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ABSTRACT

Under-actuated mechanical systems come with the notable benefit of cost reduction
compared to their fully actuated counterparts due to fewer actuators, and often result
in energy efficient designs. The drawback of such systems is that planning and con-
trolling trajectories requires advanced formulation. Flatness-based approach however
facilitates implementation of trajectory planning and tracking. Planning is reduced
to an algebraic enumeration and a feedback controller to track the flat output trajec-

tories can be designed readily.

Having said all these, proving flatness and finding flat outputs for a system is not
trivial. Till date, only necessary or sufficient conditions are available to test flatness.
Flatness being intimately tied to the system structure requires one to exploit the
physical arguments in the search of flat outputs. The fundamental question that
we try to answer in this work is: what mechanical elements in a kinematic chain
can be altered or added in which manner so that the resultant system is amenable
to being under-actuated by being differentially flat. These modifications range from
system mass-inertia parameters to added counter-balancing masses or adding passive

mechanical elements like springs and dampers.

This work reports elementary systems consisting of single rigid bodies in 2-D space
and go on to show that the flatness property of complex kinematic chains can often
be inferred from recursive examination of flatness of its smaller sub-units. In this
process, we have a new understanding of the flatness demands of mechanical systems
which are modeled as connected rigid bodies. Most mechanical systems are shown
to be either configuration flat or at the most depend on the first derivative of the
variables (velocity). We have proposed new control affine systems wherein torques

and forces enter the set of flat outputs.



iv

Closed chain mechanisms are suitable candidates for high speed applications which
require low inertia. In this thesis, we explore classes of binary closed-chain differen-
tially flat systems and propose a systematic approach to flattening them. We demon-
strate that by carefully choosing mass distribution and adding passive mechanical
elements like springs, an under-actuated closed-loop system can be rendered differen-
tially flat. Numerical simulation of trajectory planning for such systems demonstrates

the effectivness of the strategy.

Most interestingly, differential flatness is capable of providing feasible trajectories
in systems which are non flat, but allow a flat approximation. We introduce a weaker
form of differential flatness for mechanical systems which has been termed as ‘partial
differential flatness’ in some literature. Mostly, systems with cyclic or ignorable coor-
dinates exhibit such a property. Under this category, differential flatness of floating

chain and snake-like robots is also established.
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NOTATIONS

Notational rules:

italic Roman/Greek lower-case letters refer to scalars.

BOLDFACE italic Roman /Greek upper-case letters with/without subscripts
refer to points in a mechanism unless mentioned otherwise.

boldface Roman/Greek lower-case letters refer to vectors.

BOLDFACE Roman /Greek upper-case letters denote matrices.

Letters Description

0; Angular displacement of i*" joint

0 Vector of joint variables

I Generalized Inertia matrix

Y Vector of gravitational torques

h Vector of centrifugal and Coriolis forces
J Jacobian matrix

A Vector of Larange multipliers

g Acceleration due to gravity ~ 9.81 m/s?

l; Length of i** body

m; Mass of i*" body

I; Moment of Inertia of i body about center-of-mass
X State vector

T Generalized force vector

q Vector of generalized coordinates

i it" generalized coordinate

F Force vector

fi Force component



NOTATION

xviil

Drift vector

Control vector

Control input at i joint

Time

Directional derivative

Accessibility algebra

Accessibility distribution of Lie brackets
Lie bracket distribution for feedback linearization
n-dimensional Real coordinate space
Manifold

Flat output vector

Continuity to n* derivative

Axes of Cartesian coordinate frame

Center-of-mass of i** body
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BVP
CoM
CoO
DAC
DeNOC
DoF
EL
FFSR
GJM
LARC
NE
ODE
PB
PBC
PDF
SFL
SMC
STLC
STLCC

ABBREVIATIONS

Boundary Value Problem

Center of Mass

Center of Oscillation

Differential Algebraic Equation
Decoupled Natural Orthogonal Complement
Degrees-of-Freedom
Euler-Lagrange

Free Floating Space Robot
Generalized Jacobian Matrix

Lie Algebra Rank Condition
Newton-Euler

Ordinary Differential Equation
Primary Body

Passivity Based Controller
Partial Differential Flatness
Static Feedback Linearization
Sliding Mode Controller

Small Time Local Controllability

Small Time Local Configuration Controllability
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