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Abstract

Modern engineering systems are designed to achieve high performance in safety, stability, and
efficiency, yet their operation is often challenged by uncertainties arising from environmental
disturbances and varying operating conditions, necessitating the use of active control strate-
gies. By integrating sensing, computation, and actuation, active control enables adaptive and
reliable system response in real time. Recent advances in machine learning have introduced
data-driven control approaches that allow real-time decision-making without explicit online
optimization. However, these methods are inherently limited by a trade-off between sample
efficiency and modeling bias: approaches that reduce modeling bias often require extensive
interaction with the environment, while more sample-efficient methods rely on approximate
models that may lack accuracy and generalizability. These challenges highlight the need for
frameworks that enable reliable predictive control in partially or fully unknown environments
while remaining computationally efficient. Addressing this gap, this thesis develops a suite
of novel machine learning methodologies for learning parsimonious and generalizable mod-
els, enabling rapid and reliable prediction of complex nonlinear dynamical systems under
parametric uncertainty, and facilitating efficient computation of optimal control policies for
interaction-free, model-agnostic, predictive, and scalable decision-making.

The central challenge in model-agnostic predictive control lies in the limited availability of
accurate physical knowledge, without which reliable planning of control actions becomes dif-
ficult. Existing data-driven approaches typically rely on black-box surrogate models, which
often suffer from poor generalization beyond the training regime. Recent advances have ad-
dressed this limitation by discovering interpretable governing equations, yielding models that
are physically consistent and capable of generalizing over long prediction horizons. Build-
ing on this progress, this thesis proposes an interpretable Lagrangian discovery framework,
where Lagrangian descriptions are identified directly from data in an explicit and structured
form. By integrating the resulting models with classical Model Predictive Control (MPC), a
model-agnostic MPC framework is developed that enables predictive control in partially or
fully unknown environments. This approach eliminates the need for continual online model
updates, rendering MPC both practical and effective for complex real-world systems.

While the proposed model-agnostic data-driven MPC framework eliminates the need for re-
peated online model updates, its real-time deployment remains constrained by the computa-
tional cost of repeatedly simulating the discovered physics using high-fidelity solvers. This lim-
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itation is particularly significant in predictive control, where system evolution must be evalu-
ated over a finite horizon at each control step. To address this bottleneck, this thesis introduces
the Wavelet Neural Operator (WNO), an operator learning framework that learns a parameter-
ized mapping between function spaces, enabling rapid inference of complex spatiotemporal
dynamics. By leveraging the timefrequency localization properties of wavelets, WNO effec-
tively captures evolving spatial features. Furthermore, by combining wavelet-domain con-
volution with an integral formulation inspired by Greens theorem, WNO learns an implicit
Greens kernel which, coupled with nonlinear activations, provides an efficient and accurate
approximation of the underlying nonlinear operators.

Building on WNO, this thesis introduces the Multi-Fidelity Wavelet Neural Operator (MF-WNO)
and the Neural Combinatorial Wavelet Neural Operator (NCWNO) to address data efficiency
and generalization challenges in operator learning. MF-WNO exploits the correlation between
expensive high-fidelity data and inexpensive low-fidelity data (e.g., from reduced-order mod-
els or coarse discretizations) to learn accurate high-fidelity solution operators. In parallel,
NCWNO reduces data requirements by learning a combinatorial operator across multiple so-
lution mappings and rapidly adapting to new physical systems with minimal additional data,
thereby functioning as a foundation-like neural operator capable of generalizing across fam-
ilies of partial differential equations. By replacing repeated evaluations of computationally
expensive solvers with WNO-based surrogates, the proposed framework enables accelerated
planning, efficient adaptation, and continual learning without retraining from scratch, es-
tablishing a scalable and computationally efficient paradigm for surrogate-based predictive
control.

Although neural-operator-enhanced model-agnostic MPC improves efficiency over classical
MPC, real-time deployment remains constrained by the cost of online optimization. Deep
reinforcement learning (DRL) offers an alternative via parameterized policies executable at
inference; however, purely data-driven DRL is sample-intensive, while model-based variants
suffer from inaccuracies due to online model learning. To address these limitations, this thesis
introduces the Model-Agnostic Predictive Temporal Difference (MAP-TD) framework, which
leverages a pre-trained, interpretable, and parsimonious dynamics model discovered offline
using sparse Bayesian learning. This enables accurate long-horizon prediction and efficient
policy learning via temporal-difference optimization, augmented with a terminal value func-
tion. Additionally, a hybrid simulation strategy combining high-fidelity solvers and a WNO-
based surrogate is employed to accelerate training, resulting in interaction-free and sample-
efficient control.

