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Abstract

In this thesis, we investigate a range of structural and functorial properties of the
Orlicz Figa—Talamanca Herz algebra Ag(G) and its dual space PMy(G), associated
with a complementary pair of Young functions (®, V) satisfying the Ay—condition.

We characterize the finite-dimensionality and reflexivity of the Banach algebra
Ag(G) in terms of the underlying locally compact group G. We further examine the
relationship between the Arens regularity of Ag(G) and the topological structure of
G. In addition, we provide a criterion for the Arens regularity of Ag(G) formulated
in terms of the spaces PMy(G) and PFy(G), where PFy(G) denotes the algebra of
U —pseudofunctions. The Arens regularity of PFy(G) is also studied in the setting
of compact groups.

We then characterize the maximal regular left /right /two—sided ideals, as well as
the minimal left ideals, of the algebras A* (equipped with the Arens product) and
B**, where A denotes a norm closed topologically introverted subspace of PMy(G)
and B denotes either Bg(G), the multiplier algebra of A¢(G), or We(G), the dual
space of PFy(G).

We investigate the relationship between certain topologically invariant subspaces
or subalgebras of the algebra of V—pseudomeasures PMy(G) and the underlying
group G. In this context, we obtain sufficient conditions for the amenability of G
in terms of norm closed topologically invariant subspaces of PMg(G). Moreover,
under the assumption that & satisfies the MA condition, we establish a bijective
correspondence between certain topologically invariant subalgebras of PMy(G) and
the closed subgroups of an amenable group G. An analogous result is also obtained
for the predual A¢(G) in terms of compact subgroups of a locally compact group G.

We also study the topological center problem for both the algebra & = Ag(G)
and the associated space &/*o/ = U CB\I,(@). For an amenable group G, we show
that the problem of determining the strong Arens irregularity of Ag(G) reduces to
the case of open o—compact subgroups. A similar reduction result is established for
the topological center of the Banach algebra U C’Bq,(@)*, equipped with the Arens
product.
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Finally, we investigate the isomorphism problem for the ¥—convolution algebras
PMy(G) and PFy(G), determining the extent to which the topological properties
of the group G are reflected in these associated algebras. We conclude by proving
an Orlicz analogue of Parrott’s isomorphism theorem, thereby extending aspects of

harmonic analysis to the Orlicz—space setting.
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Introduction

1.1 Banach Algebras: A Brief History

The theory of Banach algebras has a rich history, with extensive research carried
out over the past century. Among the most fundamental and thoroughly studied
Banach algebras is B(E), the algebra consisting of all bounded linear operators on
a Banach space F, equipped with composition as its multiplication.

Within the framework of abstract harmonic analysis, attention is devoted to those
Banach algebras that arise from locally compact groups. Two of the most prominent
examples in this context are the group algebra L'(G) and the measure algebra
M(G), associated with a locally compact group G. Moreover, several important
operator algebras can be constructed from the group algebra L'(G), most notably
the reduced group C*—algebra C(G) and the group von Neumann algebra VN (G).
These operator algebras form a cornerstone of noncommutative harmonic analysis.

A classical and celebrated result for the group algebra L'(G) was established by
Wendel [79] (1951), who proved that L'(G) and L'(H) are isometrically isomorphic
as Banach algebras if and only if the underlying groups G and H are topologically
isomorphic. Subsequently, in 1964, Johnson [47] extended this line of research by
obtaining an analogous isomorphism result for the measure algebra M (G). In 1968,
motivated by Wendel’s celebrated result, Parrott [69, Theorem 2] proved that if

there exists a surjective linear isometry
T:LMG)— LP(H),  pe(l,00)\{2},
such that T'(f x g) = T(f) * T(g) whenever f, g, and f * g € LP(G), and similarly

for 771, then G and H are isomorphic as topological groups.

A few years later, in his seminal 1972 monograph, Johnson [48] established one
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of the most influential results in the theory of Banach algebras by proving that
a locally compact group G is amenable if and only if the associated group algebra
LY(@G) is amenable as a Banach algebra. This result stands as a landmark in abstract
harmonic analysis, forging a profound conceptual bridge between harmonic analysis,
functional analysis, and topological group theory; a connection that has influenced
decades of subsequent research.

It is well known that the group algebra L!(G) and the measure algebra M (G) are
commutative if and only if the underlying group G is abelian. Consequently, when
G is non-abelian, the analysis of the algebras L'(G) and M (G) becomes inherently
constrained by their noncommutative structure. To address this limitation, Eymard
[23] (1964) introduced the Fourier algebra A(G) and the Fourier—Stieltjes algebra
B(G), which together provide a natural commutative Banach algebra framework
associated with any locally compact group G.

The Fourier algebra A(G) is defined by

AG)={u=fxg:fgeL*G)},
where g(x) = g(z71) for z € G. For any u € A(G) C Co(G), the norm is given by
lull == inf {[[fllzllgll2:u=f*g. f.g € L*G)}.

Equipped with this norm, together with pointwise addition and multiplication, A(G)
becomes a commutative Banach algebra. Moreover, A(G) is semi-simple and regular
as an algebra of continuous functions on G.

