniqueness of a weak solution to (P’) on assuming
uq satisfies an appropriate cone condition. We use the semi-discretization in time with
implicit Euler method and study the stationary problem to prove our results. We also
show additional regularity on the solution of (P°) when we regularize our initial function
uo.

We have proved a three solution theorem in the fourth chapter for a nonlocal singular
problem. Precisely we considered the following nonlocal singular problem

) (aru=22" s o0ine wu=0inR\Q

u4

where s € (0,1), g € (0,1), A > 0 and Q is a smooth bounded domain in R”. Here we

assumef : [0,00) — [0,0) to be a continuous nondecreasing map satisfying 31_{130 % =0.
Under certain additional assumptions on f, we prove that (P/%) possesses at least three
distinct solutions in a certain range of A. We use the method of sub and supersolutions
and a critical point theorem by Amann [8] to prove our results. Moreover we show that

when A becomes large enough, (P/%) has a unique solution.
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In the fifth chapter, we studied a doubly nonlocal Brezis-Nirenberg type Choquard equa-

tion
(1 3) : (—A)Su—;tu+ / —| ( )‘zz‘sdy |u|2fl-~Y 2u nQ, u=0 in R”\Q
A Q |x—y|” ’ ’

where Q is a bounded domain in R” with Lipschitz boundary, A € R, s € (0,1), 2;17»? =
(2n—p)/(n—2s) is the upper critical exponent in the sense of Hardy-Littlewood-Sobolev
inequality, 0 < 4 < n and n > 2s. Using the Mountain Pass theorem and Linking theorem
we proved the existence of weak solution to (P/{’) depending on the range of the parameter
A. We also show that every solution is in L*(Q) N C%(Q) for some « > 0 (depending on
Q and s) satisfying & < min{s, 1 —s}. Moreover using the Pohozaev identity, we prove
that when A < 0 and Q is strictly star shaped with respect to the origin then (Pi’) admits
no positive nontrivial solution.

In the last chapter, we considered a system of equations involving the fractional Laplacian

and critical Choquard nonlinearity that is

( *
()|

“A)u=Au|?*u+
(—~AVu= Al (Qh—ﬂ“

dy) lu| %0720 in Q,

P 2273 *
(Pes) Cayw=spfe2vs | [ O 0 ) ppi2yin g,
Q [x—y[H

u=v=0inR"\ Q,

\

where Q is a smooth bounded domain in R”, n > 2s, s € (0,1), 4 € (0,n), 1 <g <2 and
A,d > 0 are real parameters. Using minimization over subsets of the Nehari manifold,
we prove that the system (P, 5) admits at least two nontrivial solutions whenever 0 <
12%1+5ﬁ <®ifu§4sand0<7tz%‘1+5ﬁ < @ if p > 4s, for some ©,0y > 0
where possibly g < ©.



SIN

=g AR T, g0 Uhaad 3R Agayul AHfafaiie & ay thaemd ara 3Hfavex enfid
AdIhd TS & HHGIR FHIYH & i 3R Igard &I 3edH H3d ¢ | g9 9au o
TR AU, HE@qUl BT THarst, Thaee THrst 3R ARt &8 T dhs &
TR F I FE B ¢, o 918 T R Rygial & Iuai oo Sran g |

SR e | Fafofad Sierepifeles Uehas THidhRU1 & HHGR THTYH! & 3@ 3R
Sgdrad BT ST XA ©

(P (A, Pu=29 +uh u>0 Q¥ u=0 R\QF,

o8l A>0,0<s<1, 0<q <1,p<<a+1<p’,p's=—= n>sthT Q R" ¥ fIe-t Jiar arer e

n-sp’

1 S B | 78R B3 T IR BIRERT A fIzayur o7 Iugiv #3d g, g1 folrd € fob te
A>0 UGBS fF (PY) HH I HH S GHIUT WIHR BT 8 5§ 0<A< A, 81| g9 Usa
SFIHTT H SIET-3TT g > 1, a=2"-1 »9 &1 1 g9 fHar g1 ggh, g9 A &1 Iuged dar &
fIT L}, (Q) H SHGR FHIU &1 dgarad feamr & forg IR et fazeivor § ufkomst &1
I 6 | | B 3 U & fore U SHeik ganer=i o1 fFafiydar o foera § it fop
L®(Q) N Coey () & FaRd & S8 o (0,1) % |