Finally, the feasibility of the proposed MAP-TD framework is demonstrated on two large-scale
benchmark problems: wind-induced vibration mitigation in a flexible skyscraper and flow-
induced vibration control in flow past a cylinder. In both cases, MAP-TD learns control policies
that can be directly deployed without retraining, enabling real-time control. By leveraging a
parsimonious dynamics model with sustained predictive capability, the framework eliminates
the need for online model updates and avoids direct interaction with the environment during
training, resulting in significantly improved sample efficiency. Quantitatively, MAP-TD achieves
approximately 3000 times faster inference compared to classical MPC, while maintaining com-
parable or improved control performance, highlighting its effectiveness for efficient control in
high-dimensional systems with unknown dynamics.



सारांश

आधुɟनक इंजीɟनयɩरʌग प्रणाɡलयों को सुरक्षा, ɜȸरता और दक्षता में उǴ प्रदशर्न प्राप्त करने के ɡलए अɢभकɜल्पत
ɟकया जाता है, ɟकन्तु उनका संचालन प्रायः पयार्वरणीय ȭवधानों तथा पɝरवतर्नीय पɝरचालन पɝरɜȸɟतयों से उत्पȡ
अɟनɢȮतताओं से प्रभाɟवत होता है, ɣजसके कारण सɟक्रय ɟनयंत्रण रणनीɟतयों कʏ आवश्यकता उत्पȡ होती है।
सेंसɩरʌग, संगणना और ɟक्रयान्वयन (एक्चुएशन) के एकʏकरण के माध्यम से, सɟक्रय ɟनयंत्रण वास्तɟवक समय में
प्रणाɡलयों को अनुकूली तथा ɟवȯसनीय प्रɟतɟक्रया देने में सक्षम बनाता है। मशीन लʃनʌग में हाɡलया प्रगɟत ने डेटा-
चाɡलत ɟनयंत्रण ɟवɠधयों को जन्म ɞदया है, जोȺȲऑनलाइन अनुकूलन के ɟबना वास्तɟवक-समय ɟनणर्य-ɟनमार्ण को
संभव बनाती हैं। तथाɟप, ये ɟवɠधयाँ स्वाभाɟवक रूप से नमूना-दक्षता (sample efficiency)और मॉडɭलʌग पूवार्ग्रह
(modeling bias) के बीच एकसमझौते से सीɠमत रहती हैं: वे दृɠȲकोणजो मॉडɭलʌग पूवार्ग्रह को कमकरते हैं, प्रायः
पयार्वरण के साथ ȭापक अंतःɟक्रया कʏ मांग करते हैं, जबɟक अɠधक नमूना-दक्ष ɟवɠधयाँ ऐसे अनुमाɟनत मॉडलों पर
ɟनभर्र करती हैं ɣजनमें सटʍकता और सामान्यीकरण कʏ कमी हो सकती है। ये चुनौɟतयाँ ऐसे ढाँचों कʏ आवश्यकता
को रेखांɟकत करती हैं जो आंɡशक रूप से या पूणर्तः अज्ञात पɝरवेशों में ɟवȯसनीय भɟवष्यवाणी ɟनयंत्रण को संभव
बनाते हुए संगणनात्मक रूप से भी दक्ष बने रहें। इस अंतर को संबोɠधत करते हुए, यह शोधप्रबंध नवीन मशीन लʃनʌग
पद्धɟतयों का एक समूह ɟवकɡसत करता है, जो संɢक्षप्त (parsimonious) तथा सामान्यीकरण योग्य मॉडलों के
अɠधगम में सक्षम हैं। ये पद्धɟतयाँ प्राचɡलक अɟनɢȮतता के अंतगर्त जɞटल नॉनलाइɟनयर गɟतकʏय प्रणाɡलयों कʏ
तीव्र और ɟवȯसनीय भɟवष्यवाणी को संभव बनाती हैं तथा इȲतम ɟनयंत्रण नीɟतयों कʏ दक्ष गणना को सुगम करती
हैं, ɣजससे अंतःɟक्रया-रɟहत, मॉडल-ɟनरपेक्ष, भɟवष्यवाणी-आधाɝरत और मापनीय ɟनणर्य-ɟनमार्ण संभव हो पाता है।
मॉडल-ɟनरपेक्ष भɟवष्यवाणी ɟनयंत्रण (model-agnostic predictive control) में कें द्रʍय चुनौती सटʍक भौɟतक
ज्ञान कʏ सीɠमत उपलȤता में ɟनɟहत है, ɣजसके अभाव में ɟनयंत्रण ɟक्रयाओं कʏ ɟवȯसनीय योजना बनाना कɞठन हो
जाता है। मौजूदा डेटा-चाɡलत दृɠȲकोण सामान्यतः ब्लैक-बॉक्स सरोगेट मॉडलों पर ɟनभर्र करते हैं, जो प्रायः प्रɡशक्षण
