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CHAPTER O

GENERAL, INTRODUCTION




If £ is a mapping of a topological space X into itselfl,
a point x in X is called a fixed point of f if it satisfies
fXx = x, An important area of mathematical research concerns
problems relating to the existence and construction of fixed
points of various classes of mappings with domains in various

Spaces,

The earliest and best-known fixed point theorems
include those of Brouwer for continuous mappings in finite
dimensional normed spaces, of Schauder which is a generalisa-
tion of Brouwer's theorem to infinite dimension and Banach
contraction mapping principle for strict contraction in com-

plete metric spaces.

One of the most important classes of mappings is the
class of nonexpansive mappings. These are lipschitzian
mappings™ with lipschitz constant k = 1 in contrast to strict
contractions which have k < 1. Whereas in the latter case,
by the contraction mapping principle, there is a unique fixed
point and the successive Picard iterates of any point converges
to it, the former is far from so simple - a nonexpansive mapp-
ing of a complete metric space into itself may not have a
fixed point; if it has, it may not be unique and the Picard

seqQuence may not converge to it.

+ A lipschitzian mapping f is one which satisfies d(fx,fy) <
k d(X,y) for any x,y in its domain, where k is some real
constant and 4 is the metric.



The first fixed pcint thecrems cf the general type
for nonexpansive mappings are those of Browder, Gohde and
Kirk who working independently of each other obtained the same
result in 1965, However, Kirk's result is slightly stronger in
version. While Browder [7] and Gohde's [26] theorem states
that any nonexpansive self-mapping of 2 bounded closed cc.avex
subset of a uniformly convex Banach space has a fixed poipt,
Kirk's [42] result says that the same is also true in a refle-
xive space having normal structure, or equivalently,a norexpan-
sive self -mapping of a weakly compact convex subset of a Banach
Space having normal structure has a fixed point.

These results raised considerable interest in nonexpan-
sive mappings and initiated extensive research in fixed point

theory of nonlinear mappings in general.

The classical problem still unsolved for nonexpansive
mapping is whether or not it has a fixed point if it maps a
weakly compact convex subset G of a Banach space into itself.
If G has normal strcture, then by Kirk's result the answer
is 'yes', but normal structure is not an essential condition
- this fact having heen settled by Karlovitz [38] who has
given an example of a reflexive space not having normal
Structure, yet every nonexpansive self-mapping of a bounded

closed convex set in it has a fixed point.
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The attempt &n Chapter I is towards finding an addi-
tional hypothesis cn the mapping that should be very mild,
yet guarantees existence of fixed point without the normal
structure requirement. One such additional hypothesis is
raquiring the mapping to have 'diminishing orbital diameters
(d.0.d.)" introduced by Belluce and Kirk in [2] but it is
rather too stringent."Property (A)" which is enjoyed by much
wider class of mappﬁngs than d.o.d. is introduced. A mapping
with d.o.d., admits no periodi points other than the fixed
points but a mapping with property (A) can have such priodic
points. Some examples to compare d.o.d., with property (A)
are presented and theorems with property (A) parallel to those
prcved by Belluce and Kirk with d.o.d. are proved. A streng-
thened version of property (A) called property (A') is also
intrcduced to further weaken the geometric assumptions on
the domain of the mapping. Property (A') is shown to have
Similar strong implications as d.o.d. has, The chapter is
devoted to the study of the properties (A) and (A') in relation
to the existence of fixed points and in comparison to d.o.d.
The basic ijidea of the theorems herecenters around the concepts
of asymptotically central set and asymptotic radius of a
scquence. These concepts have been extensively studied by
several authors, e.g. Garkavi [20 ], Blelstein [17,19],
Rienermann and Schonscberg [65], Anderson, Hyams and McKnight[ i1,

calder, Coleman and Harris [10], Lim [51] and Reich [63]. An



interesting aspect about these concepts is that the asymptoti-
cally central set of the orbit of a point under a nonexpansive
self-mapping of a weakly compact convex set is itself wedkly

compact convex and invariant under the mapping.

More general than nonexpansive yet lipschitzian is the
class of asymptotically ncnexpansive mappings discussed in
Chapter II., This class of mappings was introduced by Goebel
and Kirk [22] and they have proved that an asymptotically non-
expansive self-mapping of a bounded closed convex subseti of
2 uniformly convex Benach space has a fixed point. Generalisa-
fion of this result to all Banach spaces having characferistic
of convexity € < 1 folleows from another paper of Kirk [U44].

However, this generalisation is independently proved here via

one Lemma (Lemma 2.2.1).