Eymard showed that the dual space of A(G) can be identified isometrically with
the group von Neumann algebra V N(G). Moreover, when G is abelian, the Fourier
algebra A(G) coincides, up to an isometric isomorphism of Banach algebras, with
the classical group algebra Ll(@), where G denotes the Pontryagin dual of G. In this
sense, A(G) serves as a natural generalization of L'(G) to the non—abelian setting.

In 1968, Leptin [60] provided a fundamental characterization of the amenability
of a locally compact group G in terms of its Fourier algebra A(G). Specifically, he
proved that a group G is amenable if and only if the Banach algebra A(G) admits
a bounded approximate identity. This result established a profound connection
between a purely algebraic property of A(G) and the intrinsic harmonic-analytic
structure of the underlying group G.

Despite this success, for several decades many attempts to extend Johnson’s
celebrated theorem, characterizing group amenability via the amenability of L'(G),
to the framework of Fourier algebra A(G) were unsuccessful. A major breakthrough
came in 1995, when Ruan [74] observed that, since A(G) is the predual of the group

von Neumann algebra VN (G), it naturally inherits an operator space structure.
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Consequently, A(G) can be regarded not only as a Banach algebra but also as an
operator space.

Ruan demonstrated that the pointwise multiplication on A(G) is not merely
continuous but is, in fact, completely contractive when endowed with this operator
space structure. Building on this insight, he introduced the notion of operator
amenability for completely contractive Banach algebras and established that A(G)
is operator amenable if and only if G is amenable. This result extended Johnson’s
celebrated theorem from the setting of L'(G) to the Fourier algebra A(G), thereby
unifying Banach algebra amenability and operator space theory.

The Fourier algebra A(G) and its dual V N (G) have been the subject of extensive
investigation by numerous researchers, including Cecchini and Zappa [9], Civin and
Yood [10], Forrest et al. [29], Lau [54], Lau and Losert [56], Lau and Ulger [57,
58], Lau and Wong [59], and Losert [62]. For further details and comprehensive
discussions, the reader is referred to these works and the references cited therein.

Although the L?—space offers a rich Hilbert space structure that allows the use of
geometric and spectral methods, many natural problems involve functions that fail
to be square-integrable. To accommodate such cases, the LP—framework generalizes
the notion of integrability by replacing the quadratic norm with the more general
p—norm, thereby yielding a family of Banach spaces LP(G) that capture a wider
variety of functional behaviors depending on the value of p.

In 1965, FigaTalamanca [24] introduced the p—analogue (1 < p < o0) of the
Fourier algebra A(G) for a locally compact abelian group G, denoted by A,(G).
Later, in 1971, Herz [41] extended this construction to arbitrary locally compact
groups by employing tensor product techniques. The resulting algebra is denoted by
A,(G) and is known as the Figa—Talamanca Herz algebra. This algebra generalizes
Eymard’s Fourier algebra A(G) = As(G), thereby extending harmonic analysis from
the Hilbert space setting to the more flexible Banach space framework.

The Figa Talamanca Herz algebra A,(G) is defined as the set of all continuous
functions u € Cy(G) that can be represented in the form

w= " fa*gu,
neN
where f, € LP(G) and g, € L (G), with 1 < p < oo and p’ denoting the conjugate
exponent of p (i.e., 1/p+ 1/p’ = 1), such that

Sl Igally < oo.

neN
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For any v € A,(G), the norm is defined by

[ull, = inf {Z 1fally Igally = w = fux 9%} :

neN neN
Equipped with this norm, together with pointwise addition and multiplication,
A,(G) becomes a commutative Banach algebra. Moreover, A,(G) is semi-simple
and regular as an algebra of continuous functions on G.
Let A, denote the left regular representation of the measure algebra M(G) on
LP(G), defined by

Ap())(f) = px f, for all p € M(G), f € L¥(G),

where convolution is taken with respect to the left Haar measure on the group G.
The algebra of p—pseudomeasures, denoted by PM,(G), is defined as the w*—closure
of \,(M(G)) in the space of bounded linear operators B(L?(G)). Herz proved that
the dual space of A,(G) is isometrically isomorphic to PM,,(G). In the special case
p = 2, the algebra PM,(G) coincides with the group von Neumann algebra VN (G).

In 1973, Herz [42] extended Leptin’s characterization of the amenability of a
locally compact group G, originally formulated in terms of the Fourier algebra A(G),
to the broader framework of the Figa-Talamanca Herz algebra A,(G). Specifically,
he proved that a group G is amenable if and only if the Banach algebra A,(G)
admits a bounded approximate identity.

In 2010, Daws [13] introduced the concept of a p—operator space to extend the
operator space theory of the Fourier algebra to the setting of the Figa—Talamanca
Herz algebra A,(G). Within this framework, he proved that A,(G) is p—operator
space amenable if and only if the underlying group G is amenable. Although the
p—operator space structure differs fundamentally from the classical operator space
structure introduced by Ruan (which applies specifically to the Hilbert space case
p = 2), it plays a crucial role in extending many results from the operator space
theory of A(G) to the more general context of A,(G).