क्षेत्र से परे कमजोर सामान्यीकरण कʏ समस्या से ग्रस्त रहते हैं। हाɡलया प्रगɟत ने इस सीमा को ȭाख्येय शासनकारी
समीकरणों कʏ खोज के माध्यम से संबोɠधत ɟकया है, ɣजससे ऐसे मॉडल प्राप्त हुए हैं जो भौɟतक रूप से सुसंगत हैं
और दʍघर्काɡलक भɟवष्यवाणी ɢक्षɟतजों पर सामान्यीकरण करने में सक्षम हैं। इसी प्रगɟत को आगे बढ़ाते हुए, यह
शोधप्रबंध एकȭाख्येय लैग्रांɣजयनखोज (interpretable Lagrangian discovery) ढांचा प्रस्तुत करता है, ɣजसमें
लैग्रांɣजयन ɟववरणों को डेटा से प्रत्यक्ष रूप से ȺȲऔर संरɡचत रूप में पहचाना जाता है। प्राप्त मॉडलों को शास्त्रीय
मॉडल प्रेɟडɜक्टव कंट्रोल (MPC) के साथ एकʏकृत करके, एक मॉडल-ɟनरपेक्ष MPC ढांचा ɟवकɡसत ɟकया गया है,
जो आंɡशक रूप से या पूणर्तः अज्ञात पɝरवेशों में भɟवष्यवाणी ɟनयंत्रण को संभव बनाता है। यह दृɠȲकोण ɟनरंतर
ऑनलाइन मॉडल अद्यतन कʏ आवश्यकता को समाप्त करता है, ɣजससे MPC जɞटल वास्तɟवक-ɟवȯ प्रणाɡलयों के
ɡलए न केवल ȭवहाɝरक बɧल्क प्रभावी भी बन जाता है।
यद्यɟप प्रस्ताɟवत मॉडल-ɟनरपेक्ष, डेटा-चाɡलत MPC ढांचा बार-बार ऑनलाइन मॉडल अद्यतन कʏ आवश्यकता को
समाप्त करता है, ɟफर भी इसका वास्तɟवक-समय में अनुप्रयोग खोजी गई भौɟतकʏ को उǴ-ɟनȵा सॉल्वरों के माध्यम
से बार-बार अनुकरणकरने कʏ संगणनात्मक लागत से सीɠमत रहता है। यह सीमा ɟवशेष रूप से भɟवष्यवाणी ɟनयंत्रण
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में अɠधक महत्वपूणर् हो जाती है, जहाँ प्रत्येक ɟनयंत्रण चरण पर सीɠमत समय ɢक्षɟतज में प्रणाली के ɟवकास का
मूल्यांकन करना आवश्यक होता है। इस संगणनात्मक अवरोध को दूर करने के ɡलए, यह शोधप्रबंध वेवलेट न्यूरल
ऑपरेटर (Wavelet Neural Operator, WNO) प्रस्तुत करता है, जो एक ऑपरेटर लʃनʌग ढांचा है और फंǯन
Ⱥेसों के बीच एक प्राचलीकृत मैɫपʌग सीखता है, ɣजससे जɞटल ȸान–काɡलक गɟतकʏ का तीव्र अनुमान संभव
हो पाता है। वेवलेट्स के समय–आवृɢȉ ȸानीयकरण गुणों का उपयोग करके, WNO ɟवकɡसत होती हुई ȸाɟनक
ɟवशेषताओं को प्रभावी रूप से अɢभȭक्त करता है। इसके अɟतɝरक्त, वेवलेट-डोमेन कन्वोल्यूशन को ग्रीन के प्रमेय
से प्रेɝरत समाकल ɟनरूपण के साथ संयोɣजत करके, WNO एक ɟनɟहत ग्रीन कनǂल सीखता है, जो नॉनलाइɟनयर
सɟक्रयण फलनों के साथ ɠमलकर अंतɷनʌɟहत नॉनलाइɟनयर ऑपरेटरों का एक कुशल और सटʍक सɠȡकटन प्रदान
करता है।
WNO पर आधाɝरत होकर, यह शोधप्रबंध ऑपरेटर लʃनʌग में डेटा-दक्षता और सामान्यीकरण से संबंɠधत चुनौɟतयों
को संबोɠधत करने हेतु मल्टʍ-ɟफडेɡलटʍ वेवलेट न्यूरल ऑपरेटर (Multi-Fidelity Wavelet Neural Operator,
MF-WNO) तथा न्यूरल कॉɦम्बनेटोɝरयल वेवलेट न्यूरल ऑपरेटर (Neural Combinatorial Wavelet Neural
Operator, NCWNO) प्रस्तुत करता है। MF-WNO महंगे उǴ-ɟनȵा डेटा तथा कम लागत वाले ɟनम्न-ɟनȵा डेटा
(जैसे घɞटत-आदेश मॉडलों या मोटे ɟवɟवक्तीकरणों से प्राप्त डेटा) के बीच सहसंबंध का उपयोग करके सटʍक उǴ-
ɟनȵा समाधान ऑपरेटरों का अɠधगम करता है। समानांतर रूप से, NCWNO अनेक समाधान मैɫपʌग्स पर एक
संयोजकʏय ऑपरेटर सीखकर डेटा कʏ आवश्यकता को कम करता है तथा न्यूनतम अɟतɝरक्त डेटा के साथ नए
भौɟतक तंत्रों के प्रɟत तीव्र अनुकूलन करने में सक्षम होता है। इस प्रकार, यह एक आधारभूत (foundation-like)
