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The thesis is concerned with the development of finite 

difference methods and their convergence analysis for certain 

two-point boundary value problems. In Chapter I we study 

the development of finite difference methods and their 

convergence analysis for two-point boundary value problems 

involving rs:urth-order differential equation with boundmry 

conditions prescribing either y,y' or y,y". For the purpose we 

consider a more general problem und give a systematic development 

for the construction of "(2m1)-diagonal" finite difference 

methods for two-point boundary value problems involving the 2n-th 

order differential equations y(2n)  +folty, =0,n 2.For use with 

these discretisations of the differential equation, we also consi-

der obtaining general discretizations for the boundary conditions 
w(2n-2) or prescribing either v v ws J1141 ,11"ter 

ur( 211 3) 

thenconsider in detail obtaining finite differ.'nce methcids of 

orders two, four and six for two-point boundary value Arable 

involving fourth order differential equations and study the 

convergence of these methods. The five-diagon41 sixth order 

methods thus obtained involve certain oft-step abscissas. 
e then consider obtaining sixth order methods which are not 

based on ony off-step abscissas. By suitably lowering the 

order of the local truncation errors in the boundary discre- 

tisations, and by suitably modifying the usual convergence 

;:rguments, we give five-diagonal sixthAmethods which do not 



knvolve any off-step abscissos. In lhapter II we consider 

the convergence of some existing finite difference methods 

and the development of some new finite difference methods 

for computing eigcnvo Wes of certain two-point boundary 

value pr oble 	tve first cow id er the eigenva toe problems 

y"+(k(x)-r(x))y = Os  y(a) = y(b) = 0. Nounrrov's method 

is often used to compute approxitmitiory for the eigenvalues 

X of this problem. No proof showing tIvit Nowserovis to-thod 

applied to this problem provides 0( h4)-convergent approxima- 

tions for X seems to have been given so far. ive give 

proof esLlblishing that Pnumprovls method provides real, 

positive and O(h4)-convergent approxiut:tions for X for all 

q(x) >0. Aping  we note that for computing eigenvalues of 

this two-point boundary value problem Noumerov's nrthod is 

used expressed in t he form: (134"10+trcz.) 	ten:A;  = 0. Now, 

even though both B and are (symartric) tridiagonal matrices, 

eildedeR lo a "completely filled" matrix. Therefore, for 

computing eigenvalues of this two-point boundary value !ruble 

it is natural to ask for an alternative mPthod of the form 

(ameR) 	= 0, it which the amtrix is a suitable 

"band motrixn, ive present such a new method in which the 

sittrix C is symmetric isnd five-dingondl, 	then consider 

the eigenvalue problem involving a fourth-order differential 

critt:tion: y(4)-(Xci(x)-fix))y = 0, y(o) = y(b) = 	y' (b) 

= 0. For this pr.;blem, the coefficient atttrices for all the 



existing finite dift rence orthods (even for u arthod of 

order two) are unsyrry tries ";lie present a new finite difference 

method for which the coefficient ntltrix is syrapvtric atcci 

five-disgonal; it is shown that the resulting method provides 

0(h`) -Convergent appcoximItions for the eigenvalues of this 

problem. Finally, in Chapter ll eve stoat/ the convergence 

of a finite difference arthod for computing elgenvalmes 

turD-Liouvi 1 le problems: ( pt x)y ) 1.1140 xi—r00)y = 0, 

subject to mixed boundary conditions. In Chapter III we 

discuss the construction of three-point finite difference 

approximations for the class of two-point boundary value 

problems: (p(x)y')' = Nita), auy(a)-alyt(a) = ti, gloylb)4,  

thy' (b) = B. -;(! first establish : certain identity from 

which, by al king we of suitable cuboture forradas, 0 fondly 

of fourth-oracr disCretistatiow fur the differential equntion 
obt.:.invd;  appropriate discretizations for the boundary 

conditions ore also obtained. Frtia this family of farthods, 

u "simplest" fourth-order rats thud is given ,snd its convee:.-4enCe 

is established. In Cluipte'r Iv ;Al discuss the contitruction 

of thrum-point f inite difference a pp:. Jx 	.,nil their 

convergence for the class at (weakly) singular two-point 

boundary value problems: (*ay' = f(x,y), y(0) = ‘, ytl) = B, 

0 <0( <1. Again, employing a general (nonuniform) mesh, we 

first establish a certain identity from which various twthods 

can be obtained. (Air as in objective here is to obtain cethods 

having order two for all 	(0,1). It turns out that a 



method of order two for all a s (0,1), and based on just one 

evalualtion of f, is possible only if an appropriate non-

uniform mesh is employed. Such a method is obtained and its 

convergence is established. on the other hand, it turns out 

that any method having order two for all a s (0,1) and esploy-

ing uniform mesh mast be based on, at least, three evaluation 

of f; two such second order metho4are obtained and their 

convergence is established. 

