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Abstract

In this thesis, our focus lies on investigating the existence and regularity theory of weak solutions
to a class of nonlocal elliptic equations and systems. These equations and systems involve
nonlocal and critical nonlinearities, making them relevant in various physical applications, such
as finance mathematics, biomathematics, and animal foraging, among others. The thesis is
structured into five chapters.

Chapter 1 serves as an introduction, where we present the background and current state of
research related to the forthcoming chapters. Additionally, we outline the organization of the
thesis and highlight the main contributions we have made.

In Chapter 2, we examine a particular class of elliptic problems involving a combination of
local and nonlocal operators, together with nonlocal nonlinearities. Specifically, the nonlin-
earity considered is a blend of critical Hartree type nonlinearity and either regular or singular
perturbation. Our analysis begins by studying the optimal constant associated with the mixed
Hardy-Littlewood-Sobolev type inequality. We then proceed to investigate the existence, nonex-
istence, and regularity of weak solutions for the regularly perturbed problem, employing the
variational approach. Additionally, we explore the existence, multiplicity, and regularity theory
of the singularly perturbed problem, utilizing a non-smooth analysis approach in this direction.
Chapter 3 of this thesis is dedicated to presenting the existence and regularity results for nontriv-
ial weak solutions in two separate sections. The first section deals with a fractional p-Laplacian
logistic problem involving Choquard nonlinearity. Similarly, the second section focuses on an
elliptic problem characterized by singular absorption nonlinearity and subcritical exponential
Choquard type nonlinearity. One of the main challenges encountered in logistic type problems
is the absence of a comparison principle due to Choquard type nonlinearity. To overcome this
obstacle, we introduce the concept of strong supersolution and uniform subsolution (with re-

spect to a strong supersolution). Additionally, we explore the corresponding Brezis-Niremberg



type problem and obtain the existence of a weak solution. Moreover, we prove the existence of a
least energy nodal solution by using the minimization techniques on the Nehari nodal set. Con-
cerning the problem involving singular absorption nonlinearity, we first analyse the existence
and uniform estimates of weak solutions for an approximated regularized problem, employing
the Mountain pass theorem. By establishing essential gradient estimates for the solution of the
approximating problem, we then proceed to take limits and consequently prove that the original
problem has a weak solution.

In Chapter 4, we explore an elliptic problem characterized by singular discontinuous nonlin-
earity in combination with a critical Hartree type nonlinearity. The presence of this singular
discontinuous nonlinearity causes the associated energy functional to be non-differentiable and
not even locally Lipschitz continuous. To address this challenge, we utilize regularization tech-
niques, which render the associated energy functional differentiable. The first solution is then
obtained as the limit of solutions to the regularized problem, which is subsequently shown to be
a local minimum of the associated energy functional in the H&(Q)— topology. To find the sec-
ond solution, we perform a translation of the original problem using the first solution obtained
above. This translation makes the associated energy functional Locally Lipschitz, enabling us to
employ the notion of generalized gradients. Through the use of the concentration compactness
and the Ekeland variational principles, we establish the existence of the second solution. Finally,
by acquiring the L*° estimate and analysing the boundary behaviour of the weak solution, we
demonstrate the Holder regularity results.

In Chapter 5, our focus is on examining a singularly perturbed coupled Schrédinger system that
involves the fractional half Laplacian and critical exponential type nonlinearity. We examine the
existence and concentrating behaviour of semiclassical states for this system. Initially, we anal-
yse the corresponding limit problem and demonstrate the existence of ground state solutions.
Our approach in this regard is based on the Nehari Manifold technique, inspired by Pankov’s
work. Furthermore, we derive a priori estimates for these ground states and subsequently utilize
these estimates to study the concentrating profile of the semiclassical solutions. Additionally,
we present a novel and independently interesting result in the form of a Pohozaev type identity
for the limit problem. This identity is entirely new and constitutes a valuable contribution to

the field.
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