न्यूरलऑपरेटर के रूप में कायर् करता है, जो आंɡशक अवकल समीकरणों के ɟवɢभȡ पɝरवारों में सामान्यीकरण करने
कʏ क्षमता रखता है। संगणनात्मक रूप से महंगे सॉल्वरों के बार-बार मूल्यांकन कोWNO-आधाɝरत सरोगेट मॉडलों
से प्रɟतȸाɟपत करके, प्रस्ताɟवत ढांचा त्वɝरत योजना ɟनमार्ण, कुशल अनुकूलन तथा प्रारंभ से पुनः प्रɡशक्षण के ɟबना
ɟनरंतर अɠधगम को संभव बनाता है, और इस प्रकार सरोगेट-आधाɝरत भɟवष्यवाणी ɟनयंत्रण के ɡलए एक मापनीय
तथा संगणनात्मक रूप से दक्ष प्रɟतमान ȸाɟपत करता है।
यद्यɟप न्यूरल-ऑपरेटर-संवɸधʌत मॉडल-ɟनरपेक्ष MPC, शास्त्रीय MPC कʏ तुलना में दक्षता में सुधार करता है, ɟफर
भी इसका वास्तɟवक-समय अनुप्रयोग ऑनलाइन अनुकूलन कʏ लागत से सीɠमत रहता है। डीप ɝरइनफोसर्मेंट लʃनʌग
(DRL) प्राचलीकृत नीɟतयों के माध्यम से एक वैकɜल्पक दृɠȲकोण प्रदान करता है, ɣजन्हें अनुमान (inference)
के दौरान सीधे ɟनष्पाɞदत ɟकया जा सकता है; तथाɟप, पूणर्तः डेटा-चाɡलत DRL अत्यɠधक नमूना-गहन होता है,
जबɟक मॉडल-आधाɝरत रूपांतर ऑनलाइन मॉडल अɠधगम से उत्पȡ अशुɣद्धयों से प्रभाɟवत रहते हैं। इन सीमाओं
को संबोɠधत करने हेतु, यह शोधप्रबंध मॉडल-ɟनरपेक्ष प्रेɟडɜक्टव टेȥोरल ɟडफरेंस (Model-Agnostic Predictive
Temporal Difference, MAP-TD) ढांचा प्रस्तुत करता है, जो ɟवरल बेयɡसयन अɠधगम (sparse Bayesian
learning) का उपयोग करके ऑफलाइन खोजे गए, पूवर्-प्रɡशɢक्षत, ȭाख्येय तथा संɢक्षप्त गɟतकʏ मॉडल का लाभ
उठाता है। इससे दʍघर्काɡलक भɟवष्यवाणी तथा टेȥोरल-ɟडफरेंस अनुकूलन के माध्यम से दक्ष नीɟत-अɠधगम संभव
हो पाता है, ɣजसे एक टɸमʌनल वैल्यू फ़ंǯन द्वारा और सुदृढ़ ɟकया गया है। इसके अɟतɝरक्त, प्रɡशक्षण को तीव्र करने
के ɡलए उǴ-ɟनȵा सॉल्वरों तथा WNO-आधाɝरत सरोगेट को संयोɣजत करने वाली एक संकर ɡसमुलेशन रणनीɟत
अपनाई गई है, ɣजसके पɝरणामस्वरूप अंतःɟक्रया-रɟहत तथा नमूना-दक्ष ɟनयंत्रण संभव हो पाता है।
अंततः, प्रस्ताɟवत MAP-TD ढांचे कʏ ȭवहायर्ता को दो बड़े पैमाने कʏ बेंचमाकर् समस्याओं पर प्रदɹशʌत ɟकया गया
है: एक लचीली गगनचुंबी इमारत में पवन-प्रेɝरत कंपन न्यूनीकरण तथा ɡसलेंडर के चारों ओर प्रवाह में प्रवाह-प्रेɝरत
कंपन ɟनयंत्रण। दोनों ही मामलों में, MAP-TD ऐसी ɟनयंत्रण नीɟतयाँ सीखता है ɣजन्हें ɟबना पुनः प्रɡशक्षण के सीधे
तैनात ɟकया जा सकता है, ɣजससे वास्तɟवक-समय ɟनयंत्रण संभव होता है। ȸायी भɟवष्यवाणी क्षमता वाले एक
संɢक्षप्त गɟतकʏ मॉडल का उपयोग करके, यह ढांचा ऑनलाइन मॉडल अद्यतन कʏ आवश्यकता को समाप्त करता
है तथा प्रɡशक्षण के दौरान पयार्वरण के साथ प्रत्यक्ष अंतःɟक्रया से बचता है, ɣजसके पɝरणामस्वरूप नमूना-दक्षता
में उल्लेखनीय सुधार प्राप्त होता है। मात्रात्मक रूप से, MAP-TD शास्त्रीय MPC कʏ तुलना में लगभग 3000 गुना
अɠधक तीव्र अनुमान (inference) प्राप्त करता है, जबɟक समान या बेहतर ɟनयंत्रण प्रदशर्न बनाए रखता है। यह
पɝरणाम अज्ञात गɟतकʏ वाले उǴ-आयामी तंत्रों में कुशल ɟनयंत्रण के ɡलए इसकʏ प्रभावशीलता को रेखांɟकत करता
है।
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ual solution to the LF predictions from LF-WNO. The residual solution is ob-
tained from the residual operator, which is trained on a collective set of a small-
sized HF-dataset QH and the LF predictions from LF-WNO. . . . . . . . . . . . . . . 113