The algebra of p—convolution operators, denoted by CV,(G) and the algebra of
p—pseudomeasures, denoted by PM,(G), have been the focus of significant recent
research by Daws and Spronk [14] as well as by Gardella and Thiel [30-32, 34].
These convolution algebras play a central role in the study of LP—representations of
locally compact groups, thereby generalizing the relationships among the group von
Neumann algebra VN (G), the group C*—algebra C*(G) and the Fourier algebra
A(G) from the Hilbert space setting (p = 2) to the broader LP—framework.

In a recent breakthrough, Gardella and Thiel [34] (2022) extended Wendel’s
classical isomorphism theorem to these LP—convolution algebras. They proved that
if CV,(G) and CV,(H) are isometrically isomorphic for p € [1,00) \ {2}, then the
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underlying groups G and H are topologically isomorphic. Moreover, they established
an analogous result for the algebra PM,(G), showing that this operator-algebraic
structure also completely determines the topology of the underlying group G.

The algebra A,(G) and its dual PM,(G) have consequently attracted extensive
attention from numerous researchers over the past several decades, including Daws
[13], Derighetti [17-19], Forrest [27, 28], Granirer [36-39], Lau and Ulger [57], and
Miao [64-67], among others. Their contributions explore various geometric and
structural properties of these algebras, deepening the understanding of harmonic
analysis on the LP—spaces and the interplay between A,(G) and PM,(G). For
a comprehensive study, we refer the reader to the aforementioned works and the
references cited therein.

It is well known that Orlicz spaces provide a broad and natural generalization
of classical Lebesgue spaces. For a locally compact group G and a Young function
®, the corresponding Orlicz space is denoted by L®(G). In particular, this space
coincides with LP(G) whenever ®(z) = |z|P/p for 1 < p < oo. Orlicz spaces have
gained considerable attention due to their ability to exhibit structural and analytical
properties that are absent in the Lebesgue spaces. For instance, when G is compact,
one has

U L*(G) = L'(G), whereas | JL7(G) ¢ L'(G).
® is a N—function p>1

Further, the Hardy-Littlewood maximal operator is bounded in certain Orlicz
spaces L®(T) for suitable Young functions ®, whereas it fails to be bounded in the
classical space L'(T) [49]. Moreover, Orlicz spaces include several important non—
Lebesgue function classes, such as the exponential space, which plays a crucial role
in the theory of Sobolev space embeddings, and the Llog™ L space, which provides a
natural setting for studying the Hardy-Littlewood maximal operator. Consequently,
these spaces have found wide-ranging applications in various areas of mathematical
analysis, including nonlinear partial differential equations, stochastic analysis, and
Fourier analysis [70-72].

Lal and Kumar [50] (2019), and independently Aghababa and Akbarbaglu [3]
(2020), introduced and studied the Orlicz (L®)—analogue of the Figa—Talamanca
Herz algebra A,(G). Their construction arises by replacing the Lebesgue space LP(G)
with the more general Orlicz space L*(G), where ® is a Young function satisfying the
As—condition (® € A,). The resulting algebra, denoted by Ag(G), is referred to as
the Orlicz Figa—Talamanca Herz algebra. This algebra provides a natural extension
of the classical Figa-Talamanca Herz algebra A,(G). Such a generalization enables
the study of functions and operators under a wider range of growth conditions than

those allowed by the power functions defining the L”—spaces.
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Formally, the Orlicz Figa—-Talamanca Herz algebra Ag(G) is defined as the set
of all continuous functions u € Cy(G) that can be expressed in the form
U = Z fn * G,
neN

where f, € (L*(G), No()) and g, € (LY(G),|| - ||lw), with ¥ as the complementary
Young function associated with ®, such that

ZNQ)(fn) [gnlle < oo.

neN

For any u € Ag(G), the norm is given by

[[ull 44 := inf {ZN¢(fn) 1gnlle :u = an *gn} :

neN neN
Equipped with this norm, together with pointwise addition and multiplication,
Ag(G) becomes a commutative Banach algebra. Moreover, Ag(G) is semi-simple
and regular as an algebra of continuous functions on G.

Let Ay denote the left reqular representation of the measure algebra M(G) on
the Orlicz space LY (G), defined by

Ao ())(f) = px f, forallpe M(G), f € L¥(G),

where convolution is taken with respect to the left Haar measure on the group G. The
algebra of W—pseudomeasures, denoted by PMy(G), is defined as the w*—closure
of A\g(M(G)) in the space of bounded linear operators B(LY(G)). Lal and Kumar
[50, Theorem 3.5] proved that the dual space of Ag(G) is isometrically isomorphic
to PMy(G).

In 2022, Lal and Kumar [52, Theorem 3.1] established that a group G is amenable
if and only if the Banach algebra Ag(G) admits a bounded approximate identity,
provided that the Young function ® satisfies the MA condition. This result extends
Herz’s theorem for A,(G) to the more general setting of Ag(G). However, the bound
of the approximate identity obtained by Lal and Kumar is 2, in contrast to the
optimal bound 1 in the classical case of A,(G).

