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Preface

The thesis “Functorial signal representation and Base structured categories” unfolds
the intuition underlying compression or in modern terminology sparse nature of a
given signal representation by penetrating into the heart of natural generative cause
behind the signal.

During my M.tech journey in signal processing almost a decade ago, I was largely
influenced in particular by the intuitive visual approach of certain professors especially
Prof. Steven M. kay in statistical signal processing theory and Prof. Gilbert Strang
in linear algebra. These revered teachers had an extraordinary ability to cut through
the ocean of mathematical jargon and make students see what really lies behind the
mathematical formulas.

Since then I had a deep desire to understand the structure of information carried
by signals (such as a music signal or a painting invoking ecstasy) and always thought
that we should be able to represent a signal in the way it was conceived or generated.
However not knowing how to proceed on this line of thought I dropped the plan
of pursuing this further for the time being. By the end of year 2011 my search
while working in industry lead me to the book "Generative theory of shape" which
confirmed that I am not a lone ranger among such thinkers and Prof. Michael Leyton
was among them conceptualizing a generative cause behind concrete expressions of
art, shape, music etc.

While grasping the wreath group approach (utilizing "Visual group theory" by
Prof. Nathan Carter) towards the generative structure of many natural processes,
I realized that it is the special case of something called ‘Grothendieck Fibration’ in
category theory. With this began the earnest study of category theory since mid 2014.
I used to present my intuitive understandings of category theory every morning to
my guide and we had a lot of fruitful discussion which sparked his interest back into
category theory which he first learnt from his mathematics teacher (late) Prof J.B

ii



iii

Srivastava. He was very supportive of my desire to explore this new theory in the
quest of my original problem. With my guide I was sure of getting peaceful time to
do whatever I wanted to pursue. But of-course with freedom comes responsibility. He
used to always encourage me saying “Salil intuition is more important than just pre-
cision”, whenever I used to feel that I am seriously lacking in mathematical precision
which I know I still lack. Moreover as and when I am worried about possibility of
erring using pure visual intuitive approach, the following quote by Prof. Grothendieck
is the key thing I remind myself often,

“Discovery is the privilege of the child: the child who has no fear of
being once again wrong, of looking like an idiot, of not being serious, of
not doing things like everyone else”.

By taking a fresh perspective of category theory on Leyton’s model I was able to
feel some deeper significance of whole arrow approach. In fact soon I realized that re-
dundancy in signals can only be understood via relative approach of arrow. Of-course
once we are able to precisely explain what redundancy itself is, I feel the reason for
compression in particular representations will naturally get revealed. This is one cen-
tral theme explored in the thesis. Moreover the intuitive approach has led to certain
new results within category theory itself which I have termed as ‘Base structured
categories’ as well the philosophy of functor acting as a general generative system
inherently converting the underlying abstract virtual cause into concrete observable
effect in real world as shown in following diagram:

FunctorCause Effect

In conclusion the thesis is largely influenced by Leyton’s generative theory of shape
and Grothendieck’s relative viewpoint or more generally the arrow perspective of
category theory and tackles the fundamental question of what is redundancy and
why compression precisely occurs in a representation.

I hope the reader enjoys reading the way I have enjoyed exploring !

Salil Samant

c© 2019, Indian Institute of Technology Delhi



Abstract

The study of categories (F,C,D) and (F,C,Set) as graphs of a functor leads to a
proof of these being fibred on C. Grothendieck construction in the context of an ordi-
nary functor F : C→ D is examined through the concept of trivial categorification,
using an appropriate functor F : C

F−→ D
I−→ Cat to construct

∫
Cop

F̄. This category
characterizes a functor as an abstract right category action while its dual X oF C

or (
∫
Cop

F̄)op characterizes a functor as an abstract left category action. Similarly
functor F : C

F−→ D
U−→ Set leads to definition of X oF C and

∫
Cop

F̄ as categories
denoting concrete left and right actions of C respectively. Collectively referred to
as ‘base structured categories’, these are proven abstractly isomorphic to the base
category C but concretely isomorphic to each other or (F,C,Set) ∼=

∫
C
F̄ ∼= X oF C.

These are special instances of fibred categories where the base category is C and fi-
bres are D objects being treated as trivial categories. The perspective of making only
base structure explicit through category theory concealing the vertical structure using
identity morphisms enables one to combine intuitions of Grothendieck’s relative and
Leyton’s generative theory. As explored further, it greatly facilitates the application
of functors in certain fundamental applications such as signal representation which
hitherto have been treating objects of category D such as Hilbert spaces or Riesz
spaces purely in a set theoretic way.

