
FUZZY MATRIX AND BI-MATRIX 
GAMES 

by 

VIDYOTTAMA VIJAY 

Department of Mathematics 

Submitted, 

a fulfillment of the requirements of the degree 

of 

Doctor of Philosophy 

to the 

Indian Institute of Technology Delhi. 

New Delhi-110016, India 

March, 2005 



I 46 • 	 .711•1j  -1-) 

L T. DEL 
L -AIRY 



Certificate 

This is to certify that the thesis entitled Fuzzy Matrix and Bi-matrix Games, 

whip is being submitted by Vidyottama Vijay for the award of the degree of 

Doctor of Philosophy in Mathematics to the Indian Institute of Tech-

nology Delhi, is a bona fide research work done under our guidance and super-

vision. 

The thesis has reached the standard fulfilling the requirements of the regulations 

relating to the degree. The results obtained in the thesis have not been submit-

ted to any other University or Institute for the'award of any degree or diploma. 

(Suresh Chandra) 
Department of Mathematics 

Indian Institute of Technology Delhi 
Hauz Khas, New Delhi-110016 

India 

(Wagish Shukla) 
Department of Mathematics 

Indian Institute of Technology Delhi 
Hauz Khas, New Delhi-110016 

India 



111 

Acknowledgements 
The last five years have been a period of intense work and excellent learning ex-

perience. I am grateful to numerous local and global peers who have contributed 

towards shaping this thesis and made this work possible. It seems inevitable that 

I will fail to thank everyone by name. 

At the outset, I owe a tremendous debt of gratitude to my supervisors, Dr. Suresh 

Chandra and Dr. Wagish Shukla. They have been Guides in the fullest sense 

of the word— offering wisdom, care and support about not only academic and 

professional matters, but personal ones as well. Their meticulous guidance, con-

stant encouragement, constructive criticism, inculcating an attitude of never to 

give up and confidence made the research work proceed in a smooth and efficient 

manner. I am deeply indebted to them for providing me with the opportunity 

to work in an intellectually rich environment and for inspiring me to lead a life 

with purpose. 

I am extremely grateful to Dr. C.R. Bector (University of Manitoba, Winnipeg, 

Canada) for his stimulating comments, interesting discussions and valuable col-

laboration during this research. 

I thank the authorities of Indian Institute of Technology Delhi for all the research 

facilities and financial support provided to carry out this work. With great 

reverence I wish to express my sincere thanks to former heads of the Department 

of Mathematics Dr. B.R. Handa and Dr. J.B. Srivastava, and present head Dr. 

B. Chandra for showing the belief in me, and to Dr. M.C. Puri, Dr. Gnana 

Bhaskar Tenali, Dr. Neela Natraj and Dr. R.K. Sharma for their motivation. 

I would like to express my sincere thanks to Dr. S. Dharamaraja for proffering 

his time generously, for his valuable comments on my work and his helping hand 

available to me. 



iv 

I would like to thank all my colleagues for the excellent working environment I 

had during the last five years. 

A big thank to Priti Sinha and Reshma Khemchandani for their support, love 

and time when I really needed it. I would like to express my special thanks to my 

friends and colleagues Shailendra, Geetika and Prabhakar for being great souls. 

During the years I worked on this thesis, I stayed in Kailash Hostel in 11T Campus 

where I was always able to find good friends. I would like to thank all of them by 

mentioning only a few: Sonia, Arunima, Gunjan, Gauri, Aditi and Meenakshi. 

I do not have words to express my feelings towards my friend Pooja. Her co-

operation during the stay in Kailash Hostel is precious. I also thank to my friends 

Rahul Agarwal and Vikram Vijay. I shared many enjoyable walks and meals with 

Shanu Mittal whose friendship made my stay in Kailash Hostel pleasant. 

I feel blessed to have been raised in such a wonderful family. My mother who 

is an inspiration for me and brought me up as an individual with courage and 

mental strength. My father, who gave me everything, whose. example I always 

follow and whom I will never be able to thank enough for his support, patience 

and encouragement during this work. He gave me complete freedom to take 

decisions on my own. Not only this, he encouraged me to pursue my dreams of 

getting a Ph.D., and when I found myself questioning my original career plans, 

he enabled me to envision a future in which I would be doing work that makes me 

happy and fulfilled. I thank to my brothers-in-law, sisters, nieces and nephews 

for their unwavering love and support, and their attentiveness to my needs. A 

very special thank to my nephew Vinay Gupta and my friend Meenakshi for 

sharing my responsibilities. 