Aghababa and Akbarbaglu [3] introduced the space of ®— convolution operators,
denoted by CVg(G), as the set of all bounded linear operators T': L*(G) — L*(G)
satisfying

T(f*g)=T(f)*g, for all f,g € C.(G).

It follows that C'Vg(G) is a closed subalgebra of B(L*((G)) and consequently, is a
unital Banach algebra under the usual operator composition. Moreover, it is well
known that PMg(G) € C'Ve(G) for any Young function ®. In 2023, Tabatabaie and

Latifpour [75] investigated the Orlicz (L®)—version of the isomorphism problem.
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They established that, for a certain class of Young functions @, if C'Vs(G) and
CVg(H) are isometrically isomorphic, then the underlying groups G and H are
topologically isomorphic.

For a comprehensive study of the Banach algebra Ag(G) and its dual PMy(G),
corresponding to a complementary pair of Young functions (&, V) € Ay, we refer

the reader to the series of papers [3-5, 50-53] and the references therein.

1.2 Thesis Overview

In this thesis, we further investigate various structural and functorial properties
of the Banach algebra Ag(G) and its dual space PMy(G), which are associated with
a complementary pair of Young functions (®, V) satisfying the As—condition.

Chapter 2 is devoted to the preliminary material. In Section 2.1, we provide
the necessary background on the Orlicz space L*(G) corresponding to a Young
function ® and a locally compact group G. Section 2.2 reviews the fundamental
terminology, spaces, and algebras related to the Orlicz Figa—Talamanca Herz algebra
Ag (@) and its dual space PMy(G), associated with a complementary pair of Young
functions (®,¥) satisfying the As—condition. This section also summarizes the
essential notations and preliminary results that will be employed throughout the
thesis. Section 2.3 recalls the definition of the Arens product on a Banach algebra,
together with the associated notations and terminology required in the subsequent
chapters.

Chapter 3 focuses on the study of the Arens regularity of the algebra Ag(G)
and several related structural properties. Section 3.1 begins by characterizing the
finite—dimensionality and reflexivity of the Banach algebra Ag(G) in terms of the
underlying group G. In particular, we establish that Ag(G) is finite-dimensional if
and only if the group G itself is finite. Furthermore, when G is amenable and ®
satisfies the MA condition, we demonstrate that Ag(G) is reflexive precisely in this
same situation; that is, if and only if G is finite.

In Section 3.2, attention is directed toward the connection between the Arens
regularity of Ag(G) and the topological structure of the group G. We prove that
the Arens regularity of Ag(G) necessarily implies that G is discrete. Furthermore,
we provide an equivalent condition for the Arens regularity of Ag(G) formulated
in terms of the spaces PMy(G) and PFy(G), where PFy(G) is the algebra of
P —pseudofunctions. Section 3.3 continues this investigation under the assumption
that the group G is discrete. The chapter concludes with Section 3.4, which focuses
on the space PFy(G). We show that the algebra PFy(G) is Arens regular whenever
G is compact, and that its dual Wg(G) exhibits the Radon-Nikodym property.



8 INTRODUCTION

Chapter 4 is devoted to the study and characterization of the left /right /two—sided
maximal regular ideals, as well as the minimal left ideals, of the Banach algebras
A* (equipped with the Arens product) and B**, where B denotes either Wg(G) or
Bg(G), the multiplier algebra of Ag(G), and A denotes a norm closed topologically

introverted subspace of PMy(G). Specifically, the spaces under consideration include

~ ~ ~ ~ ~

In Section 4.1, we establish a characterization of the maximal regular ideals of
A* and B**. In particular, we show that if M is any maximal regular left /right /two—
sided ideal of A*, then M is either weak*—dense in A* or there exists a unique z € G
such that

M={T'e A" : (I', A\y(z)) = 0}.

Section 4.2 concerns the structural properties of the minimal left ideals of A*.

We prove that a left ideal M of A* is minimal if and only if
M = kT,

where I' € A* is either topologically x—invariant for some x € G or a non—zero right
annihilator of A*. Furthermore, we demonstrate the existence of minimal ideals in
the Banach algebras A¢(G) and B.

Chapter 5 investigates the relationship between certain topologically invariant
subspaces or subalgebras of the algebra of W—pseudomeasures PMy(G) and the
underlying group G. In Section 5.1, we establish certain sufficient conditions for the
amenability of G in terms of the norm closed topologically invariant subspaces of
PMy(G). This result provides a functional-analytic characterization of amenability
through the internal structure of these subspaces.

In Section 5.2, assuming that the Young function ¢ satisfies the MA condition,
we establish a one-to—one correspondence between certain topologically invariant
subalgebras of PMy(G) and the closed subgroups of an amenable group G. In
Section 5.3, we obtain a similar result for the predual Ag(G) and prove the existence
of a bijective correspondence between certain topologically invariant subalgebras of
Ag(G) and the compact subgroups of a locally compact group G.

Chapter 6 is devoted to the study of the topological center problem for the algebra
o/ = Ag(G) and the corresponding space &/*o/ = U CBq,(@), extending several
known results to a broader functional-analytic framework. Section 6.1 examines the
existence of left and right identities in the double dual algebra Ag(G)*™, equipped
with the Arens product, and analyze their connection with the space U CBq,(@).
Furthermore, we provide a characterization of the amenability of the group G in

terms of the existence of a right identity in Ag(G)**, under the assumption that the
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Young function ¢ satisfies the MA condition.

