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Abstract

This thesis is concerned with studying the random sampling problem in the
reproducing kernel function spaces categorized into three types.

In the first framework, the function space is the image space of an idempotent
integral operator on Lebesgue space, mixed Lebesgue space, and the Orlicz space
under certain off-diagonal decay and regularity condition. The function space in-
cludes shift-invariant space, the space of functions with a finite rate of innovation.
For the case of Lebesgue space, the repeated application of Bernstein’s inequality
for the sum of independent random variables, we examine the stability of uniformly
distributed random sample points over a bounded cube with an overwhelming prob-
ability and analyze the order of the sample size. For mixed Lebesgue space and
Orlicz space, the probability is estimated from the covering radius of the uniformly
distributed random samples.

In the second setting, we consider the localized reproducing kernel subspace of
LP(R™), which includes the function space in the first model, the quasi-shift invariant
space, and the weighted Fock space. The sampling discretization of the integral
norm for the finite-dimensional space gives the probability bound for the stability of
uniformly distributed random samples over compact set {2 for the set of concentrated
functions on (2.

In the third case, the function space is an infinite-dimensional reproducing kernel
Hilbert space H of square integral functions on the unit sphere S*~!. With an
overwhelming probability, the uniformly distributed random samples over S"! is
a stable sample set for a class of localized functions in L?(S"~!). The probability
bound of the random sampling inequality for the localized function is obtained from
the matrix Bernstein inequality on the independent random matrices.

The reconstruction scheme to reconstruct the concentrated function from its
random samples is proposed in this thesis. We first propose the local reconstruc-
tion formula for the reconstruction of the functions in a finite-dimensional space

from their random samples. As a consequence, the concentrated function can be
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viii ABSTRACT

locally recovered from their random sample values. We also provide an exponen-
tial converges iterative reconstruction algorithm for the global reconstruction of the

concentrated functions and illustrate the proposed scheme with an example.



HI

g R T TR o TECT Rt aTel el ST Scad ol €08 H ATg o

FHTSRTT FHEIT T ST ohi § ST ¢ |

qEcl HIHT |, ol W AT W, Tifiia e W, T SARfolsl W & 39 T
FHTHT HTESHAICE AT o TE W BT 7, ST&T HHIRAT il S AT -
TEoTIIeT & ST HATadT <Al 310 /G & | A/ 1 %o S48 R -3-amid e
TR AT ST S et S9SN & | STeiT TUE o HTHc |, T&as g o

ST AT ATAR S o STHHAT 3BT TART Fleh, BH STcA(eIeh ST o |rer
Tarftre e & v w7 & foafa angfaes T fagen i ferar fir s s &
T AT TR o ShH T ToIOT L & | TorTReret <ioiT oy 37T SARIeTsT & o
T T shT ETeHT T &9 § TN Agoseh T o SalaT a8 STHTHT
HAE |

O AISTH, T LP (R™) o ST JecaTe et ST W fo & &, Forae
el Uil TT o GTY THTENT 39 —3=aTid Te 3 9T Sies W T 8id 2 |
TR — TR T o ToTT, THTehford HIHGS SRl AT foaiehiehtoT §RT Hede= 1T
R~ e T o TTC ATg ek Tt shT FEeRaT il TTeHT T & ST Heae =
WA &7 § faafia g |

et afeRefer o, welT T TR T - ST Ieeel et feeee ¥0d & 5T
Ueheh TIATEhIT &1 $™~ 1 T ST AHTRGH I %ol T & | R OvTaqT o g, §71
TG &9 ¥ Toraid argieseh T L2 (S 1) W SATHIERa 6l & ol o 1ol Th
TER AT S € | ST e o ToTT ATgfoeh HTehoT STHTT <hl HHTedT
T ATGoeh AT W T T STHHHAT & JTH ol ST 3 |

ix



X P3IES

3O iR T Agfoseh AT | Shisd Sl oh GHIHAIT oh foT GHIHHIOT ATSHT SdTord
T | T Tt Ui - STt T g s T W ol o YHIAHTor o fore T
ATHTOT T T ST hld & | TRUTTHEREY, Shisd hal ohl 3ok ATgroseh FHT
T & AT TASTH FoRAT ST HehaT & | T S5 Bl oh e JAHHIT o T1g
Uk <RETAThRT ST TG GAHIOT TR o & o & S SRTierd a1
1 Tk IS o |rY T i € |




