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Abstract

Interpolation, by polynomials and other smooth functions, is a rather old method
in applied mathematics. The notion of Fractal Interpolation Function (FIF) pro-
vides a relatively new method of interpolation that can produce both smooth and
nonsmooth interpolants. Over the past three decades, the subject of fractal inter-
polation has been one of the major research themes among fractal community. As
is well known, by their very nature, theories of interpolation and approximation
are intimately related. However, the interplay between these two theories is more
subtle in the fractal setting. In the context of fractal interpolation, the notion of
a-fractal function is mostly responsible for the interesting research findings on the
interconnection between interpolation and approximation theories of univariate frac-
tal functions. This thesis makes some modest contributions towards approximation
theoretic aspects of univariate and bivariate fractal functions using a-fractal function
as an effective tool. Fractal dimensions being important approximation theoretic in-
dices, effort has been made to study the box dimension and Hausdorff dimension of
graphs of these univariate and bivariate fractal functions. The focus of interest shifts
slightly in the last part of the thesis wherein we attempt to relate the two fields- Frac-
tional Calculus and Fractal Geometry - with fractal dimension as a medium. Thus,
in broad terms, the subject of the thesis pertains to three “F-concepts” -Fractal

interpolation functions, Fractal dimension, and Fractional calculus.
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Chapter 1, being the introduction, provides an overview of the basic theory
and the results relevant to our study in the subsequent chapters. This chapter is

interspersed with a brief literature survey on the topics that concern us.

In Chapter 2, we revisit the univariate a-fractal function and associated fractal
operator that received a great deal of attention in the literature on approximation
theory of univariate FIF. In particular, we show that the a-fractal function depends
continuously on the parameters involved in its construction. Furthermore, we clar-
ify and correct the mathematical errors in some results on a-fractal function and
Bernstein a-fractal function which appeared recently in the literature. Therefore,
Chapter 2 can be viewed as an attempt to build on the extant literature pertaining

to the univariate a-fractal functions.

With the intend to open the door towards the interaction of bivariate fractal
functions (fractal surfaces) with the field of constrained approximation, we intro-
duce the bivariate analogue of a-fractal function in Chapter 3. Furthermore, some
elementary properties of the bivariate a-fractal function and associated fractal op-

erator are established.

The purpose of Chapter 4 is to initiate the study of constrained approximation
aspects of the bivariate a-fractal functions. To reach this goal, we adapt a two-
step strategy. The first step is to identify suitable values of the parameters so that
the bivariate a-fractal function corresponding to a given function preserves certain
properties of the original. The second step is to apply the constrained approximation
results available with classical bivariate functions in conjunction with the parameters

identification results culminated in the first step.

In Chapter 5, we intend to consider the estimation of fractal dimensions of the
graphs of univariate and bivariate a-fractal functions that appeared in the previous
chapters. In the last part of this chapter, we make a slight digression to study the
connection between the notion of bounded variation of a bivariate function and the

fractal dimension of its graph. In addition to forming a prelude to the next chapter,
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these results may be of independent interest.

In chapter 6, an effort has been made to relate fractal geometry and fractional
calculus that are developing independently and in parallel. Particular emphasis is
given to fractal dimensions of the graphs of the Katugampola fractional integrals -
a new notion of fractional integral that generalizes both the Riemann-Liouville and
Hadamard fractional integrals- the two competing forms of fractional integrals that

have been studied extensively for their applications.
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