In Section 6.2, we establish sufficient conditions under which the restriction of
an element of Ag(G)* to UCByg(G) lies within Ag(G). This result plays a pivotal
role in proving the main theorem of the chapter concerning the topological center of
the double dual algebra A¢(G)*™, denoted by A(Ae(G)*™). Section 6.3 addresses the
problem of strong Arens irregularity for Ag(G) in the setting of amenable groups.
We demonstrate that, for such groups, this problem can be reduced to the case of

open o—compact subgroups. More precisely, we prove that
A(As(G)™) = Ap(G) if and only if A(Ae(H)™) = As(H)

for every open o—compact subgroup H of an amenable group G, provided that the
Young function ® satisfies the MA condition. Furthermore, we obtain an analogous
result for the topological center of the Banach algebra U CB\I,(@)*.

Chapter 7 investigates the isomorphism problem for the ¥ —convolution algebras
PMy(G) and PFy(G). The primary objective of this chapter is to determine the
extent to which the algebraic and topological structure of a locally compact group
G is determined by the properties of these associated algebras. Sections 7.1 and 7.2
present isomorphism theorems for the algebras PMy(G) and PFy(G), respectively.
In particular, for a certain class of Young functions ¥, we show that if there exists an
isometric isomorphism either between PMy(G) and PMy(H) or between PFy(G)
and PFy(H), then the underlying groups G and H are topologically isomorphic.
Finally, Section 7.3 extends this line of analysis by establishing an Orlicz analogue of
Parrott’s isomorphism theorem, thereby broadening the scope of harmonic analysis
to the framework of Orlicz spaces.

Chapter 8 concludes this thesis by presenting several potential directions for
future research that have emerged throughout the course of this study, highlighting

areas that have particularly captured our interest and curiosity.
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Preliminaries

This chapter presents the fundamental concepts, definitions, and notations that
form the basis for the work discussed in the subsequent chapters. Its aim is to
provide the necessary background for understanding the results presented later in
this thesis.

2.1 Orlicz Spaces

In this section, we recall the fundamental terminology related to Orlicz spaces.

An even convex function ® : R — [0, 00] is called a Young function if it satisfies

®(0) =0 and lim ®(x) = +o0.

T—r00
According to this definition, a Young function may take the value oo at certain
points and therefore may be discontinuous.

If ® is a Young function, then the associated convex function ¥ is defined as
U(y) = sup {z|y| — (z) : z > 0}, y €R.

This function ¥ is also a Young function and is called the complementary function
to ®. The pair (®, V) is referred to as a complementary pair of Young functions and

satisfies the Young inequality
zy < ®(z)+ ¥(y), Va,y>0.

As a standard example, for 1 < p < oo, the function ®(z) = |z|’/p is a Young
function whose complementary function is W(y) = |y|?'/p/, where 1/p + 1/p' = 1.
Two Young functions ® and ® are said to be equivalent if there exists positive

constants k1, ko and ¢ > 0 such that

D(kyz) < B(x) < B(ko2), V> x.

11
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A continuous Young function & is said to be an N—function if it satisfies the

following conditions:

P d
®(z) =0 if and only if =0, lim (z) =0, and lim ﬂ = Ho00,

z—0 I r—oo

while ®(R) C R+,

Let G be a locally compact group with identity element e, equipped with a left
Haar measure dz. A Young function @ is said to satisfy the Ay— condition (globally),
denoted by ® € A, (or & € A, globally), if there exists a constant k£ > 0 and zy > 0
such that

O(2z) < kP(x), Va >z (zg=0)

[71, Definition 1, Pg. 22]. According to [71, Remark, Pg. 46], ® is said to be
As—regular if this condition holds locally when the measure is finite and globally
when the measure is infinite.

A pair of complementary Young functions (®, V) is said to satisfy the Ay—
condition if both ® and W satisfy the condition individually. It is straightforward
to verify that the family of Young functions &, , : z — «|z|? for p > 1 and a > 0,

satisfies the As—condition. Another example is
O(z) = (1 + |z]) log(1 + |z|) — |=], x eR,
which also satisfies the Ay—condition. However, its complementary function
V(y)=eV —Jy| -1,  yeR,

does not satisfy the As—condition.
A Young function @ is said to satisfy the A’—condition, denoted by ® € A/, if
there exist constants £ > 0 and xy > 0 such that

O(zy) < kP(z) P(y), Va,y > .

The family of Young functions @, ,(x) = a |z[?, for p > 1 and « > 0, satisfies both
the Ay—condition and the A’—condition.

