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Abstract

Domination is one of the important and widely studied areas of research in graph
theory. A set D C V of vertices of a graph G = (V, E) is called a dominating set
if every vertex not in D is adjacent to at least one member of D. Given a graph
G, MINIMUM DOMINATION is the problem of finding a dominating set of mini-
mum cardinality in G. DECIDE DOMINATION is the decision version of MINIMUM
DOMINATION. The domination number of G is the minimum cardinality among all
dominating sets in G and is denoted by v(G). A vertex v is said to dominate itself

and all of its neighbors.

In this thesis, we study the algorithmic aspects of some variations of domination,
namely () Global total k-domination, (ii) Differentiating-total domination, (i)
Global Roman domination, (iv) Roman {3}-domination, and (v) Connected power

domination.

A subset D C V of a graph G = (V| E) is called a global total k-dominating
set (GTkD-set) of G if every vertex in V is adjacent as well as non-adjacent to
at least k vertices in D. MINIMUM GLOBAL TOTAL k-DOMINATION is to find a
minimum cardinality global total k-dominating set (GTkD-set) of G and DECIDE
GLOBAL TOTAL k-DOMINATION is the decision version of MINIMUM GLOBAL To-

TAL k-DOMINATION. DECIDE GLOBAL TOTAL k-DOMINATION is known to be

v



NP-complete [8]. We strengthen this result by proving that DECIDE GLOBAL To0-
TAL k-DOMINATION is NP-complete for bipartite graphs, perfect elimination bi-
partite graphs, star-convex bipartite graphs, chordal graphs and doubly chordal
graphs. We propose a polynomial-time algorithm to obtain a minimum cardinality
global total k-dominating set in chordal bipartite graphs. We design a 2(1 + lnn)-
approximation algorithm for MINIMUM GLOBAL TOTAL k-DOMINATION. Further,
we prove that MINIMUM GLOBAL TOTAL k-DOMINATION is hard to approximate
within a factor of (1 —¢)lnn for any € > 0 unless P = NP. Also, we show that
MINIMUM GLOBAL TOTAL k-DOMINATION admits a constant factor approxima-
tion algorithm. Then we prove that MINIMUM GLOBAL TOTAL k-DOMINATION
is APX-complete for bounded degree bipartite graphs as well as for chordal graphs.
Finally, we show that for bipartite graphs and for chordal graphs DECIDE GLOBAL
TOTAL k-DOMINATION is W[2]-hard when parameterized by the size of a GTkD-set
in G.

A subset D CV of a graph G = (V, F) is called a differentiating-total dominat-
ing set (DTD-set), of G if (a) Ng(v) N D # () for all v € V, and (b) Ng[u] N D #
Nglv] N D, for every distinct pair u,v € V. MINIMUM DIFFERENTIATING-TOTAL
DOMINATION is to find a minimum cardinality differentiating-total dominating set
(DTD-set) of G and DECIDE DIFFERENTIATING-TOTAL DOMINATION is the de-
cision version of MINIMUM DIFFERENTIATING-TOTAL DOMINATION. We initiate
the algorithmic complexity of differentiating-total domination. We show that DE-
CIDE DIFFERENTIATING-TOTAL DOMINATION is NP-complete for chordal bipartite
graphs, star-convex bipartite graphs, chordal graphs, and planar graphs. We pro-
pose an approximation algorithm for MINIMUM DIFFERENTIATING-TOTAL DOM-
INATION with approximation factor O(In A(G)) for any graph G with maximum
degree A(G). Further, we prove that MINIMUM DIFFERENTIATING-TOTAL DoOMI-

NATION is hard to approximate for any bipartite graph within a factor of (% —¢e)lnn
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for any € > 0 unless P = NP. Finally, we show that MINIMUM DIFFERENTIATING-

ToTAL DOMINATION is APX-complete for bounded degree bipartite graphs.