The thesis consists of rour chapters; a brief desciiption 
of the contents of each chapter followst 

Chanter I:  Cur min concern in Zhapter I is to study the 

development of finite difference methods and their convergence 

for two-point boundary value problems involving fourth-order 

differential equations with boundary conditions prescribing 

either yo' or yer. For the purpose we consider a more general 
problem from which the finite difference methods for f ourth- 

order differential equations and the associated boundary conditi 
follow easily. we give a systematic development for the construc-
tion of "(2n+1)-diagonal" finite difference methods for two-point 

boundary value problems involving the 2n-th order differential 
equation 

(I) 	y(2n) + f(x,y) = 0, 	it 	2. 

For use with these discretizations of the differential equation, 

we also consider obtaining general discretisations for the 

boundary conditions with either "even-derivatives prescribed": 
()(b) (2) 	y(2.01a) = s 	A2J, y 2j — 112J, 	= 

or, boundary conditions with "odd-derivatives prescribed"; 



(3) ytu) = 	y(h) = s. 7(24/44) la) = A-- • y( 24.1.1)  

= 2,1-1• 
 4 z: 	ni.i• 

lie t consider in detail obtainint3 cinite difference kr thuds 

of order two, four and six and ,tudy their convergence for 

two-point boundary value problem' invulving the fmrth orckr 

differential CcitkAloilt yi4 ;4.fixey) = 0, with boundary condi• 

tions prescribing y, y" or yey' • It turns cut that the five-

diagonal sixth or+ r or thuds thus obtained involve certain 

off-step abscissas. ire the:: consider obtaining sixth order 

methods which are not based on any off-step abscis4as. 

suitably lowering the order of the local truncation errors 

in the boundary discretisations (we show that it is f nough 

to have the boundary conditions discretizvd with local truer 

tion errors 01h7+46)), wt ,;ivi five-diagonal sixth order EW Lhods, 

which do not involve any off-itep abscissas, fur 	‘11 of the 

two-point boundary va lue problem s 

(4i) 	y(4) + tlx.y) = 0, 

(4b) 	) = 	y( 1+a) 	Ipas yt = R. y(1"t b) = 114. 

e 

Sbak.s11: In ilinpter II use con2.ider tir convergence Cr FOS, 

ext. Ling finite difference arthods and the developarnt of 

some ntw finite difference rrthods for computing eigenvalues 

of c, rt.,in two-point bound,lry v.; hie problem. 



We first consider the eigvnvalue problem: 

(5 t 	y" • OK(x)mr(x))y = 0, yta) = y(b) = 0. 

Numeral s methud is often used to compute approximtiow for 

the eigenvaluee A of (5). No proof showin3 thct Ntlitnerove s 

method aPPlifd to this irobleta provides 0th4)-convvrT at, 

approximations for X seems to have been given so tar. 

give a proof esGablishing that Voumrrove s method wavi-.1 .  

rt ill, positive and Ote)-convcrgent approximations for X 

for all q(x" >0 and r(x) O. 

Again, swe not,  that for computing eigenvalues of (5), 

Nouneral s garq.had iS used expri ;:-5e ,3 in the form 

m  (6) 	-04-tf- P:) '1 - kVA? = 0, 

where T td13) and B = (b") arts sy:,x4 tric tridiagon 1 m.Arices 
, vith dii  = 2, diot tl = -1• b 	AD  ; b 	= f)11 11 -12 1,1t1 2 
LILIg 	prN.11, (i = 	 I. Now, even though 

,ind are I symar trio) tridiagonal as trio ea, 511)+Iriqt is a 

"completely filled" matrix. Therefore for computing eigfsti-

values of (5) it is natural to :Isk for an alternotive method 
of the form: 

17) 	.4te f tekcjia  = 0 , 

in which the matrix C is a suitable "hand matrir. .'e 

present such a new method in which the matrix C is symetric 

and five-diagonal; in fact, for 	Westin method, 



proof is Siren showing that this new meth■xl provides real, 

positive and 0(e) ..Cunvergent appeuximtionsit for X of IS). 

e then consider the ei;envalue problem involving a 

fourth orJr difterential equ'.tions 

3(4) - (%q(10-r(x)iy = 0 
(8)  

y(a) = y(b) = e(a) = lb) = 0. 