A Young function @ is said to satisfy the Milnes—Akimoni¢ condition (hereafter
referred to as the MA condition) if, for each € > 0, there exist constants k. > 1 and
xo(€) > 0 such that

P'((1+e€)x) > kD' (x), x> x0(€),
where @’ denotes either the left or right derivative of ®. By [71, Theorem 1, Pg. 7],
the Young function ® admits both left and right derivatives at every point and

these coincide except possibly on a countable set. An example of a Young function

satisfying the MA condition is
V(y)=ell—y -1,  yeR
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However, its complementary function
®(z) = (1 + |z|) log(1 + [x]) — ||, z €R,

does not satisfy the MA condition.
It is easy to verify that the family of Young functions defined by

Co () := |2|* (L + [loglz[]),  a>1,

satisfies the MA condition with k. = (1 + ¢)®! and zo(¢) = 1. Furthermore,
the corresponding complementary pair of N-functions (®,,V,) also satisfies the
Ay—condition [71, Corollary 4, Pg. 26].

Given a Young function @, the associated Orlicz space is denoted by L*(G) and
defined as

L*(G) := {f :G—C ‘ fis measurable and/GCI)(a |f|) < oo for some o > 0} .

This space becomes a Banach space when equipped with the Luzemburg norm (also

called the Gauge norm), defined by

gy e {io0: [ a(2) <1).

Let ¥ be the complementary function to ®. The Orlicz norm || - || on L*(G) is
defined by

Il =sup{ [ 1ol 0 € £¥G)and [ w(lal <1}
These two norms are equivalent; in fact, for every f € L*(G),

Ne(f) < [flle <2Na(f).
If the Young function ® satisfies the Ay—condition, then C.(G) is dense in L*(G).

Furthermore, if the complementary function W is continuous and satisfies ¥(z) = 0
if and only x = 0, then the dual of (L®(G), Na()) is isometrically isomorphic to
(LY(Q), || |lw) [71, Corollary 9, Pg. 111]. In particular, if the complementary pair of
Young functions (®, ¥) satisfies the Ay—condition, then L®(G) is a reflexive Banach
space [71, Theorem 10, Pg. 112].

Let G be a compact group. Then, for any f € L'(G), the maps

g— fxg and gr—gx f

from L®(G) into L?(G) are compact. Moreover, L*(G) admits an approximate
identity that is bounded in the || - [y —norm.

For further details on Orlicz spaces, we refer the reader to [70-72].
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2.2 Orlicz Figa—Talamanca Herz Algebras

We begin this section by introducing the definition of the Orlicz Figa—Talamanca
Herz algebra.
For any function g : G — C, define

g(x) = g(x™), Voed.
The Orlicz Figa—Talamanca Herz algebra Ag(G) is the set of all continuous functions
u € Co(G) that can be represented as

u:an*gna

neN
where f, € (L*(G), No(+)) and g, € (LY(G),|| - |lv) , satisfying
S Mol lgnle < .
neN

For any u € Ag(G), the norm is defined by

[ufl 4y = inf {Z No(fu)lgalle : u =" fu* g“n} ~

neN neN

Equipped with this norm, together with pointwise addition and multiplication,
Ag(G) becomes a commutative Banach algebra. Moreover, it is a regular, Tauberian,
and semi—simple Banach algebra whose Gelfand spectrum is homeomorphic to G.

From [50, Lemma 4.1], it follows that for any open subgroup H of G, the Banach
algebra Ag(H) is isometrically isomorphic to the subalgebra of Ag(G) consisting of
functions that vanish outside H. We denote by iy the inclusion map from Ag(H)
into Ae(G), and by mpy the restriction map from Ag(G) onto Ag(H). It follows
from [50, Lemma 4.5] that my is a contractive homomorphism of Banach algebras.
Moreover, using the above identification, one can easily verify that Ag(H) is a closed
ideal of Ag(G). In addition, the map my is a bounded projection which also acts as

a multiplier, i.e.,
my(uv) =umg(v) =my(u)v, Vu,ve As(G),

and
my(u) = u, Vue As(H).

Let Bg(G) denote the multiplier algebra of Ag(G), defined by
Bs(G) :={u € C(G) :uv € As(G) for allv € As(G)}.
Each element u € Bg(G) induces a bounded linear operator

M, : As(G) = As(G), M,(v) :=uv, Vv e A(G).
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Equipped with the operator norm and pointwise addition and multiplication, Be(G)

forms a commutative Banach algebra. Moreover, it is clear that
Ag(G) C Bs(G).

Let M(G) be the measure algebra on a locally compact group G. For € M(G),

define the left convolution operator
Mp(p) : LY (G) = LY(G)
by
No(m)(g) :=p*g,  geL¥(@),

where

(4 g)(x) = /G o(y~2) du(y).

Let B(LY(G)) denote the Banach space of all bounded linear operators on LY (G),
equipped with the operator norm. It is easy to verify that A\g(u) € B(LY(G)) for
every u € M(G).

Define PMy(G) as the closure of the set

{Ae(p) - pe M(G)}

in

B(LY(G) = (L*(G) & L (G))* (2.1)
with respect to the ultra—weak topology (i.e., the w*—topology), where ® denotes the
projective tensor product. The identification (2.1) follows from [76, Theorem 2.3].
Aghababa and Akbarbaglu proved that the algebra of ¥—pseudomeasures PMy(G)
is isometrically isomorphic to the dual space of the Orlicz Figa-Talamanca Herz
algebra Ag(G) [3, Corollary 4.11].

