
WEIGHT OF A GROUP AND 
UNIT GROUP OF GROUP RINGS 

By 

Megha Gupta 

Department of Mathematics 

Submitted 
in fulfillment of the requirements 

of the degree of Doctor• of Philosophy 

to the 

Indian Institute of Technology Delhi 
October 2008 



) 1( 

4, \ 



To 9l4-y Baba 





Certificate 

We are satisfied that the thesis entitled Weight of a Group and Unit Group of Group 

Rings submitted by Ms Megha Gupta(2003MAZ0001) is worthy of consideration for 

the award of the degree of Doctor of Philosophy and is a record of the original bona 

fide research work carried out by her under our guidance and supervision. The 

results contained in this thesis have not been submitted in part or full to any other 

university or institute for the award of any degree or diploma. 

Z K az. 

 

Prof. R. K. Sharma 	Prof. J. B. Srivastava 

(Supervisors) 

October 2008 

Department of Mathematics 

Indian Institute of Technology Delhi 



Acknowledgements 

I express my deep sense of gratitude to my supervisors, Prof. R. K. Sharma and 

Prof. J. B. Srivastava, for their constant support, encouragement and constructive 

suggestions throughout my thesis work. Their wide knowledge and logical way of 

thinking have been of great value for this thesis. I am grateful for their detailed and 

constructive comments. 

I am thankful to IIT Delhi authorities for providing me the necessary facilities 

for smooth completion of my work. I would like to extend my appreciation to my 

SRC (Student Research Committee) members Prof. Wagish Shukla and Prof. S. D. 

Joshi, as well as to all the faculty and staff of the Department of Mathematics, IIT 

Delhi for their encouragement. Also I would like to thank the IRD for providing me 

financial assistance by awarding me a research fellowship during my Ph.D research 

work. 

I would like to express my sincere gratitude to Prof. Suresh Chandra for providing 

me unflinching encouragement and support in various ways. I am privileged to have 

the opportunity to come in contact with him. I don't have words to thank my friend 

Reshma for providing me a comfortable and joyful environment throughout my Ph.D. 

I am very thankful to my colleague Kanchan for endless discussions, support and 

her everlasting smile. I would also like to thank my batch mates for providing me a 

congenial atmosp here with their company. I would like to extend my thanks to my 

iii 



iv 

seniors for their support. 

It is beyond the scope of any acknowledgement for what I have received from my 

parents, yet I make an effort to express my heartfelt and affectionate gratitude for 

their co-operation and patience during the preparation of this work. My special grat-

itude is due to my sisters Jyoti and Sonia for their love, affection and keen interest 

in my progress throughout my work. I owe my thanks to my husband, Saurabh for 

always being by my side. Without his encouragement, endless patience and under-

standing it would have been impossible for me to complete this work. I am very much 

thankful to my parents in-laws and brother in law who were always with me in much 

needed time with all their support and patience. I am forever indebted to my entire 

extended family for their encouragement. 

Above all I thank God for making this thesis possible. 

New Delhi 

October 2008 

Megh Gupta 



Abstract 

A group G is said to have finite weight if G is normally generated by a finite subset, 

i.e., G = (X)N = the normal closure of X in G, for some finite subset X of G. The 

weight w(G) = n < cx) if n is the least positive integer such that G = (X) N  where X 

has n distinct elements. P. Kutzko (1976) proved that if G is a group of finite weight 

and the lattice of normal subgroups of G contained in the commutator subgroup G' 

satisfies the minimum condition then w(G) = w(G/G'). Thus w(G) = w(G /G') for 

any finite group G. A. H. Rhemtulla (1981) carried this study further. It follows 

that if G is a solvable group of finite weight then w(G) = w(G/G'). 

We have studied groups for which conditions of finite weight and finitely gener-

ated are equivalent. More classes of groups have been found out for which w(G) = 

w(G/G'). We have proved that nilpotent groups of finite weight are finitely gener-

ated. Further it is shown that nilpotent groups of weight 1 are cyclic. An example 

of a solvable group of finite weight is constructed which is not finitely generated. 

For an FC group G of finite weight it is shown that w(G) = w(G/G1 ) and also that 
G is finitely generated. For solvable by FC groups of finite weight and for finitely 

generated FC-nilpotent groups it is proved that w(G) = w(G/G1 ). Further, for any 

group A and a non torsion group B of finite weight such that the set of all torsion 
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elements of B form a subgroup, it is shown that in case of unrestricted wreath prod-

uct w(A Wr B) = w(B). The weight of linear groups aLn(K), UT„,(K) and Tn(K), 

for any field K have been computed. Also weight of all p-groups of order pn , n < 5, 

p an odd prime are obtained. The weight of all groups of order up to 100 have been 

tabulated. 

For the dihedral group Den  of order 2n, we completely characterize the bicyclic 

units in the integral group ring ZD27, for all n. We prove that the index of the 

subgroup generated by all bicyclic units in the unit group U(ZD2r,) is infinite except 

when n = 3, 4 and 6. We compute this index when n = 3, 4 and 6. We determine 

the number of distinct Bass cyclic units up to inverses in ZD2p  and ZD4p, for any 

odd prime p. We aim to give a characterization of /A (ZDio) that highlights the role 

of bicyclic units. Further we study the relationship between weight of certain groups 

and the unit groups of integral group ring. 
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