Certificate
Acknowledgments
Abstract

List of Figures
List of Tables
List of Symbols

1 Introduction

1.1 Sampling problem . . . . . .. ... ... ...
1.2 Average sampling problem . . . . .. ... ..
1.3 Random sampling . . . . . ... ... ... ..
1.4 Preliminaries . . . .. .. ... ... .....
1.4.1 Orlicz Space . . . . . . ... ... ...
1.4.2 Mixed Lebesgue space . . . ... ...
143 Frames . . .. .. ... ... ... ...

1.5 Thesis Overview . . . . . . . . . . . ... ...

2 Random Sampling in RKBS of L?(R")

2.1 Modelspace . . . .. ... ...
2.2  Finite-Dimensional estimate . . . . . . . . ..

2.3 Random Sampling . .. ... .........

Contents

iii
vil

xiii

3 Random sampling and average sampling in RKBS of LP4(R"*1) 35

3.1 Modelspace . . . . ... ... ... ... ..
3.2 Finite-Dimensional estimate . . . . . . . . ..

3.3 Random Sampling . .. ... ... ... ....

x1



xi1i

CONTENTS

3.4 TImprovement in LP»¢(R"1)

3.4.1

4 Relevant sampling in RKBS of L*(R")
................................ 95
................................ 60
...................... 60
........................ 63

4.1 Model space
4.2 Main result
4.2.1
4.2.2 Random Sampling

5 Random sampling in localized RKBS of L?(R")
................................ 67
.......................... 70
............................ 74

5.1 Model space
5.2 Sampling discretization

5.3 Random Sampling

6 Spherical random sampling of localized functions on S"!
................................ 81
........... 84
....................... 87
....................... 91

6.1 Model space
6.2 Sampling inequality for localized function on S"~!
6.3 Spherical Random Sampling

6.3.1

7 Reconstruction scheme
7.1 Reconstruction Algorithm
7.2 Tterative reconstruction method
7.2.1

8 Summary and Future Outlook
8.1 Summary
8.2 Future Outlook

Bibliography

Bio-Data

Random average sampling

Non-uniform Sampling

A general framework

Numerical Illustration

55

67

81



List of Figures

1.1 The sampling problem. Left: Uniform samples of a function f. Right:

Non-uniform samples of the same function f.. . . . .. .. ... ... 3

7.1 Plots of image data reconstructed from average value. . . . . . . . .. 99

xiii



1.1
1.2

4.1

7.1

List of Tables

Order of sample size to achieve required probability bound. . . . . . . 11
Orlicz function and their corresponding Orlicz space. . . . . . . . .. 11
Orlicz function and their Orlicz conjugate. . . . . . . . . . ... ... 57
MSE and PSNR value at n—th iteration. . . . . . . . .. ... ... 100

XV



Symbol

E(X)
Var(X)
P(X)

Xa
B(x;r)
#S
No(T')

!

6’%7

Id

List of Symbols

Meaning

N U {0}.

The set of n-dimensional integer space.
The set of n-dimensional Euclidean space.
The set of unit sphere in R"™.

Surface measure on S"!,

(P-norm on the finite array a.

%+z%:1’ for 1 <p < 0.

Boundary of the set (2.

Cartesian product of the sets 21 and 2.

[-5.5]"
272
n
EE IR 1

Expectation of random variable X.
Variance of random variable X.
Probability of the event X.
Lebesgue measure.
The characteristic function on the set A.
r radius open ball centered at x with respect to || - || -
Number of elements in the finite set S.
Supremum number of elements in I' in the unit cube,
i.e., sup #(k + [— %, %]n ﬂF).
keZm
Kronecker delta.

Identity operator.

XVii



Xvili

LIST OF SYMBOLS

Abbreviation

RKHS
RKBS
iid.

BUPU

Meaning

reproducing kernel Hilbert space.

reproducing kernel Banach space.

independent identically distributed.

bounded uniform partition of unity.





