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Abstract

In 1918, about a century ago, S. Ramanujan defined sum of certain trigonometrical sums,
which are now being called as Ramanujan Sums. The primary objective of defining these
sums, by then, was to represent various arithmetical functions in the form of Ramanujan
Sums. These sums have been extensively used in the field of number theory. Recently,
there is renewed interest in these sums in the field of signal processing, particularly in pe-
riod extraction. The main objective of this thesis is twofold: first, to explore Ramanujan
Sums in other areas of signal processing; second, to develop mathematical framework for
Discrete Wavelet Transform, for finite duration signals, by considering a novel family of
sequences as a basis.

In this thesis, we define two families of operators, based on Ramanujan Sums, termed as
Ramanujan class — 1 operators and Ramanujan class — 2 operators. The class — 1 family
of Ramanujan operators is defined by considering one period of Ramanujan Sum as its
kernel having the property of LTT system. It is further proved that these class — 1 oper-
ators satisfy the properties of first derivative in the digital domain. Further, considering
one period of Ramanujan Sums with a particular shift and taking this shifted sequence as
a kernel of an operator, it is shown that these operators satisfy the properties associated
with second derivatives in the digital domain, which are termed as Ramanujan class — 2
operators. After proving that these operators satisfy the properties of derivatives, their
efficacy in applications where detail part of the signal is used to extract the information
from the signal, is established. Two of them are edge detection and noise level estimation.
A relationship between Ramanujan Sums and various edge detection masks is also inves-
tigated. It is also shown that various masks which exist in literature such as Robert’s,

Prewitt’s and others are particular case of masks generated by Ramanujan Sums.
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Going further, a new family of sequences, namely, Orthogonal Ramanujan Sums (ORS) is
defined based on Ramanujan Sums. A new representation of any finite length or periodic
signal is given, namely, Orthogonal Ramanujan Periodic Transform (ORPT), using ORS.
A novel family of Multirate Filter Banks, based on divisors of signal length, using Or-
thogonal Ramanujan Sums, has also been proposed. It has been shown that ORS can also
be used to achieve a novel ¢ — adic multiresolution analysis. A ¢ — adic multiresolution
approach means the scaling and translation parameter in the wavelet function can be any
positive integer ¢, and not necessarily equal to 2, as is often used. This approach shows
that instead of using same translates and dilates for expansion, one can use different
translates and dilates at different scales for expanding elements of [?(Zy). Orthogonal
Ramanujan Sums provide one possible approach to achieve this. For ¢ — adic multireso-
lution analysis, a signal needs to be decomposed into g-bands. ORS divides a signal into
q orthogonal bands. Using this approach a signal can be decomposed in different number
of bands at different resolutions. This gives the flexibility to analyse signal with varying
resolutions. A complete theory using ORS has also been developed for multidimensional
signal.

As a spin-off arising from the work, two new interesting properties of Ramanujan Sums
are also found. One of these property shows that Ramanujan Sums corresponding to
the powers of prime are upsampled version of lower order Ramanujan sums, of the same
prime with some multiplication factor. Second property shows that the product of two
arbitrary but fixed shifted Ramanujan Sums also forms a shifted Ramanujan Sum, with

some delay. A closed-form expression for this delay is also derived in this thesis.



R

1918 H, @I Ueh HT Uged, UH TS - $8 FHepIuTHdIr A o1 T foba T, foid 319
IHIISH HH Bl SITdT &1 dd deb, 39 AN Bl URHIYT B BT wreifie 38ed, fafi=
3PITUTAT BT BT IHTISTHH FH & BT H Tldffeicd BT o1 H&AT [gid H &7 A &1 99
YA WR 39T fooar /T 21 BT & B, a vRfan d {99y Bu § 3mafy fAseyor & s g
H 97 (IR O B 21 29 IEE &1 43 350 & TAT §: U, (e AfET & 3= &3 H
RTHTST AT &1 YT o & felT; GERT, Teb 31THR & U H Yeb AqURIR b TRUTHT W fa=IR

