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The thesis is concerned with the development of finite

difference methods end their convergence analysis for certain
two-point boundary value problems, In Chapter I we study
the development of finite difference methods and their

convergence analysis for two-point boundary value problems
involving fourth-order differential equation with boundgry
conditions prescribing either y.y' or y,y". For the purpose we
consider a more general problem and give a systematic development
for the construction of "(2nel)-diagonal” findte difference
methods for two-point boundary value problemsimvolving the 2n-th
order differential equations ".)Oﬂl,}) = 0,n 2 2.For use with
these discretizations of the differential equation, we also consi-
der obtaining general discretizations for the boundary conditions
prescribing either !.fo-u.:“"’) or y,;',....r‘."). we
thenconsider in detail obtaining finite difference mwethods of
orders two, four and six for two-point boundary value proble
involving fourth order differential equations and study the
convergence of these methods, The five-diagonal sixth order

methods thus obtained involve certain off-step abscissas.
We then consider obtaining sixth order methods which are not

based on any off-step abscissas., By suitably lowering the
order of the local truncation errors in the boundary discre-

tizations, and by suitably modifying the usual convergence
de
arguments, we give five-diagonal -uth:n{huls which do not



inyolve any off-step abscissas, In Chapter 11 we considep
the convergence of some existing finite difference methods
and the development of some new finite difference methods
for computing eigenvalues of certain two-point boundary

value problems, We first consider the cigenvalue problems
Y'eihqix)=rix))y = 0, yla) = y(b) = 0. Noumerov's method

is of ten used to compute approximetions for the eigenyalues
M of this problem, No proof showing that Noumeroy's method
applied to this problem provides O(N*)-convergent approxime-
tions for \ seems to have been given so fapr, We give a
proof establishing that Toumerov's method provides preal,
positive and 0(h*)=convergent approximtions for A for all
qix) > 0. Aguin, we note that for computing eigenvalues of
this two-point boundary value problem Noumerov's method is
used expressed in the form: (l“m&‘a) ¥-rwA¥ = 0. Now,
even though both B and D are (gymetric) tridiagonal motrices,
8™ 0si?R 15 o “"completely Pilled" metrix. Therefore, for
computing eigenvalues of this two-point boundary value proble
it is maturel to ask for an altermative method of the fomm
(0otR) ¥ = W¥AF =0, 4r which the mtrix ¢ is a suitable
"bond mutrix". We present such a new method in which the
motrix C is symmetric and five-diagomal, wWe then considep
the elgenvalue problem involving a fourth-order differential
equations y“)-(lq(l)-‘f‘lx) )y =0, yla) = y(b) = y'(a) = y'(b)
= 0. For this problem, the coefficient matrices for all the



existing finite diffcrence methods (even for ¢ sethod of
order two) are unsymertric, We present a new finite difference
method for which the coefficlient matrix is symetpic and
five~diagonal; it 4s shown that the resulting method provides
0(h¥)=convergent approximtions for the eigenvalues of this
problem. Fimally, in Chapter II we study the convergence

of @ finite difference arthod for computing cigenvalues of
Sturm-Liouville problems: (p(x)y’)'eiNgix)=rix))y =0,
subject to mixed boundary conditions, In Chapter ILI we
discuss the construction of three-point finite difference
approximtions for the class of two-point boundary value
problems: (pix)y')’ = rix,y), vlu)-cly’h) = Ay Ayible
fy'(b) =B, We first establish a certain identity from
which, by making use of suitable cubature formulas, & family
of fourth-order discretigations for the differential equation
are obtained; appropriate discretizations for the boundary
conditions are also obtained, From this family of methods,

e "simplest" fourth-order method is given and its convergence
is established, In Chapter IV we discuss the construction

of three-point finite difference approximmtions and thedr
convergence for the class of (weakly) singular two-point
boundary value problems: (x%')' = fix,y), y(0) = A, y(1) =p,
0 <A <1l. Again, employing s generel (nopuniform) mesh, we
first establish a certain identity from which various methods
can be obtained, Our min objective here is to obtain methods
having order two for all o8 (0,1), It turns cut that o



method of order two for all a s (0,1), and besed on just ome
evaluagion of f, is possible only if en appropriate non-
uniform mesh is employed, Such a method is obtained and its
convergence is established. On the other hand, it turns out
that any mechod having order two for all a s (0,1) and employ-
ing uniform mesh must be baged on, at least, three evaluation
of 3 two such second order methodiare obtained and thedr
convergenge is established.