3.15 Poisson’s equation: Comparison of the predictive performance of different neu-
ral operators against true HF solution for one representative forcing function.
The prediction results are shown for models trained on a dataset size of 50. . . . 117

3.16 Darcy flow in an irregular domain: Comparison of the predictive performance
of different neural operators for one representative boundary condition. The
results are shown for the model trained on a dataset size of 50. . . . . . . . . . . 118

3.17 Allen-Cahn equation: Comparison of the spatiotemporal solutions of different
neural operators against HF ground truth for a representative initial condition.
The temporal predictions are performed for t = 50s, which were obtained using
a temporal rollout from the given initial condition. . . . . . . . . . . . . . . . . . . 120



xix

3.18 Temporal estimate of the system states of the cantilever beam for an arbitrary
simulated action field by WNO. The responses are shown at three representative
time instances for three load distributions. . . . . . . . . . . . . . . . . . . . . . . . . 124

3.19 Visual comparison of the optimized trajectories from the enhanced model-agnostic
MPC framework. (a) Uncontrolled vibration. (b) Actively controlled vibration.
(c) Voltage estimation over the complete environment steps. (d) Tip displace-
ment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

4.1 Schematic architecture of the neural combinatorial wavelet neural operator
(NCWNO). (a) The overview of the network architecture. The context func-
tion is derived from the input parameters and iteratively updated through ex-
pert wavelet integral blocks, where the outputs from local experts are ensem-
bled using model probabilities from the probability gate. (b) Expert Block:
Based on the gate probabilities, a local channel-level averaging is performed
between the local expert, indicated by the color gradients. (c) Probability Gate:
It takes PDE labels and context information as input. The PDE labels are up-
lifted using a feed-forward network, while the context information is encoded
to a discretization-invariant space using wavelet integral blocks. The outputs
are concatenated and processed through a feed-forward network to the expert
probabilities. (d) Local Experts: The input is decomposed using undecimated
DWT, followed by convolution with the network kernels and inverse wavelet
transform on the convolved input. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

4.2 Cosine similarity between the datasets of different parametric PDEs. The dataset
contains the time-evolving solution map of parametric PDEs for different initial
conditions simulated as a Gaussian random field. A value of 1 indicates a perfect
match between tasks, and a value of 0 indicates a completely different task. . . . 147

4.3 Similarity between the in- and out-of-distribution datasets. . . . . . . . . . . . . . 147

4.4 Learning multiple physics solution operator of the 1D time-dependent paramet-
ric PDEs. Image plots of the ground truth and predictions are shown side-by-side
for a representative initial condition. At the bottom of the image plots, predic-
tions corresponding to four temporal snapshots indicated by the white lines in
the image plots are compared with the ground truth. . . . . . . . . . . . . . . . . . 149

4.5 Learning foundation model for the 2D time-dependent parametric PDEs. The
time evolution of the predictions of the trained foundation model against the
ground truth for a representative initial condition is shown. . . . . . . . . . . . . . 150

