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ABSTRACT 

The fluid flow at low and moderate Reynolds numbers 

is encountered in many physiological situations involving 

blood flow in different systems. In physiological appli-

cations where complicated boundary conditions and irregular 

flow geometry are, to be incorporated numerical techniques 

based on finite difference methodology become complex and 

expensive. In this thesis finite element formulations are 

presented for analysing the fluid flows in such situations. 

Isoparametric ring elements have been used with velocity 

and pressure as nodal variables. For analysing creeping 

flows two formulations, namely, Galerkin weighted residual 

and variational methods have been used. Separate formulation 

for the solution of pressure field based on finite element 

method has also been presented and tested. These formulations 

have been compared with respect to the accuracy of the results 

computed1by applying them to analyse the flow field in the 

entry region of a circular tube. 

The blood flow through capillaries incorporptInp: the 

actual deformed shapes of the erythrocytes (RBC) has been 

analysed and the effect of RBC interaction has been studied 

by using the creeping flow analysis program based on Galerkin 

weighted residual method. The computed results for velocity 

field, additional pressure drop, shear stresses on the cell 

surfaces as well as on capillary wall and the tension in 

the cell membrane are compared with the available experi-

mental data, 



(iv ) 

Finite element formulations for solving the full 

Navier-Stokes equations using two different iterative methods, 

namely, the Crank Nichlson Scheme with variable coefficient 

(helaxation Method) and perturbation method'. have been 

developed. The two methods have been compared with respect 

to (i) accuracy of the results obtained (ii) computer time 

taken, by applying them to analyse the flow field in the 

entry region of a circular tube at moderate Reynolds numbers. 

The methodology using perturbation iterative method has 

further been applied to analyse the developing flow in the 

entry region of a tube with different inlet velocity pro-

files. The method has also been applied to analyse the 

velocity and pressure fields in tubes with constrictions. 

The flow field in the region of a stenosis in a tube with 

varying degrees of blockage has been computed at various 

Reynolds numbers. The flow through a venous valve has also 

been analysed at various heynolds numbers in the range of 

0-40. The computed results have been compared with the 

existing; data in the literature. 

It has been observed through the various results 

computed in the present work, that finite element method 

is helpful in analysing the flow where complicated boundary 

conditions and irregular flow geometries are involved. 



CONTZNT8  

Page  

CERTIFICATE 

ACKNO4LEDGENENTS 	 11 

ABSTRACT 	 iii 

CONTENTS 	 - v 

NOMENCLATURE 	 ix 

CHAPTER  

1. INTRODUCTION 

1.1 Introduction 	 1 
1.2 Brief Description of the Finite 

Element Method. 	 2 
1.3 Properties of Human Blood and its Flow 

in Human Body. 	 4 
1.4 Scope of the Present Work. 	6 

1,4.1 Finite Element Analysis of Creeping Flow 
and its Application to Blood Flow in 	7 
Capillaries. 

1.4.2 Finite Element Analysis of Flow at 
Moderate Reynolds Numbers and its 
Applications. 	 10 

Figure (1.1) 	 13 

2. ANALYSIS OF CREEPING FLUID FLOW BY FINITE 
ELETdENT METHOD. 

2.1 Introduction 	 14 
2.2 Galerkin Weighted Residual Method. 	19 

2.2.1 Element Geometry. 	 20 
2.2.2 Element Characteristic Matrix. 	21 
2.3 The Variational Method. 	25 

2,3.1 Characteristic Matrix. 	25 

2.4 Solution for Pressure. 	28 
2.4.1 Element Characteristic Matrix and Con- 

sistent Matrix of Forcing Function. 	29 
2.5 Numerical Integration. 	33 
2.6 Testing of the Developed Formulations. 	34 

Figures (2.1-2.4) 	 36 

( v) 



(vi) 

CHAPTER 	 Page 

3. ANALYSIS OF FLOW AT THE ENTRANCE OF A TUBE 
AT LOW REYNOLDS NUM1ERS. 

3.1 Introduction 
3.2 Computation of Entry Length, Velocity 

and Pressure Fields. 
3.3 Flow Field and Boundary Conditions. 
3.4 Results and Discussion. 
3.5 Mean Pressure Computed by Using 

Pressure Solution. 
3.6 Conclusions. 

Figures (3.1 - 3.8) 

4. ANALYSIS OF BLOOD FLOW IN CAPILLARIES 

4.1 Introduction 	 57 

4.1.1 Brief Description of Capillary Blood 
Flow. 	 57 

4.1.2 Models of Capillary Blood Flow 
Considered by Investigators. 	59 

4.2 Governing Equations and Capillary 
Blood Flow Model. 	 62 

4.2.1 Governing Equations of Flow. 	62 

4.2.2 Capillary Blood Flow Model. 	63 

4.3 Analysis of Flow Field Around a Single 
Erythrocyte Passing Through Capillaries. 65 

4.3.1 Flow Domain and Boundary Conditions, 	65 
4.3.2 Relative Velocity of the Erythrocytes. 	o-) (/- 

4.3.3 Velocity Profiles. 	 67 
4.3.4 Additional Pressure Drop. 	68 
4.3.5 Distribution of Shear Stress at the 

Wall and on the Cell Surface. 	71 

4.3.6 Apparent Relative Viscosity of Blood 
in a Capillary. 	 74 

4.3.7 Membrane Forces in the Red Cell During 
Their Passage Through Capillaries. 	75 

4.4 Analysis of the Effect of Erythrocyte 
Spacing on the Flow Field in a Capillary. 78 

4.4.1 Flow Domain and Boundary Conditions. 	79 
4.4.2 Velocity Profiles. 	 80 
4.4.3 Distribution of Shear Stress at Capillary 