\I\\04 
Vidyottama Vijay 



V 

Abstract 

The thesis aims at conceptualizing the two person matrix game theory in fuzzy 

environment and at providing the relationship between such a fuzzy game and 

fuzzy optimization problems. 

The thesis comprises of five chapters. The first chapter is introductory in nature 

and pertains to a brief review of the related work to the proposed study besides 

containing the summary of the research work presented in this thesis. 

The purpose of Chapter 2 is to conceptualize a matrix game with fuzzy goals 

and to show its equivalence with a primal-dual pair of fuzzy linear programming 

problems, Further, Nishizaki and Sakwa's model for the matrix game with fuzzy 

goals is also presented along with its similarities and differences with the present 

model for the same. 

In Chapter 3, duality theory for linear programming problems with fuzzy param-

eters is established by employing a defuzzification function approach. Further, 

it is shown that a matrix game with fuzzy payoffs is equivalent to a primal-dual 

pair of such fuzzy linear programming problems. Also, certain difficulties with 

similar studies reported in the literature are discussed. Moreover, the solution 

to a matrix game with fuzzy goals and fuzzy payoffs is conceptualized by using 

a suitable defuzzification function and it is proved that such a fuzzy game is 

equivalent to a primal-dual pair of fuzzy linear programming problems. 
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Chapter 4 is concerned with bi-matrix games in fuzzy environment. For bi-

matrix games with fuzzy goals, a Zimmermann type approach is followed, while 

a defuzzification function approach is suggested for bi-matrix games with fuzzy 

payoffs. These two approaches are then unified to study bi-matrix games with 

fuzzy goals and fuzzy payoffs. In each of these cases, it is shown that the given 

fuzzy bi-matrix game is equivalent to a suitable (crisp) non-linear programming 

problem in which the objective as well as all constraint functions are linear except 

two constraint functions which are quadratic. 

The last chapter of the thesis, Chapter 5, is devoted to the model for the ma-

trix game with fuzzy goals and fuzzy payoffs developed by using fuzzy relation 

approach. Further, it has been shown that such a fuzzy matrix game based 

on the fuzzy relation approach is equivalent to two optimization problems. In 

general, duality theory between these fuzzy optimization problems can not be 

established. However, it has been shown here that for some special cases certain 

duality results could be obtained. 



Contents 

Acknowledgements 	 iii 

Abstract 

1 Introduction 

1.1 General Introduction 	  2 

1.2 Preliminaries 	  5 

1.3 Review of the Related Work 	  15 

1.4 Summary of the Thesis 	  22 

2 Matrix Games with Fuzzy Goals 27 

2.1 Two person zero sum matrix games with fuzzy goals 	 29 

2.1.1 	Main Results 	  29 

2.1.2 	Comparison with Nishizaki and Sakawa's model 	 35 

2.2 Constrained matrix game with fuzzy goals 	. 	4 	  47 



viii 	 Contents 

3 Matrix Games with Fuzzy Goals and Fuzzy Payoffs 	 51 

3.1 Duality in linear programming having fuzzy parameters 	 53 

3.2 Matrix games with fuzzy payoffs 	  59 

3.2.1 	Main Results 	  60 

3.2.2 	Comparison with Campos's Model 	  66 

3.3 Two person zero sum matrix games with fuzzy goals and fuzzy 

payoffs 	  76 

4 Fuzzy Bi-Matrix Games 83 

4.1 Bi-matrix games with fuzzy goals 	  85 

4.1.1 	Main results 	  85 

4.1.2 	Comparison with Nishizaki and Sakwa's Model 	 89 

4.2 Bi-matrix games with fuzzy payoffs: a ranking function approach 93 

4.3 Bi-matrix game with fuzzy goals and fuzzy payoffs 	  99 

5 Fuzzy Matrix Games via Fuzzy Relation Approach 103 

5.1 Fuzzy relations and their properties 	  105 

5.2 Fuzzy matrix games via fuzzy relation approach: A generalized 

model 	  110 

5.3 Special cases 	  113 



Contents 
	 ix 

Conclusions 
	 122 

Bibliography 
	 125 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10