4.6 Combinatorial transfer learning of solution operators of 1D parametric PDEs.
The foundation model is trained on Allen-Cahn, Nagumo, and Wave PDEs, later
sequentially adapted to up to 3 new parametric PDEs (indicated by columns)
and sequentially tested on each task (indicated by rows). For example, the
fourth column indicates the foundation model’s performance on all tasks (indi-
cated by rows) after being sequentially trained on the Burgers’, Advection, and
Heat equations. The blue y-ticks indicate the performance of adapted models.
The dotted line indicates the 100% accuracy. The solid colored lines indicate
the accuracy at different time steps, and the shaded region indicates the 95%
confidence interval averaged over 100 testing samples. . . . . . . . . . . . . . . . . 151



xx

4.7 Combinatorial transfer learning of solution operators of 2D parametric PDEs.
The foundation model is trained on Navier-Stokes, Allen-Chan, and Burgers’
PDE, later sequentially trained on up to 3 new parametric PDEs (indicated by
columns) and sequentially tested on each task (indicated by rows). For exam-
ple, the rightmost column indicates the foundation model’s performance on all
tasks after being trained sequentially on Advection, Nagumo, and Heat PDE.
The dotted line indicates the 100% accuracy. The solid colored lines indicate
the accuracy at different time steps, and the shaded region indicates the 95%
confidence interval averaged over 100 testing samples. . . . . . . . . . . . . . . . . 152

4.8 Prediction results of the sequentially learned 1D time-dependent PDEs after
sequentially adapting the foundation NCWNO model on all the 1D parametric
PDEs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.9 Prediction results of the sequentially learned 2D time-dependent parametric
PDEs after sequentially adapting the foundation model on all the 2D parametric
PDEs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

4.10 Zero-shot prediction performance on super- and sub-resolution. The NCWNO is
trained on a 256-grid for 1D problems and on a 64×64-grid for 2D problems. In
1D, the pre-trained NCWNO is tested on 512 and 256 grids without fine-tuning.
In 2D, the super- and sub-resolutions are considered as 128×128 and 64×64.
The shaded region indicates the 95% confidence interval averaged over 100 test
samples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

4.11 Predictive accuracy of temporal predictions for out-of-distribution parameters.
The pre-trained model is directly tested on the out-of-distribution parameters
without fine-tuning. The shaded region indicates the 95% confidence interval
estimated over 100 out-of-distribution test samples. . . . . . . . . . . . . . . . . . . 158

4.12 Temporal estimate of the system states of the cantilever beam for an arbitrary
simulated action field by NCWNO. The responses are shown at three represen-
tative time instances for three load distributions. . . . . . . . . . . . . . . . . . . . . 162

5.1 Schematic overview of the proposed model-agnostic model predictive control
algorithm. The proposed MAP-TD algorithm jointly learns the optimal policy
and a value function using temporal difference learning in a receding horizon
MPC platform. The MAP-TD learns a parsimonious physical model from data
along with a neural operator for rapid generation of temporal rollouts in the
receding horizon. To reduce modelling error, a sim-to-real strategy is adopted
between a physical solver and the neural operator. . . . . . . . . . . . . . . . . . . 170

5.2 Data-driven model discovery of cantilever beam using SBL. (a) Marginal PIP
values of the candidate bases, indicated by stems. The red dotted line indicates
a mPIP value of 0.5. The design matrix has 19 candidate bases, including a bias
term. (b) The probability density function of the candidate function ∂ 4

x u, which
has an mPIP > 0.5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

5.3 Episodic return over the environment steps from the proposed MAP-TD, TDMPC,
and baseline-MPC. The green dashed line indicates the reward estimated using
the optimal action obtained from the classical optimization-based MPC algo-
rithm. The task is evaluated over 1000 episodes, with each episode consisting
of 100 time steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180



xxi

5.4 (Top row) Visualization of the optimized trajectories from different methods.
(Bottom row) The voltage to be supplied to the piezoelectric patch over the
complete environment steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 180

5.5 Comparison of MPC methods for the cantilever beam task. (a) Optimization of
free-end displacement. (b) Success rate of the control algorithms in achieving
the target bounds. The x-axis indicates the spatial coordinates of the beam.
The y-axis shows the fraction of time the system remains within bounds. A
higher success rate indicates the beam section achieves the target frequently.
(c) Reward of taking an action during inference after training. (d) Inference
time of planning over the predictive horizon. . . . . . . . . . . . . . . . . . . . . . . 181

6.1 Description of the numerical setup of the 76-DOF benchmark structure. The
structure is subjected to lateral wind load, where the wind speed is modeled as
a sinusoid. The three nonlinear floors are indicated in a blue line. The floors
with an actuator are indicated in red. Twelve actuators in total are placed in
the skyscraper for vibration control. The skyscraper has a passive TMD at the
top floor. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

6.2 Temporal estimate of the system states of the 76–DOF skyscraper for arbitrary
simulated actions using ML surrogate. The responses are shown for three rep-
resentative DOFs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