Wall and on the Cell Surface. 	81 

39 

41 
42 
43 
46 

47 



CHAPTER 	 Page 

4 	4.4.4 Additional Pressure Drop 	84 
4.4.5 Relative Viscosity 	85 

4.5 Closure 	 86 

Figures (4.1 - 4.19) 	88 

5. FINITE ETPMENT ANALYSIS OF FLUID FLOWS AT 
MODERATE REYNOLDS NUMBERS. 

5.1 Introduction. 
5.2 Finite Element Formulations. 

5.2.1 Relaxation Method. 

5.2.1.1 Governing Equations. 
5.2.1.2 Element Geometry. 
5.2.1.3 Element Characteristic Matrix. 
5.2.1.4 Solution Procedure; 

5.2.2 Perturbation Method. 
5.2.2.1 Governing Equations. 
5.2.2.2 Element Characteristic Matrix. 
5.2.2.3 Solution Procedure. 

6. ANALYSIS OF FLOW DEVELOPMENT IN THE ENTRANCE 
REGION OF A TUBE AT MODERATE REYNOLDS NUMBERS. 

6.1 Introduction. 
6.2 Flow Field and Boundary Conditions. 
6.3 Comparison of Results Computed by 

Relaxation and Perturbation Methods, 
6.3.1 Velocity Profiles. 
6.3.2 Entry Length. 
6.3.3 Additional Pressure Drop. 

6.4 Discussion on the Accuracy of the 
xlesults Obtained by the Two Methods., 

6.5 Analysis with Different Inlet Axial 
Velocity Profiles. 

60 Flow Development with Inlet Velocity 
at the Wall. 

6.641 Computed Velocity Field and Entry 
Length. 

6.6.2 Mean Pressure Variation in the Entry 
Region. 

6.6.3 Wall Shear Stress. 

111 
115 
115 
115 
116 
117 
121 
122 
12)-1- 
124 
130 

131 
134 
15 

135 
136 
137 

138 
138 

139 

140 

141 
141 



(viii) 

Page  

142 

15 

147 

CHAPTER  

6. 	6.7 Flow Development with Inlet Velocity 
Near the Axis. 

6.8 Comparison of Flow Development with 
Different Inlet Velocity Profiles, 

Figures (6.1 - 6.13) 

7. ANALYSIS OF THE FLUID FLOWS AT MODERATE 
REYNOLDS NUMBERS THROUGH TUBES WITH 
CONSTRICTIONS. 

7.1 Introduction. 	 165 

7.2 Analysis of Flow Through Vessels 
Constricted by Stenosis. 	168 

7.2,1 Flow Field Discretization and 
Boundary Conditions. 	168 

7.2.2 Velocity Profiles. 

7.2.3 Distribution of Shear Stress Along 
the Stenosis Wall. 

7.2,4 Pressure Distribution. 

7.3 Flow Through Vessels With Valve. 

7.3.1 Flow Domain and Boundary Conditions. 

7.3.2 Results and Discussions. 

7.4 Closure. 

Figures (7.1 - 7.14) 

8. CONCLUDING REMARKS AND SUGGESTIONS 70R 
FUTURE WORK. 

REFERENCES. 

APPENDIX 

BIODATA 

169 

1 70 . 

171 
1 72 

1 73 
174 
1 75 

177 

194 

197 

205 

209 



NOBaNCLATURE 

r 	Radial Co-ordinate 

z 	Axial Co-ordinate 

u,w 	Radial and Axial Components of Velocity 

U Dimensionless radial velocity 

W Dimensionless axial Velocity 

WCL  Non-dimensional Centreline Velocity 

We 	Relative Cell Velocity 

yj 	Average Axial Velocity 

R,Z 	Dimensionless Radial and Axial Co-ordinates 

D Diameter of the Tube 

Length of the Tube. 

Le 	Entry Length 

(L. 	Centre Line. 

p 	Pressure 

P> 	Mean Pressure 

pi, po Inside and Outside Pressures 

Ro 	Radius of the Tube 

Re 	Reynolds Number 

LIP 	Pressure Drop in the Tube 

e 	Strain Rate 

Additional Pressure Drop 

.LP(Pois) Pressure Drop due to Poiseuille Flow 

n 
	

Unit normal Vector 

)11. 	Local Co-ordinates 



(x) 

[K] 	Element Characteristic Matrix 

Matrix for Nodal Variables 

F 	 Matrix of Forcing Functions 

[J] 	Jacobian Matrix 

r 	t 1 .T 
Inverse of Matrix 

[ )1 	
Transpose of Matrix 

det IJI 	Determinant of Matrix J 

N, NP 	Shape Functions for Velocity and 

Pressure 

Dynamic Viscosity 

3 	Density of the Fluid 

kir 	Apparent Relative Viscosity 

' 	Shear Stress 

Wall shear stress 

-Cos 	Shear Stress at the Cell Surface 

rvii(Pois) 	Wall Shear Stress due to Poiseuille Flow 

Dc 	Diameter of the Erythrocyte 
A w A 

j, k Unit Vectors along Global Co—ordinates 

c.p. 	Centi Poise 

Vc 	Volume of the Cell 

Stream Function 

H 	Average Tube Hematocrit 

Ho 	Cupmixing Hematocrit 

Q 	 Volume Rate of Flow 

d 	 Diameter at the narrowest Section of 

Stenotic and Valved Vessels 



d/D 	Diameter Ratio 

T 	 Tension in the Membrane 

8 	Angular Position 

Rf 	Relaxation Factor 

Perturbation Coefficient 
-6 

/-tm 	Dimensi= in micron (1 micron:-10m) 
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