The thesis consists of rfour chapters; a brief deseription
of the contents of cach chapter follows?

Chapter 1t Our mein concern in Chapter I is to study the
development of findte difference methods and their convergence
for two-point boundary value problems imvolving fourth-order
differential equations with boundary conditions prescribing
either y,y' or y,y". For the purpose we consider a more gemeral
problem from which the finite difference methods for fourth-

order differential equations and the associated boundary conditd
follow easily, We give a systemtic development for the construc-
tion of "(2nel)-diagonal® finite difference methods for two-point

boundary value problems involving the 2n-th order differential
equation?
(1) y‘”’ +fixy =0, np2 2

For use with these discretizations of the differential equation,
we also consider obtaining general discretizations for the
boundary conditions with either "even-derivatives prescribed”:
(2) s"‘"h) = Agge :‘“’(b) = Byge 4= o(1)n-1;

or, boundary conditions with "odd-derivatives prescribed”)



(3) ylo) = A, yib) =8, ,‘”‘nlo) = Aggel? y‘”‘”h)

= p 4= i(i)o=1.
then .“.

we,consider in detail obtaining findte difference methods

of order two, four ond six and study their comvergence for
two-point boundery value problems involving the fourth order
differential equationt y“)gﬂn.y) = 0, with boundary condi-
tions preseribing y, ¥" or y,¥y'. It turns cut that the five-
diagonal sixth order methods thus obtaimed involve certain
off-step abscissas, We then comsider obtaining sixth order
methods which are not based on any off-step abscissas, By
suitably lowering the order of the local truncation errors

in the boundary discretigations (we show that it is enough

to have the boundary conditions discretized with local trucs -
tion errors Mh”ﬁ). we give five-diagonal sixth order orthods,
which do not involve eny off=step abscissas, for each of the
two=point boundary value problemss

(4a) ,“) e Pixy = 0,
40)  ya) may ¥ W) =ay L, vid) =8y, ¥ V0 =0,

as hol}'

Chapter 11: In Chapter II we consider the convergence of some
existing rinite difference methods and the development of
some mew finite dirference methods for computing eigenvaolues
of certain two-point boundary value problems,



We first consider the eigenvalue probiems

(5) ¥ ¢ (hgix)erin))y =0, yla) =yib) =0.

Noumerov's method is often used to compute approximstions for
the eigenvalues \ of (5), No proof showing that Noumeroy's
mechod applied to this problem provides 0(W*)-convergent,
approximtions for \ scems to have been given so far, We
give 2 proof esgablishing that Nowserov's method povides
real, positive and 0(lW*)-convergent ,pproximtions for

for all gix) >0 and rix) 20,

Again, we note that for computing eigemvalues of (5),
Noumerov's method 4s used expressed in the form

6) (3”20eiR) ¥ = 0ACY = 0

whepe O = (d“) and B = "'U) are symmetric tridiagonal setrices
with dyy = 2, dy 4 o) = =1, by =42, b,101" b=
AagiPyoesesty,y bo 0= dlagley eeepayyle Now, even though

B and D are (symmetric) tridiagomal mtrices, I"lm is a
"completely filled" matrix. Therefore for computing eigene
values of (5) At is metural to ask for an altermative method

of the form:

(7 (cofr) ¥ = vagf = o,

—

in which the matrix C is a suiteble "hond matris", we
present such a new method in which the metrix C is symmetric

and five~diagomal} in fact, for present method,



¢c = o1e 50,

A proof is given showing that this new method provides real,
positive and O(N*)=convergent approximtionsh for N of (5).