6.3 Episodic return over the environment steps from the proposed MAP-TD, TDMPC,
and baseline-MPC. The green dashed line indicates the reward estimated using
the optimal action obtained from the classical optimization-based MPC algo-
rithm. The task is evaluated over 400 episodes, with each episode consisting of
100 time steps. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193

6.4 Graphical representation of the optimized displacement and velocity states at
four representative floors. The green dashed lines show the target bounds. The
time steps are equivalent to environment steps during inference. . . . . . . . . . . 194

6.5 Summary of the trajectory optimization results of 76-DOF benchmark. (a) Suc-
cess rate of the control algorithms in achieving the target bounds. The x-axis
indicates the DOFs, and the y-axis shows the fraction of time the system remains
within target bounds. A higher success rate means the beam section meets the
target more often. (b) Rewards associated with actions during inference after
training. (c) Inference time of planning over the predictive horizon. . . . . . . . . 195

6.6 Description of the numerical setup of the cantilever beam. The location of the
actuator, made up of a piezoelectric patch, is indicated by the red strip. A uni-
formly distributed load, modeled as a sinusoid, is applied vertically to the thin
beam. All dimensions are in meters. . . . . . . . . . . . . . . . . . . . . . . . . . . . 196

6.7 Data-driven interpretable model discovery of flow pass a cylinder. Marginal
posterior inclusion probabilities of candidate bases for the flow field in x- (a)
and y- (b) direction. The stem indicates the bases, and the red dashed line
indicates a mPIP value of 0.7. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 199

6.8 Architecture of the Q- and π-networks for the Cylinder flow. The architecture
remains identical for both networks, except for the layers. While the Q-network
has one output, the π-network has two. . . . . . . . . . . . . . . . . . . . . . . . . . 201



xxii

6.9 Return over the environment steps for taking an action. (a) Episodic return
received during training. Each step involves planning actions by accumulating
rewards over the planning horizon. There are 50 episodes with 103 iterations
per episode. (b) The reward history obtained during inference for one flow con-
trol period. The shaded region indicates the 95% confidence interval obtained
from 10 independent runs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202

6.10 Visualization of the drag and lift coefficients suppressed by MAP-TD gent after
training. (a) & (b) Time-resolved value of the drag/lift coefficient CD/CL with-
out and with active flow control, during inference for one flow control period.
(c) Weighted PSD of the drag/lift coefficient, where the weighting is done using
the frequencies. The x-axis represents the normalized frequencies, where the
normalization is done using the Strouhal number. . . . . . . . . . . . . . . . . . . . 203

6.11 Visualization of the optimized flow fields (the x-component). The flow fields
at two different representative iterations are shown. (Left column) Last it-
eration of the training flow control period. (Right column) Novel scenario:
5000 iterations ahead of training conditions. (Top row) Uncontrolled/free flow.
(Mid/bottom row) Optimized flow field from baseline-MPC/MAP-TD. . . . . . . . 204

6.12 Inference time of planning over the predictive horizon after training. . . . . . . . 205
6.13 Suppression of drag and lift coefficients on the square cylinder using the pre-

trained MAP-TD agent. (a–b) Time-resolved drag and lift coefficients CD and
CL, with and without active flow control. (c–d) Power spectral density of CD

and CL during inference, illustrating suppression of dominant vortex-shedding
peaks. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206

6.14 Instantaneous x-component flow fields around the square cylinder. (Top) Un-
controlled flow field at 8000-th iteration. (Bottom) Controlled flow field at
8000-th iteration. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207



List of Tables

2.1 System parameters of the example problems. . . . . . . . . . . . . . . . . . . . . . . 33
2.2 Summary of the identified values of the parameters of the example problems. . . 35
2.3 Discovery of Lagrangian and Hamiltonian in the example problems . . . . . . . . 37
2.4 Noise sensitivity of the proposed framework. The bound denotes the error

bound estimated as µ ± σ/pN , where N = 5 represents the number of ran-
dom seeds. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.5 Summary of the results of the Lagrangian discovery of example problems. The
relative L2 error is estimated between the parameters of the actual and iden-
tified Lagrangian densities as ‖θ − θ∗‖/‖θ‖, where θ and θ∗ represents the
parameters of the actual and identified Lagrangian density, and ‖ · ‖ denote the
usual L2 norm. Here L and L ∗ denotes the actual and discovered Lagrangian
density. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.6 Learning Energy conservation (Hamiltonian) and ODE/PDE descriptions . . . . . 62
2.7 Sensitivity of the proposed framework against measurement noise. The dash

represents the cases where either one of the true functions is not correctly dis-
covered, or at least one extra candidate function is falsely identified. . . . . . . . 67

2.8 Summary of the sensitivity of the proposed framework against data points and
sampling frequency. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.9 Network details of the HNN. LR represents the learning rate. . . . . . . . . . . . . 69
2.10 Network details of the LNN. LR represents the learning rate. . . . . . . . . . . . . 69