For this problem, the coefficient ma trio's for all the ( Listing 
Jiftervnce 0. thods (even Car J method of order two) 

are unapt).  tric. For crinPuting aPProxissitions at for ellen-
values % ce (8), we present new method In the fonts: 

(9) ( 	 = 0, 

in which 3 = (d1,1) is a symetris2 five-di:4am1 "'Ariz with 

dll = (41.4,N-1"-T 70 d12 = dN-1,11..2 = 440 d13 = 	:II 1  

cols = 6' dtt,kll = 149 4/14k *2 la i°  

It is 3 lumn that this new method provides 0(111 )..conver3ent 

appr,mcmiataons A f'.)r eigerrvo firs lie of 18). 

Finally, in this chapter we 3tudy the convvrgencc% of a 

rialto diftercnce ran thud for c:raputlnl. elgenvalurs of ''tursm-

Lititville problems 

111110 	4314'1' 4. (X4(x)-r(mi)y = O. 



subject to the mixed boundary conditions 

(10b) 	acy(a) 	alp(6)31'(:t) = 0, bay(b)+bip(b)ys (b) =0 

:\ finite difference sr that with u symmetric tridiagon.41 
coefficient aritrix 	describt'd fur computing eigenvalues 

of (10), 	proof for the convergence of the method for 

the case of "n.Aural boundary conditions", la, Dl  = 0) 

has been given by Keller L1I.g. Keller, "Two-Point Boundary 

Vulw Problems, Metres 	s proof for the csanvergence 

of the present Ixthod for _al-vd boundary conditions can be 

given using stability analysis of Krtiss [1(.(). Kreiss, 

"Difference ,\Pproaciaitions for Boundary and Eigenvalue ProbleMS 

for erdinary Differential Equ.,ticsis", ifitth. Comp., V. 26, 

/972, pp. 605-426). However, the stability analysis of both 

Keller and Kre198 require a "proper noriallisation" of the 

discretisation equations so that the local truncution eisrf)rs 

are all O(k"). Rut this nortailin tion destrors symarery 

the coefficient nails of our :method. Thus our inter-it here 

is to offer an alternative proof showing that the ccnver7ence 

of the present wiled us such (without normalization) can be 

easily given by u slight svidificatiun of Keller's stability 

analysis. 

slionter III: In liapter 111 we discuss the construci,i,n 

three-paint finite difference oPProximatiory for the class of 

two-point boundary vulue problems: 



(113) 	(p(x)y')' = Mita), 

subject to the mixed boundary conditions s 

(lib) 	aoy(a) - aiyi (a) = 	poy(b) 	ply' (b) 	B. 

first establish an identity from cvnioh general three-point 

finite difference upproxisaltions of varikAis orders can be 

obtained by employing suitable cubature formulas to evaluate 

the double integral:i occuring in this identity. h'e then 

coneider in detail obtaining fourth order methods bused on 

three evulubtions or f. Ye obtain a family of fourth order 

discretizations for the differential equation; appropriate 

discretiaations for the boundary conditions are also obtained. 

e select the free parameters available in these discretizations 

to obtain a "simplest" fourth order method. This me thud is 

described and its convergence is established; numerical 

examples are given to illustrate this new fourth order Exasod. 

4hanter IV: In 4supter IV tve diJcuss the construction of three-

point finite difference approximatiatti ond study their conver-

gence, under appropriate conditions, for the class of (weakly) 

singular tuo-point boundary value problem s 

(12) (ItcY )• = rtx,y), y(o) = 	= B, e < a < 1. 

employing la general (nonuniform) mesh, we first establish 

certain identity from which varion thuds can by obtained. 



liur win objective here is to obtain methods braving order 

two for all a $ (0,1). Non, in order to obtain a method 

having order two for all a 8 (0,1), there seem to be three 

By employing an appropriate (nonuniform) 

s h over (0,1j, we obtain a method M1  bused on just une 

evaluation of f. Alternatively, employing uniform mesh, we 

obtain the two orthod3 N12  and )13  each b. gad on three evalw-

tions of f. The methods M1  and hit2  have the property that 

for a = 0 they reiuce to the Cie:laical second order roc thA 

ba-ied on one evelteition of t. These three methods ire 

investigated in detail, their 0(h" )—convergence is established 

and illustrated by nuirrical examples, 

ione Of the ri sults tit the thesis have been isiblished/ 

are to appear ins 

BIT (1979), Muth. Comp. 11980), BIT (1980) , J. Oomut. Appl. 
Math. (1980) 
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