Next the foundations of a functorial framework for representing signals are pro-
posed using a functor assisted by base structured categories. By incorporating ad-
ditional category-theoretic relative and generative perspective alongside the classic
set-theoretic measure theory the fundamental concepts of redundancy, compression
are formulated in a novel authentic arrow-theoretic way. The existing classic frame-
work representing a signal as a vector of appropriate linear space is shown as a special
case of the proposed framework. Further in context of signal-spaces as a categories,
various covariant and contravariant forms of L0 and L2 functors using categories of
measurable or measure spaces and their opposites involving Boolean and measure
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algebras along with partial extension are studied. We contribute a novel definition
of intra-signal redundancy using general concept of isomorphism arrow in a category
covering the translation case and others as special cases. Through category-theory
we provide a simple yet precise explanation for the well-known heuristic of lossless
differential encoding standards yielding better compressions in image types such as
line drawings, iconic image, text etc; as compared to classic lossy representation tech-
niques such as JPEG which choose bases or frames in a global Hilbert space.

Finally as an extended exploration of Transformation categories few applications
of the base structured categories X oF C,

∫
C

F̄, X oF C and
∫
C
F̄ are proposed and

studied. Classic transformation groupoid X//G is proven as being a base-structured
category

∫
G
F̄ . Then using permutation action on a finite set, we introduce the notion

of a hierarchy of base structured categories [(X2aoF2aB2a)q(X2boF2b
B2b)q...]oF1B1

that models local and global structures as a special case of composite Grothendieck
fibration. Further utilizing the existing notion of transformation double category
(X1 oF1 B1)//2G, we demonstrate that a hierarchy of bases naturally leads one from
2-groups to n-category theory. Finally we prove that every classic Klein geometry is
the Grothendieck completion (G = X oF H) of F : H

F−→ Man∞
U−→ Set. This is

generalized to propose a set-theoretic definition of a groupoid geometry (G,B) with
a principal groupoid G = X o B and geometry space X = G/B; which is essentially
same as G = X oF B or precisely the completion of F : B

F−→Man∞
U−→ Set.

KEYWORDS: Base structured category, Functor, Grothendieck fibration,
Leyton transfer, Functorial signal representation, Redundancy.

c© 2019, Indian Institute of Technology Delhi



 

सार  

फ़ं क्श़ंस के ग्राफ के रूप में शे्रणियों (एफ; सी; डी) और (एफ; सी; सेट) का अध्ययन ए की ओर जाता है एक साधारि 

के स़ंदर्भ में सी। ग्रोथेंडडक ननमाभि पर इनका प्रमाि ददया जा रहा है  एफ; सी; डी को तचु्छ शे्रिीकरि की 
अवधारिा के माध्यम से जा़ंचा जाता है, एक उपयकु्त फनकार का उपयोग करके एफ; सी; डी आई ! ननमाभि के 

लिए बिल्िी आर कॉप एफ । इस शे्रिी में एक फ़ं क्शनि को एब्सटै्रक्ट राईट कैटेगगरी एक्शन के रूप में दशाभती है 

जिकक इसकी ड्यिू एफ; सी; डी या ( आर कॉप एफ ) एक अमतूभ वाम शे्रिी कारभवाई के रूप में एक की ववशषेता है। 
उसी प्रकार एफ; सी; डी ! डी य ू! एफ; सी; डी की पररर्ाषा पर सेट करें और आर कॉप शे्रणियों के रूप में एफ क्रमशः 
एफ; सी; डी के िाएँ और दाए ँकायों को ननरूवपत करना। सामदूहक रूप से स़ंदलर्भत 'आधार स़ंरगचत शे्रणियों' के रूप 

में, ये आधार के लिए अमतूभ समरूप लसद्ध होत ेहैं शे्रिी सी िेककन एक दसूरे या (एफ; सी; सटे) के लिए समवती 
समरूपता आर सी एफ  एक्स ओएफ सी। ये फाइिडभ शे्रणियों के ववशषे उदाहरि हैं जहा़ं आधार शे्रिी सी और 
फाइिर है डी ऑब्जके््स को तचु्छ शे्रणियों के रूप में माना जा रहा है। केवि िनाने का पररप्रेक्ष्य आधार स़ंरचना 
शे्रिी लसद्धा़ंत के माध्यम से स्पष्ट है जो ऊध्वाभधर स़ंरचना का उपयोग करके छुपाता है पहचान आकाररकी 
ग्रोथेंडडक के ररश्तदेार के अ़ंतर्ज्ाभन को स़ंयोजजत करने में सक्षम िनाती है और िेटन का सामान्य लसद्धा़ंत। जैसा 
कक आग ेपता चिा है, यह आवेदन को िहुत सवुवधाजनक िनाता है कुछ मिूर्तू अनपु्रयोगों जैस ेलसग्नि 