If 41y denotes the measure associated with f € L'(G), then the norm closure of
the set

{N(f) = Xalpy) : f € LHG)}

in B(LY(@G)) is denoted by PFy(G) and is called the algebra of W—pseudofunctions.
It is easy to verify that PMy(G) is the w*—closure of PFy(G) in B(LY(G)). The dual
of PFy(G) is Ws(G), where We(G) is a commutative Banach algebra containing
As(G). By [53, Theorem 3.1], an element u € L*(G) belongs to We(G) with
|lullwye(ey < 1if and only if, for every compact subset K C G, the restriction g
belongs to Ag(K') and satisfies ||| 4, (k) < 1.

Moreover, for y = §, (the Dirac—delta measure at a € G), the corresponding
operator Ay (d,) is denoted by Ag(a). Thus, the map Ay defines the left reqular

representation of G on LY(G). The fact that Ay is a contraction follows from [3,
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Proposition 3.2]. Furthermore, by [3, Proposition 3.6], Ay is a faithful representation
of the measure algebra M (G).

We now recall several subspaces of PMg(G) that are frequently used throughout
this thesis:

Cg\y(a) :=span{Ay(z) : x € G}PM\P(G)
M(G) =M@ ",
UCBy(G) = As(G) - PN (G) 7
APy(G) :={T € PMy(G) : Ap(G) — PMy(G),u s u - T is compact},
WAPY(G) = {T € PMy(G) : Ap(G) — PMy(G),u s u- T is weakly compact}.

These subspaces are Orlicz analogues of the corresponding subspaces of PM,(G)
considered in [38]. Moreover, we emphasize that the notation G used here does not
denote the Pontryagin dual of G, which is defined only for locally compact abelian
groups. Rather, this notation follows Granirer [36], where U CB(@) denotes the
subspace of uniformly continuous functionals on the Fourier algebra A(G) for an
arbitrary locally compact group G. In the special case where G is a locally compact
abelian group, A(G) is isometrically isomorphic to Ll(CA}') and UCB (CA}) coincides
with the space of bounded uniformly continuous complex—valued functions on the
Pontryagin dual G of G.

Aghababa and Akbarbaglu [3] introduced the space of ®— convolution operators,
denoted by CVs(G), as the set of all bounded linear operators

T:L*G) — L*(G)
that satisfy
T(f*g9)=T(f) * g,
for all f, g € C.(G). It follows that C'Vg(G) is a closed subalgebra of B(L*(G)), and

hence a unital Banach algebra under composition.
By [3, Theorem 5.5], an operator T' € B(L®(G)) belongs to CVg(G) if and only if it
commutes with right translations, denoted by p, (a € G), i.e.,

T(pa<f)) = pa(T(f))7

for every a € G and f € L*(G), where (p,(f))(x) := f(xa) for x € G. Therefore,
the definition of C'Vg(G) given by Aghababa and Akbarbaglu is equivalent to that
introduced by Tabatabaie and Latifpour [75]. It is well known that the following

inclusions hold for any Young function & :
PF3(G) € PMg(G) C CVs(G).

A linear functional I' € PMy(G)* is called a topologically invariant mean if it
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satisfies
IT) =1 = (T, Au(e)) and (Du-T) = u(e) (T, T,

for all u € Ag(G) and T € PMy(G). The set of all topologically invariant means on
PMy(G) is denoted by TIM\I,(@).
For further details on the Banach algebra A¢(G) and the associated spaces, we

refer the reader to the series of papers [3-5, 50-53].

2.3 Arens Product and Introverted Subspaces

Let o7 be a Banach algebra, and let &7** denote its double dual. It is well known
that &7** can be equipped with two natural extensions of the multiplication on <7,
both of which turn &** into a Banach algebra. These extensions, introduced by
Arens [6], are commonly referred to as the first and second Arens products.

These products are defined as follows:
1. The first Arens product, denoted by [J :

(a) (u-T,v) =(T,uv), forall u,v € & and T € &*.
(b) ToT,u)y=T,u-T), forall ue &, T € & and I' € o&/**.
(c) (POD,T) =(I,TOT), forall T € &* and ', € &/**.

2. The second Arens product, denoted by ¢ :

(a) (T -u,v)y = (T,vu), forall u,v € o/ and T € o7*.
(b) T OT,u) =(T,T-u), forall uc o, T € o* and I € &7**.
() (CoT,T) = (I, TOT), forall T € o* and I,T € &/**.

In general, LOT need not equal T o T for all I,T € &**. If these two products

coincide for all such pairs, then 7 is said to be Arens reqular.

If o is a commutative Banach algebra, then u-T =T -ufor all u € & and T € o/*.

Furthermore, o7 is Arens regular if and only if .&7** is a commutative Banach algebra

with respect to either (and hence both) of the Arens products [21, Proposition 1].
Let X be a closed linear subspace of &7*. The subspace X is said to be left

topologically invariant if

u-TeX forallueandT € X.
Given such a subspace X of &7* if

I'oTeX forall Te XandI' € X*,
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then X is called a left topologically introverted subspace of .o7*.
Similarly, one can define right topologically introverted subspace of o/*. However,
in our setting, since &/ = Ag(G) is a commutative Banach algebra, both notions

coincide.