HIp, f5The ddaic ZiaWBIH & AT MO BURET fadbfad HeT|

=9 G H, g1 AT IH W TR 3TIve} & al IRarT B afirfed fbar 2 ImmgsH
it — 1 3R 3R IHSH Tl 2 TR | 1f — 1 YRR IHTISH 3R IHTSIH TH b Teb
BTeT I TeTeI3ATS WUTTel! &Y HUfd dTel Prict gRT YRMIS fbar T € | ag Arfed gane fb a
i - 1 TR fSfSTee SIHT H Ugel a1 & T[0T Pl TJ PBd &1 31, fdeR B Teb fday
ST b HT IHTIST HH Dl Teb 31dfE 3R gF RAIMIART 3shH & BY H fdl 3TIRe Bl
Hidt, Ig fe@man T € 1o 3 3iTRex fBfSied S o gaR = & J1f I8 gV 01 &1 I
A &, oIy IATIST Tl - 2 3TIRER el ST 8| & AIfeid B & §1G feb A TR G b
0T Pl IR B 8, 3P AT H YHTGHRIRAT, STel e &1 foxdR &1 Hba 4
STHSRY FRepTer o foq 3w fasar Sirar 2, wrrfud fasam mam €1 398 § < f5AR &1 udr o
37 2R &R & 37Tebei 8| IATSI T 3R fafi= UoT fé¢ared AR & &< Teb Het bl ST
it T 1 I8 it e mam € 1o fafi=T gate St wrfecy o Aisie & o 1 Xiere, fifae 31k 3=
IHTST TH GRT 30~ ARG o a9y ATHA ¢ |

3T ST, 3TSpHI T Teb T URAR, 3R IATISTH T (33IRTH) § S b IS
TH R ATHTRA &1 3I3RGH DI 30ATT P fopdl il aRfFd daTs a1 smmafees o1 Ue 3T
yfdffo dod fGar 8, ORT e s 3mafied g (3M3Ren A9 fEar g |
377IfMAeT IHTIS FH BT 3TANT B §Y (AT ddre &b faqTsTe! W 3HTRd ARE fiheex
depi BT Yo TAURER Ml JdTfdd febar 7T g1 I8 f@mm T & e 3M3TRYH b1 SEAHT & -
Ufeeh faemwor & foiv Y &1 Febdl & | Y - Ufeh Heel-ReTleg M &1 Adeid & fob a’fTiepT
Thare [ H Thfei ™ 3TR 37gdTe WRTHIR PIg Wl GbRTcHSD YUTich ¢ &1 FebdT &, 31N Sl g1 feb 2
P IR, ST o 31”39 fopam STdT 21 I gfecepivy fa@ar & fob fokaR & g geb &t
37ATE 3R TBIAT BT 3TN B P FoTT Ter2(ZN) & dcdi b faedR & g fafi= dami w®
T AT BT 3UAT B Fbd &l FNAMHA IHIS TH 3 U B F g U Iva
SfSCPIVT Y BT 2 | o - Ufeeh Heel-RAATege fdeawor & iy, Ueb Haba Bl ag-dg |
faafed wea b1 3maegedr Bldl &1 33IRYH U Hebd Pl Y AT 5 # favrfoid evar
8| S gRPBIVT BT 3UAN P Ueh [Te T~ Tl TR g Pl 37eT1T- 3717 HeaT H faafed




BT ST IpdT 21 T 3TAT-3TT & Tl ATt BT fI2ATuT B3 &b T T eieryT WY at 21
33TRUH BT IUTNT A dTell Vb I (@i HY Ig3rmardl Hebd &b fei g faesfd fpar mam 2|

HTH J 3G~ B It {EA-31% & BU B, AHSH TH F & A7 fereg o7 ¥t arg € g8
Teh T[0T I UdT Il & feb 31T T b TofQ AT HH g0 Haftid el 567 bt 2rferiai
& IMATIST HH 6 goi & | GERT T[0T | U1 Ieidll & b & AHTIST HH BT ITE HTH e
LTS BY F WHART AT T HI Teb TRAHTARA IHTIST I I & ol 58 &l &
1Y | 39 It b felg b &g B sthiearferd Wt g9 2ifEH § a2




Contents

Certificate

Acknowledgements

Abstract

List of Figures

List of Tables

List of Notations and Abbreviations

1

2

Introduction
1.1 Historical background . . . . . . . . ... oo L oo
1.2 Problem statement, salient contributions & scope of the thesis . . . . . . .