प्रनतननगधत्व में फ़ं क्शनिसभ का उपयोग ररक्त स्थान या  जैसे शे्रिी की वस्तओु़ं का इिाज कर रहे हैं शदु्ध रूप से 

एक सेट लसद्धा़ंत रूप में। स़ंकेतों का प्रनतननगधत्व करने के लिए एक फ़ं क्शनि फे्रमवकभ  की नी़ंव प्रस्ताववत है िेस 

स्ट्रक्चडभ कैटेगरीज द्वारा सहायता प्राप्त एक फ़ं क्टर का उपयोग करना अनतररक्त शालमि करके शे्रिी-लसद्धा़ंत 

स़ंि़ंधी सापेक्ष और सामान्य दृजष्टकोि क्िालसक के साथ सटे-गथयोरेदटक माप लसद्धा़ंत, अनतरेक, स़ंपीड़न की 
मिूर्तू अवधारिाओ़ं को दशाभता है एक उपन्यास प्रामाणिक तीर-लसद्धा़ंनतक तरीके से तयैार ककए गए हैं। मौजूदा 
क्िालसक ढा़ंचा उपयकु्त रैणिक स्थान के वके्टर के रूप में एक स़ंकेत का प्रनतननगधत्व एक ववशषे के रूप में 
ददिाया गया है प्रस्ताववत ढा़ंचे का मामिा। शे्रणियों के रूप में लसग्नि-स्पेस के स़ंदर्भ में आगे, की शे्रणियों का 
उपयोग करत ेहुए और फ़ं क्शनिसभ के ववलर्न्न सहस़ंयोजक और रूपों मापनीय या ररक्त स्थान और उनके ववपरीत 

जजनमें िलूियन और माप शालमि हैंआशंिक विस्तार के साथ बीजगणित का अध्ययन ककया जाता है। हम 
एक उपन्यास की पररभाषा में योगदान करत ेहैं एक शे्रिी में आइसोमोकफि ज्म तीर की सामान्य अिधारिा 
का उपयोग करके इंट्रा-शसग्नल अततरेक 

अनिुाद के मामले और अन्य को वििषे मामलों के रूप में किर करना। शे्रिी-शसदधांत के माध्यम से हम 
दोषरहहत के प्रशसदध उत्तराधधकार के शलए एक सरल लेककन सटीक वििरि प्रदान करत ेहैं विभेदक 
एन्कोड गं मानक छवि प्रकारों में बेहतर सपंीड़न जैसे उपज रेखा धित्र, प्रततष्ठित छवि, पाि आहद; क्लाशसक 
हातनपिूि प्रतततनधधत्ि तकनीकों की तलुना में जैसे जेपीईजी जो िषै्विक हहल्बटि स्पेस में बेस या फे्रम 
िुनत ेहैं। 



अतं में कुछ अनपु्रयोगों में पररितिन शे्रणियों की विस्ताररत खोज के रूप मेंआधार सरंधित शे्रणियों एफ; 

सी; डी , आरसीएफ, एक्स ओएफ सी औरआरसी प्रस्तावित हैं और का अध्ययन ककया। क्लाशसक रूपांतरि 
समहू को आधार-सरंधित होने के रूप में शसदध ककया गया है िगिआर जी एफ। कफर एक पररशमत सेट 
पर क्रमपररितिन कारििाई का उपयोग करके, हम धारिा का पररिय देत ेहैं आधार सरंधित शे्रणियों का 
एक पदानकु्रम एफ; सी; डी समग्र के एक वििषे मामले के रूप में स्थानीय और िषै्विक सरंिनाओं को 
मॉ ल करता है आगे  बल शे्रिी के पररितिन की मौजदूा धारिा का उपयोग करना हम प्रदशिित करत ेहैं 
कक आधारों का एक पदानकु्रम स्िाभाविक रूप से एक का नेततृ्ि करता है समहू से शे्रिी के शसदधांत। 
अतं में हम साबबत करत ेहैं कक हर क्लाशसक क्लेन ज्याशमतत है ग्रोथें ीके परूा होने का मनै य ू! सेट। ये 
है के साथ एक ज्याशमतत की एक सेट-शसदधांततक पररभाषा का प्रस्ताि करने के शलए सामान्यीकृत एक 
प्रमखु समहू और ज्याशमतत स्थान; जो अतनिायि रूप से है या िीक के परूा होने पर! मनै य ूसेट। 
 