For the reader’s convenience, we recall a number of definitions that are used

extensively in this thesis.

e A Banach algebra is said to be weakly sequentially complete (WSC) if every

weakly Cauchy sequence converges with respect to the weak topology.

e A proper left ideal I of an algebra 7 is reqular (or modular) [12, Pg. 40] if

there exists an element v € &7 such that
v—ovu €l for all v € &.

In particular, a proper ideal I is regular if and only if <7 /I is a unital algebra.

Note that if @7 itself is unital, then every ideal of <7 is regular.

e A Banach space X is said to have the Radon—Nikodgm property (RNP) [8] if
each closed convex subset D of X is dentable, i.e., for any € > 0, there exists
x € D such that
z ¢ co(D \ Be(x)),

where B.(z) ={y € X : ||z — y|| < €}.

e Alocally compact group G is said to be amenable if there exists a left—invariant
mean on L°(G), i.e., a positive linear functional A on L*°(G) of norm one

satisfying
(A, Lo(f)) = (A, f) forall fe L*(G)anda€ G,

where L,(f) : G — C is defined by (L.(f))(z) := f(a 'z) for z € G and
denotes the left translation of f.

Classical examples of amenable groups include abelian groups, compact groups,
and solvable groups. In contrast, the free group on two generators Fs is a well-

known example of a non—amenable group.

Throughout this thesis, we assume that G is a locally compact group with identity
element e, equipped with a left Haar measure dx. Furthermore, the complementary
pair of N—functions (®, V) satisfies the Ay—condition.



Arens Regularity and Related Results

Arens regularity is an important tool in the study of groups through certain
associated Banach algebras. Arens [6] introduced two natural products on the double
dual &7** of a Banach algebra o7, known as the first and second Arens products. A
Banach algebra o7 is said to be Arens reqular if these two products coincide. Civin
and Yood [10] proved that if G is an infinite locally compact abelian group, then
the group algebra L!(G) is not Arens regular. Subsequently, Young [30] established
that for any locally compact group G, the algebra L'(G) is Arens regqular if and
only if G is finite. This result was later generalized to the Fourier algebra A(G) by
Lau and Wong [59], under the assumption that the group G is amenable. Recently,
in 2023, Forrest et al. [29] studied the Arens regularity of ideals in A(G) and related
algebras.

In 1991, Forrest [27] showed that if the algebra A,(G) is Arens regular, then
the underlying group G must be discrete. He later established that for an abelian
group G, the algebra A,(G) is Arens regular if and only if G is finite [28]. In 1993,
Lau and Ulger [57] provided an equivalent characterization of the Arens regularity
of A,(G) in terms of the spaces PM,(G) and PF,(G).

A classical problem in functional analysis is to characterize those Banach spaces
that are reflexive. Assuming that the group G is amenable, Granirer [37] proved that
the algebras A,(G) are reflexive if and only if G is finite. In Section 3.1, we establish
an analogous result for the algebras Ag(G) and also characterize when these algebras
are finite-dimensional. Specifically, we show that Ag(G) is finite-dimensional if and
only if GG is finite.

Kk

In Section 3.2, we investigate the structure of the second dual Ag(G)*™ as a
Banach algebra with respect to the two Arens products. In particular, we show

that if Ag(G) is Arens regular, then the underlying group G must be discrete.

19
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Furthermore, we provide an equivalent condition for the Arens regularity of Ag(G)
in terms of the spaces PMy(G) and PFy(G). The proof follows an approach inspired
by the methods of Lau and Ulger [57].

In Section 3.3, we study the Arens regularity of Ag(G) under the assumption
that the group G is discrete. Finally, in Section 3.4, we show that the algebra
PFy(G) is Arens regular whenever G is compact and that its dual Wg(G) possesses
the Radon-Nikodym property.

3.1 Finite-Dimensionality and Reflexivity

In this section, we establish the necessary and sufficient conditions for the finite—
dimensionality and reflexivity of the algebra A¢(G) in terms of the underlying group
G. To achieve this, we first characterize the reflexive Ag(G)-submodules of PMy(G).
The results are inspired from Granirer’s work [37, 39].

Recall from [51, Proposition 3.3, Pg. 5] that the measure algebra M (G) embeds
into PMy(G) via the following identification:

o= Aw(p),

where
Owl) (0= [ o
for v € Ag(G), or equivalently,
(Au () (9) = p* g,
for g € LY(G).

Remark 3.1.1. For any T € PFy(G)* = We(G), we can define a bounded linear
functional o1 on L'(G) by

er(f) = T(Aw(f)), feLYG).
Then

lor(Nl = T (N < Tl praer- 1Mo (Dllpraie) < ITTwae) 111
i.e., ppr € LY(G)*. Therefore, there exists hy € {*(G) such that

er(f) = /Gf(l’) hr(x) de.

From the above computations, we have

/thT

This explains how we identify each element of We(G) as a function.

< hrllwe@) |1 fll Py c)-

We begin with the following significant lemma.