We then consider the eigenvalue problem involving a
fourth order differential equations

¥ - (aglx)rix)ly = o

(8)
yia) = y(b) = y'(a) = y'(d) =0,

For this problem, the coefficient metrices for all the existing
finite difference methods (even for o method of ordep two)

are unaymmretric. For computing approximitions A for eigen-
values N of (8), we present 2 new method in the form:

(9) (ooi'n) ¥ - 1Ak = o,

uMna““)haq-uuthmlmtmuu
G F g BT G =, T 3=, g =1
Qex =6 & 10 = 4 G .=

it 4s shown that this new method provides O(I Jeconvergent
approximations A for eigenvalues \ of (8),

Finally, in this chapter we study the comvergence of a
finice dirference mwethed for computing ecigenvalucs of Sturm=
Liowville problems

(10a) iplx)y')' « (Ngix)=rix))y =0,



subjeet to the mixed boundary conditions !

(10p) s‘ﬂa) - l‘n(a)y'(n) =0, Dby(b)ed,pid)y'(d) =0

A Tinite difference method with a symetric tridiagonal
coef'ficient matrix is described for computing elgenvalues

A of (10). A proof for the convergence of the method for
the case of "naturel boundary conditions”, (nl =b =0)

has been given by Keller [H.B, Keller, "Two=-Point Boundary
Value Probiems, Theorem 5.5.3)s A proof ror the convergenge
of the present method for mixed boundary conditions can be
given using stability enalysis of Kreiss [H,0, Kredss,
"Difference Approximtions for Boundery ond Edgenvalue Problems
for Ordinary Differentisl Equations™, Math, Comp., V. 26,
1972, pp. 605-626). However, the stability amalysis of both
Keller and Kredss require a “"proper normaligation” of the
discretization equations so that the local truncation errors
are all (W), But this normelizetion destroyes symmetry of
the coerficient matrix of ocur method, Thus our interest here
is to offer an alternative proof showing that the convergence
of the present method ss sueh (without normelization) can be
casily given by a slight modification of Keller's stability
analysis,

Qepter 111: In Chapter 111 we discuss the construction of
three-point finite difference approaximations for the class of

two=-point boundary velue problems:



(11a) (pix)y')' = fixy),

subject to the mixed boundary conditioms

(11b) o yla) - ay'la) = Aye Byib) Ay'(b) =8,

We first establish an identity from which general three-point
finite difference approximations of varicus orders caon be
obtained by employing suitable cubature formmlas to eveluate
the double integrals occuring in this identity., We them

cons ider in detail obtaining fourth order methods bused on
three evalustions of f, wWe obtein a family of fourth order
discretigations for the differential equationjy appropriate
discretizations for the boundary conditions are also obtained,
We select the free parameters available in these discretisations
to obtain a "simplest” fourth order method, This method 4s
described and its convergence is establishedy mumerical
examples are given to illustrate this new fourth order method,

Chapter IV: In Chapter IV we discuss the gonstruction of three-
podnt finite difference approximetions and study their conver-
gence, under appropriate conditioms, for the class of (weakly)
singular two-point boundary value problemsi

(12) (x%')' = rix,y), y0) =4, (1) =8, 0<a<1l.

Agein, employing a general (nonuniform) mesh, we first establish
a certain identity from which verious methods can be obtained,



Our mein objective here is to obtain wethods having order

two for all @ s (0,1), Now, in order to obtain & methed
heving order two for all a @ (0,1), there seem to be three
possibilities. By empleying an appropriate (nonuniform)

mesh over [0,1]), we obtain a method M, based on just ome
evaluation of f. Alternatively, employing uniform mesh, we
obtain the two -mll’u‘l’uehhndamumln-
tions of f. m-uoall-u-,muommq that

for a= 0 they reduce to the classical second order method
based on one evalmtion of f, These three methods are
investigated in detail, their 0(h?)-convergence is cstablished
and 4llustrated by mumerical examples,

some of the results of the thesis have been published/
are Lo appear ing

BIT (1979), Math, Comp, (1980), BIT (1980), J. Comput. Appl.
Math. (1980)
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