कीि ि: बेस स्ट्रक्ि ि शे्रिी, फंक्टर, ग्रोथेंड क कफब्रेिन, लेटन ट्रांसफर, फंक्टोररयल शसग्नल प्रतततनधधत्ि, 

अततरेक। 
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Notation and terminology

In thesis, the upright Roman boldface font such as C or Riesz denote categories.
In particular, if we want to emphasize the concrete nature of a particular category
the notation (C, U) is used. Functors in general are denoted by capital letters such
as F or L2. Particularly, if we want to emphasize the concrete nature of a functor
we use notation F : (C, U) → (D, V ) utilizing concrete notations for categories. In
particular an upright bold letter in case of a functor such as F : C

F−→ D
I−→ Cat,

specially denotes that it is a composite functor (post composing general F with trivial
categorifying functor I) involving new concept of trivial categorification. We use
blackboard bold (double-struck) letters for composite functor (post composing general
F with underlying functor or concrete functor U : (D, U) → (Set, ID)) F : C

F−→
D

U−→ Set where U is the underlying faithful functor of the concrete category (D, U)
over Set. We use ‘pseudo-functor on B’ to refer to a contravariant pseudo-functor
Ψ : B → Cat. This is thought of as a covariant pseudo-functor Ψ̄ : Bop → Cat.
It is often notation-wise abused and denoted simply as Ψ : Bop → Cat. Then the
Grothendieck construction (original version) of this contravariant pseudo-functor Ψ,
is denoted as

∫
B

Ψ.

(F,C,D) Abstract graph of a functor
(F,C,Set) Concrete graph of a functor∫
Cop

F̄ Abstract right action of C on objects in FC as trivial categories
X oF C Abstract left action of C on objects in FC as trivial categories
X oF C Concrete left action of C on underlying sets of FC∫
Cop

F̄ Concrete right action of C on underlying sets of FC
D→ Arrow category of category D
f�I Restriction (f |I) of function f to domain I
Meas Category of measurable spaces (X,ΣX) and

measurable maps (functions) f : X → Y
Measure Category of measure spaces (X,ΣX , µ) and

inverse-measure-preserving morphisms f : X → Y
LocMeas Category of localizable measurable spaces (X,ΣX ,N (µ)) and f •

a.e. equivalence classes of non-singular measurable maps f : X → Y
LocMeasure Category of localizable measure spaces (X,ΣX , µ) and f • a.e.

equivalence classes of inverse-measure-preserving maps f : X → Y

xvi



NOTATION AND TERMINOLOGY xvii

compBoolAlg Category of Dedekind σ-complete Boolean algebras B and
sequentially order-continuous Boolean homomorphisms π : B→ A

MeasureAlg Category of measure algebras (B, µ̄) and
SOC measure-preserving Boolean homomorphisms π : B→ A

countMeas Subcategory of Meas (or LocMeas) of measurable spaces (X,PX)
(or (X,PX,φ))and measurable maps (functions) f : X → Y

countMeasureSubcategory of Measure (or LocMeasure) of measure spaces
(X,PX, count) and inverse-measure-preserving maps f : X → Y

Riesz Category of Riesz spaces and Riesz homomorphisms
BanLatt Category of Banach lattices and bounded Riesz homomorphisms
Hilb Category of Hilbert spaces and continuous(bounded) linear maps
compBoolAlg Category of Dedekind σ-complete Boolean algebras B and

sequentially order-continuous Boolean homomorphisms π : B→ A
L0(X,ΣX) (or L0 = L0(µ)) Space of virtually measurable real-valued functions

f defined on conegligible subsets of X
L0
X Space of measurable real-valued functions f defined on X

Lp(X,ΣX) (or Lp = Lp(µ), p ∈ (1,∞)) Set of functions f ∈ L0 = L0(µ)
such that |f |p is integrable

L0(X,ΣX , µ) (or L0 = L0(µ) = L0(X,ΣX ,N (µ))) Set of equivalence classes f •
in L0(µ) under =a.e.

Lp(X,ΣX , µ) (or Lp = Lp(µ), p ∈ (1,∞)) Set of functions
{f • : f ∈ Lp} ⊆ L0 = L0(µ) in L0(µ) under =a.e.
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