1.3 Overview of the thesis . . . . . . . . . . .

Preliminaries

2.1 Imtroduction . . . . . . ...

2.2 Mathematical preliminaries . . . . . .. .. .. ... ... .. ... .. ..
2.2.1  Arithmetical Functions . . . . . . . . ... ... L.
222 Rootsof Unity . . . . . .. .. .. ...

2.3 Ramanujan Sums: definition & properties . . . . . . ... ... ... ...

2.4 Relevant results from the theory of Wavelet Transform . . . . . .. .. ..

2.5 Brief overview of Multirate Filter Banks . . . . . .. ... ... ... ...

2.6 Concluding remarks . . . . . . . ... oo

vi

iii

iv

ix

xi

xii

10

12



3 A novel class of Ramanujan Sums based operators and applications 26

3.1 Introduction . . . . . . ... 26
3.2 Ramanujan class of operators . . . . . . ... ... ... ... .. 27
3.3 Some applications of Ramanujan operators . . . . . . . .. ... ... ... 33

3.3.1 Edge detection . . . .. .. .. 33

3.3.2 Relationship between Ramanujan operators and edge detection masks 34
3.3.3 Noise level estimation . . . . .. .. ... ... L. 43

3.4 Concluding remarks . . . . . . . ... 46

4 Ramanujan Sums based ¢—adic multiresolution analysis and applications 47

4.1 Introduction . . . . . . . .. 47

4.2 Orthogonal Ramanujan Sums: definition & properties . . . . . .. .. .. 48
4.3 Orthogonal Ramanujan Periodic Transform . . . . .. ... ... ... .. 55
4.4  Spectral behaviour of ORPT . . . . . . . .. .. ... .. 59
4.5 ORS based Discrete Wavelet Transform . . . . . . .. ... ... ... ... 61
4.5.1 Application of ORS on 1 —d signal . . . . . . ... ... ... ... 68

4.6 Filterbank representation using Orthogonal Ramanujan Sums . . . . . . . 73
4.7 Experiments and results . . . ... ... oL 7
4.8 Concluding remarks . . . . . . . . .. 83

5 New Additional Properties of Ramanujan Sums 88
5.1 Introduction . . . . . . . ... 88

5.2 New properties of Ramanujan Sums . . . . . . . ... ... ... ...... 88
5.3 Concluding Remarks . . . . . . . . ... ... ... 95

6 Conclusion and scope for future work 96
6.1 Introduction . . . . . . . . ... 96

6.2 Conclusion . . . . . . . . L 96
6.3 Scope for future work . . . . . ... 97
References 99

vil



List of Publications 107

Bio-Data 108

viil



List of Figures

2.1
2.2

2.3

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10

4.1
4.2
4.3
4.4
4.5
4.6
4.7
4.8
4.9

Two-channel multirate filter bank . . . . . . .. .. .. ... ... ... .. 22
Basic building blocks of multirate filter bank . . . . . . . ... ... ... 23
g-channel maximally decimated filter bank . . . . . . . ... .. ... ... 24
Original Image. . . . . . . . . . .. 35
Result of applying operator Rs in horizontal direction. . . ... ... ... 35
Result of applying operator Rs in vertical direction. . . . . . . . ... ... 36
Result of applying operator R in horizontal direction. . . . . . .. .. .. 36
Result of applying operator Rg in vertical direction. . . . . . . . . .. ... 37
Original Image . . . . . . . . . ... 42
Application of masks M1,M2,M3,M4 on original image. . . . . . . .. . .. 43
Gradient Image in x and y direction . . . . . . . . .. ... 44
Magnitude of gradient Image. . . . . . . . .. .. ... 44
Block Diagram of Proposed method for noise level estimation . . . . . . . . 46
Frequency response of vectors of ORPT matrix forqg=2 . .. ... .. .. 60
Frequency response of vectors of ORPT matrix for¢g=3 . . ... ... .. 60
Frequency response of vectors of ORPT matrix forqg=6 . . .. .. .. .. 60
Multirate Filterbank representation when N =qM . . . . . .. ... ... 74
Multirate Filterbank representation when N =¢*> . . ... ... ... ... 75
Various possibilities in decomposition of a signal . . . . . . . .. . ... .. 75
Filterbank structure with three stages . . . . . . . .. . ... ... ... .. 76
Spectrum of the input signal . . . . . . .. ..o 7
Spectrum of the ORPT matrix for N=3. . . ... ... ... ... .... 78