TR 3y H FRgfeiRad Teraaq tRisifare THieRul & ot 3ifia 3R fRe<or aRoms
XM & STeT ThaRd auare e &

(Pe): up + (-A)u=u" +fxu), u>0 ApH, u=0 I H u(0,x) = uy(x) R™ ¥,

S8t Ar = (0,T) x Q, I = (0,T) x R™\Q, Q HUS T ST 8 R™ ot A1 90 (FH A HH
C2), n>2s, O<s<1, g>0, S TH q2s-1)<@s+1) 3R T>0 HARE (x, y) QxR > f(x, y) A
T &1 A1 I ared foban S 8, R w0 ¥ fRufipel i R IR T T Ax @ A
3R G ?

: flx.y)
lim sup 5

y —0o

et A, RM\Q F FeReeia W fRUfd & A1y (—A)s HTUge SMET-aqU 81 89 u, dI Ifd
3P DI U BT R HA W (PF) & HHASR JHYH & I 3R faRiwer & wifed s g
&9 Sidfified ger fafd & ar woa & sred-fages &1 SuanT #xd § 3R §AR URomE! & arfad
B P forg FRR U= BT 31e00 R € | O1d §H 307 URIYS B w, Hl Faffg axd € @
B9 (P )& THIYM W HfafRad Fafiaan i fiiwra g1

< Aig



BHA U TR-Ush ol Uhdo HT & foTd =Y e | oiie JHTeT Uy Jifad o fear g
fAfEra = u 3 g0 Fufafad Sidierd thaa IHwr aFT Sdr g

(P,2): (-A)u = x%, >0 Q" u=0 R\QT

W8T 0<s<1, 0<g<1, A >0 3R Q R™ H TP RIH- a1e7 S 81 T8I 8H f: [0,00) — [0,00) P TP
PR ARTIRMAARA G S T lim L= 0 1f R P SHfaRed Al & ded, 59

—00 u{q“}

Tfed #RAE fF (P2 T A Y U Fifda P & o0 3 w4 ol wmmem= § 1 g9 srom ulomt
DI I HXA b AU IT 3R JIRUIeGRH &1 fAfY iR 31 [8] §RT TS Agayu! foig Udg &1
JUANT HRd ¢ | SUP AATal g1 faTd € foh 5Id A HIH! §ST 81 9l ©, (P2) DI U SFIST THIUH
gl gl

Ui e §, 8 T R ATl Srg- R TR aTe Tl 1
3T fdar

Zf s} * . .
(P (A)yu=ru+ (f, B2 gyy juPes 2w QF, u=0 R\NQFH,

[x=y[*

wigi @ R ¥ fRrcafires AT & A1 Ueh §1ed S §, A R™ H, 0<s<1, 2, ) = ~—L BISI-
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FHHSR FHIYH o1 31 qifad H: f3ar| g7 a8 i fourd & i Ids I 8 050 O
3R s FAYR W L2(Q) n ¢%(Q) HE YT a< min{1,1 — s}| TTP A4 Ulgid Uga H]
JUTNT R §U, B Tfoid B & [ 9 A<0 3R Q Hd & &y H Wit TR 3MpR fam S
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39 MR 3reamy H, gH JHIBRUN b1 Teh YUITc! b AT SN 3HifRIes duferarT ik
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2{,5) _ .
(P (AYu=auld2u + [ PO gy y)2is =2y o F

Q  |x—y#

ZE ,s} * _ .
(-A)v = 8|92y + [ —'“l(z)_'yli dy |[v|2es 2y QU

u=v=0 R\QH

S8l n> 25, 0<s<1, 0<p<n, 1<q<2, Q R"H & Ko ATH ST 3R 2, 6 > 0 3
R €1 78R P8 T & Taic TR HH Y HH SUANT dXh, §H AIad B g 1 ReH (

o 2 2
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