3.1 Dataset size for each problem, unless otherwise stated. WNO architecture for
each problem unless otherwise stated. . . . . . . . . . . . . . . . . . . . . . . . . . . 96

3.2 Number of epochs required to obtain the best prediction results. Note that the
number of epochs here for DeepONet and FNO, except the Allen-Cahn example,
are reported from their respective original papers. . . . . . . . . . . . . . . . . . . . 96

3.3 Mean L2 relative error norm between the true and predicted results. The error
denotes the percentage error in the prediction. . . . . . . . . . . . . . . . . . . . . . 100

3.4 Summary of the predictive performance for Poisson’s equation for different
training dataset sizes (N). The MSE statistics are obtained by averaging the
MSE over the testing dataset size of 2000. . . . . . . . . . . . . . . . . . . . . . . . . 117



xxiv

3.5 Summary of the predictive performance for Darcy flow equation for different
training dataset sizes (N). The MSE statistics are obtained by averaging the
MSE over the testing dataset size of 2048. . . . . . . . . . . . . . . . . . . . . . . . . 119

3.6 Summary of the predictive performance and reliability analysis for the time-
dependent Allen-Cahn equation. The probability of failure p f denotes the first
passage failure of each spatiotemporal trajectory of the Allen-Cahn equation. . . 120

3.7 Performance of neural-operator simulators . . . . . . . . . . . . . . . . . . . . . . . 124

4.1 Performance against existing multiple physics operators. The best-performing
metric is indicated in bold text. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

4.2 Performance against existing task-specific operators. The bold texts indicate the
best-performing metric. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

4.3 Out-of-distribution data generation details. U (·, ·) denotes uniform distribution. 158
4.4 Training costs for training the initial foundation model and the combinatorial

transfer learning of new PDEs. The time refers to the wall clock time, measured
in seconds, per epoch. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

4.5 Effect of the number of experts on catastrophic forgetting of old tasks, exempli-
fied on the 1D parametric PDEs. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

4.6 Performance comparison of neural-operator simulators. . . . . . . . . . . . . . . . 162

5.1 Hyperparameters of the MAP-TD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179
5.2 Tracking error, averaged over the space over environmental steps. . . . . . . . . . 181

6.1 Tracking error, averaged over the space over environmental steps. . . . . . . . . . 195

E.1 Architecture details of NCWNO for continual operator learning. Layers indicate
the number of hidden layers. The parenthesis “<>" indicates the layers. . . . . . 272

E.2 Architecture details of gating function pβ(e | v j, Ih(ℓ);θβ). . . . . . . . . . . . . . . 272
E.3 Network size of the NCWNO architectures. . . . . . . . . . . . . . . . . . . . . . . . 272
E.4 Architecture details of NCWNO for task-specific operator learning. Here, mψ

denotes the wavelet compression level, ‘Experts’ denotes the local experts, ‘biort’
denotes the bi-orthogonal wavelet family, and ‘Channels’ indicates the number
of kernels in the expert wavelet integral blocks. . . . . . . . . . . . . . . . . . . . . 273

E.5 Architecture of the DeepONet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 274
E.6 Architecture of FNO. P denotes the uplifting layer before the Fourier layers, and

Q denotes the downlifting transformation after the last Fourier layer. . . . . . . . 275
E.7 Architecture of WNO. Here, ‘dbN’ denotes the Daubechies wavelet basis with

N vanishing moments, ‘biort’ denotes the Biorthogonal wavelet basis function,
and s denotes the wavelet compression level. . . . . . . . . . . . . . . . . . . . . . . 275

E.8 Details of the model sizes and computational time per epoch for task-specific
examples. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 275



Abbreviations

CNN Convolutional Neural Network

DWT Discrete Wavelet Transform

DRL Deep Reinforcement Learning

DeepONet Deep Operator Network

DOF Degree-of-Freedom

FFNN Fully connected Neural Network

FNO Fourier Neural Operator

MAP-TD Model-Agnostic Predictive Temporal Difference

MCMC Markov Chain Monte Carlo

MCS Monte Carlo Simulation

MDOF Multi Degree-of-Freedom

MDP Markov Decision Proces

MPC Model Predictive Control

MPPI Model Predictive Path Integral

MF-WNO Multi-Fidelity Wavelet Neural Operator

NO Neural Operator

NCWNO Neural Combinatorial Wavelet Neural Operator

ODE Ordinary Differential Equation

PDE Partial Differential Equation

PDF Probability Density Function

PIP Probability Inclusion Probability

RL Reinforcement Learning

SBL Sparse Bayesian Learning

TD Temporal Difference

WIB Wavelet Integral Block

WNO Wavelet Neural Operator