A function f : V — {0,1,2} is called a global Roman dominating function
(GRDF) of G if every vertex of weight 0 is adjacent as well as non-adjacent to a
vertex of weight 2. The weight of a function f is defined as f(V) = X ey f(u) and
the minimum weight of a GRDF of G is known as global Roman domination number
of G. MINIMUM GLOBAL ROMAN DOMINATION is to find a minimum weight global
Roman dominating function (GRDF) of G and DECIDE GLOBAL ROMAN DoMI-
NATION is the decision version of MINIMUM GLOBAL ROMAN DOMINATION. We
initiate the algorithmic complexity of global Roman domination. We prove that DE-
CIDE GLOBAL ROMAN DOMINATION is NP-complete for bipartite graphs, chordal
bipartite graphs, planar bipartite graphs, star-convex bipartite graphs, and chordal
graphs. On the positive side, we show that MINIMUM GLOBAL ROMAN DOMINA-
TION is polynomial-time solvable for chain graphs and threshold graphs. We design
a 4(1 + Inn)-approximation algorithm for MiNIMUM GLOBAL ROMAN DOMINA-
TION. Further, we prove that MINIMUM GLOBAL ROMAN DOMINATION is hard to
approximate within a factor of (1 —€)Inn for any ¢ > 0 unless P = NP. We show
that the same inapproximability result holds for bipartite graphs as well. Finally, we
show that MINIMUM GLOBAL ROMAN DOMINATION admits a O(In A(G)) approx-
imation algorithm for any bipartite graph G with maximum degree A(G). Then we
prove that MINIMUM GLOBAL ROMAN DOMINATION is APX-complete for bounded

degree graphs as well as for bounded degree bipartite graphs.

A function f : V. — {0,1,2,3} is called a Roman {3}-dominating function
(R5DF) such that for every vertex v € V, if f(v) € {0,1}, then 3y, f(u) = 3.
The weight of a function f is defined as f(V') = ¥ ey f(u) and the minimum weight
of a R3DF of G is known as the Roman {3}-domination number of G. MINIMUM

ROMAN {3}-DOMINATION is to find a minimum weight Roman {3}-dominating
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function (R3DF) of G and DECIDE ROMAN {3}-DOMINATION is the decision ver-
sion of MINIMUM ROMAN {3}-DOMINATION. DECIDE ROMAN {3}-DOMINATION
is known to be NP-complete for bipartite graphs [49]. We strengthen this result by
proving that DECIDE ROMAN {3}-DOMINATION is NP-complete for star-convex bi-
partite graphs, chordal graphs, and split graphs. We propose linear time algorithms
to solve MINIMUM ROMAN {3}-DOMINATION in chain graphs and threshold graphs.
We propose an approximation algorithm for MINIMUM ROMAN {3}-DOMINATION
with approximation factor O(In A(G)) for any graph G with maximum degree A(G).
Further, we prove that MINIMUM ROMAN {3}-DOMINATION is hard to approximate
for any graph within a factor of (1 — €)Inn for any € > 0 unless P = NP. Finally,
we show that MINIMUM ROMAN {3}-DOMINATION is APX-complete for bounded

degree bipartite graphs.

A subset D C V of a graph G = (V, E) is called a power dominating set if
every vertex of the graph can be observed by D by considering the following two

observation rules:

OR1: if v € D, then v can observe itself and all its neighbors.

OR2: for an already observed vertex whose all neighbors except one are observed,

then the only unobserved neighbor becomes observed as well.

A subset D C V of a graph G = (V, E) is called a connected power dominating set
if D is a power dominating set of G' and the subgraph induced by D is connected
in G. MINIMUM CONNECTED POWER DOMINATION is to find a minimum car-
dinality connected power dominating set of G and DECIDE CONNECTED POWER
DOMINATION is the decision version of Minimum Connected power dominating set
of G. DECIDE CONNECTED POWER DOMINATION is known to be NP-complete for

general graphs [I3]. We strengthen this result by proving that DECIDE CONNECTED
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POwER DOMINATION is NP-complete for perfect elimination bipartite graphs, star-
convex bipartite graphs, and split graphs. On the positive side, we show that MIN-
IMUM CONNECTED POWER DOMINATION can be solved in polynomial time for
chain graphs and threshold graphs. We also prove that, for bipartite graphs and for
chordal graphs, MINIMUM CONNECTED POWER DOMINATION is hard to approxi-
mate within a ratio of (1 — €)Inn for any € > 0 unless P = NP. Finally, we show
that MINIMUM CONNECTED POWER DOMINATION is APX-hard for graphs with

maximum degree 5.
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