1X



4.10
4.11
4.12
4.13
4.14

4.15
4.16

4.17
4.18

0.1
5.2

Application of analysis matrix B on 1-dimensional signal . . . . . . .. .. 79

Variation of Entropy with divisors . . . . . . ... ... ... .. 82
Variation of coding gain with divisors . . . . . . .. .. .. .. ... ... 82
Original Image . . . . . . . . . .. .. 84

Application of B matrix to the rows and columns of a two dimensional
image with q=3 . . . . . . . ... 84
Application of ORS in multiresolution signal representation . . . . . . . . . 85

Cumulative energy of original image(black) after applying B for divisors

2(blue), 3(red), 5(green), 6(yellow), 10(magenta) . . . . . . . .. ... ... 85
Application of matrix B for image compression . . . . . ... ... .. .. 86
Application of matrix B for edge detection . . . . . . .. .. .. ... ... 87
Higher order c,(n) in terms of co(n) . . . . . .. ... ..., 90
Example of shifted multiplication property . . . . . . . ... .. ... ... 94



List of Tables

2.1

3.1
3.2
3.3

4.1
4.2
4.3

Ramanujan sums for one period . . . . . .. ... ... L. 17
Mask for vertical edge detection . . . . . . . ... ..o 37
Mask for horizontal edge detection . . . . . . . .. ... ... ... ... 37
Mask for diagonal edge detection . . . . . .. ... ... 38
Divisors versus entropy in case when image size is power of prime . . . . . 81
Divisors versus entropy in case when image size is composite number . . . 82
Divisors versus entropy in recursive case . . . . . . ... ... ... 83

x1



List of Notations and Abbreviations

= there exists

alb a divides b

ath a does not divides b

(a,b) greatest common divisor of a and b
(a,b) = a and b are relatively prime

¢(n) number of positive integers not greater than and prime to n
7 Set of integers

/A Set of positive integers

R Set of Real numbers

FT Fourier Transform

STET Short-Time Fourier Transform
CWT Continuous Wavelet Transform
DFT Discrete Fourier Transform

IDFT Inverse Discrete Fourier Transform
DSP Digital Signal Processing

DWT Discrete Wavelet Transform

FIR Finite Impulse Response

MRA Multiresolution Analysis

x1i



RFB Ramanujan Filter Bank

RPT Ramanujan Periodic Transform
RFT Ramanujan FIR Transform
RSE Ramanujan Sum Expansion
ORS Orthogonal Ramanujan Sums

ORPT Orthogonal Ramanujan Periodic Transform

xiil



	Thesis.pdf
	Certificate
	Acknowledgements
	Abstract
	List of Figures
	List of Tables
	List of Notations and Abbreviations
	Introduction
	Historical background
	Problem statement, salient contributions & scope of the thesis
	Overview of the thesis

	Preliminaries
	Introduction
	Mathematical preliminaries
	Arithmetical Functions
	Roots of Unity

	Ramanujan Sums: definition & properties
	Relevant results from the theory of Wavelet Transform
	Brief overview of Multirate Filter Banks
	Concluding remarks

	A novel class of Ramanujan Sums based operators and applications
	Introduction
	Ramanujan class of operators
	Some applications of Ramanujan operators
	Edge detection
	Relationship between Ramanujan operators and edge detection masks
	Noise level estimation

	Concluding remarks

	Ramanujan Sums based q-adic multiresolution analysis and applications
	Introduction
	Orthogonal Ramanujan Sums: definition & properties 
	Orthogonal Ramanujan Periodic Transform 
	Spectral behaviour of ORPT
	ORS based Discrete Wavelet Transform
	Application of ORS on 1-d signal

	Filterbank representation using Orthogonal Ramanujan Sums
	Experiments and results
	Concluding remarks

	New Additional Properties of Ramanujan Sums
	Introduction
	New properties of Ramanujan Sums
	Concluding Remarks

	Conclusion and scope for future work
	Introduction
	Conclusion
	Scope for future work

	References
	List of Publications
	Bio-Data