The main result in Chapter II is a theorem
(Theorem 2.2.1)* on the weak convergence to the fixed point
of an asymptotically nonexpansive mapping. This is an exten-

s3ion of the well-known convergence theorem of Opial [57] and

*This theorem constitutes the paper '"Weak convergence to the
fixed point of an asymptotically nonexpansive map' to appear
in the Proceedings of the American Mathematical Society.
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it states that if the space is uniformly convex and has
weakly continuous du2lity mepplng, then the iterates of a
point under an asymptotically nonexponsive self-mapping cl
2 bounded clcsed convex subset ccnverges weakly to a fixed

point,

et

In Chapter IIT several classes of mappings are dis-
cussed, Semicontrative maprings which include noneXpangéve
mapping with completely continuous perturbations was first
introduced by Browder iu [8]. He has shown (Theorem 3.1.1)
that a semicentractive self-mappihg of a bounded cloecsed
convex subset of a uniformly convex B®nach space has a fixed
point, This generalises the Browder-Gohde fixed point thieorem
for ncnexpansive mappings. Browder uses the structure of
uniformly convex £paces to shew that if f is semicontractive
and I the identity mapping, then I-f is demiclosed (see
Definition 2.1.3), This fact forms the main part in the
proof of Theorem 3.1.1. TIn [47] Kirk has intrcduced strongly
Semicontractive mappings, & strengthened version of semicon-
tractiveness and has shcown that if £ is strongly semicontrac-
tive then I-f is demiclesed in a reflexive space., This fact
yields a fixed point theorem for strcngly semicontractive
class of mappings. It is shown in section 3.5 (Theorem 3.5.2)
that for 2 strongly semiccntractive £, I-f is demiclosed in

eny Bénach space -~ roflexivity is not necessary., As such an



improvaéd version of Kirk's existznce theorem for strongly

semicontractive mapiing is cbtiined,

The measures cf noncompactness -~ set-measure of non--
compactness intreduced by Kuratcwski [49] and ball-measure
of noncompactness introduced by Sadovsky [66] give rise to
set-contractive and ball-ccntractive mappings which generalise
lipschitzian mappings. With Browder's idea of generalising
nonexpansive mappings to semicontractive mappings, semi-
Set-contractive and semi-pall-contractive mappings are intro-
duced which slightly generalise set-contractive and ball-con-
tractive mappings., Some other classes of mappings are also
introduced, amcng them are locally almo3t 1-set-contractive
(la-1-set-ccntractive ) mappings which generalise locally
almost nonexpansive (lane) mappings introduced by Nussbaum
[55]. All these mappings are studied throughout the chapter.
Several new results and generalisations of known results are
obtained in the proccess. For example, it is known and easy
fo prove that if U is & set-condensing mapping, then I-U is
demiclosed. Theorem 3.5.1 shcows that it is true even if U
is semi-set-condensing. ThiS result in conjunction with
Theorem 3.4.1 due to Petryshyn [60] yields Theorem 3.5.4.
This is slightly generalised into Theorem 3.5.5 using the
notion of demicompact meppings. In Theorem 3.6.1, it is

proved that under a comi-set-ccndensing or & semi-ball-



condensing mapping, if the Picard sequence of 2 point con-
verges weakly to & point £, then £ is a fixed point and the
above sequence converges strongly to it. About locally
almost 1-set-contractive mappings, the observations made
here are similar _to those of Nussbaum for lane mappings.

It is seen that semi-1-set contractive mappings (introduced
earlier) are locally almost 1-set-contractive just as
Nussbaum has observed that semicontractive mappings are lane.
It is also observed that :_Ln a reflexive space locally almost
1-set-contractive mappingsare 1-set-contractive just as

lane mappings are. However, the attempt to obtain a fixed
point theorem for locally almost 1-set-contractive mappings
in 2 uniformly convex space - an attempt to generalise
Nussbaum's fixed point theorem (Theorem 1 of [54] section 4)
for lane mappings was unsuccessful. This problem is thrown

open.,

In Chapter IV, some common fixed point theorems of
singlevalued as well as set-valued mappings are proved.
Common fixed point theoremsin complete metric spaces for
singlevalued mappings have been proved by sSeveral authors,
e.g. Wong [70], Iseki [33], Husain and Sehgal [32], Srivastava
and Gupta [69] and others. Some of these results are recalled
in section 4,1, In section 4.2, the object is to take

advantage of & lemm& due to Goebel, Kirk and Shimi [23] on



the geometry of uniformly convex spaces to obtain & common
fixed point theorem of two mappings (Theorem 4.2.1) in such
spaces, This result is developed into common fixed point
theorems for families of mappings (Theorems 4.2.3 and 4.2.4)
in the same way as Iscki [33], Husain and Sehgal [32] have
done. These theorems* are very general in nature and contain
or improve (for domains in uniformly convex Spaces) several
known results. The corollary to Theorem 4.2.1 contains as a

Special case the theorem of Goebel, Kirk and Shimi in [24].

For a set-valued mapping f, a point x is called a
Tixed point of f, if x € fx. In [53] Nadler obtained a fixed
point theorem for 2 set-valued contraction mépping in & com-
plete metric space, Using this technique 2 common fixed
point result is obtained in section 4.3 for two set-valued

mappings which are related by sSsome Kannan type inequality.

In section 4.4 2 common fixed point theorem for 2
linearly ordered, commutative semigroup of nonexpansive map-
pings is proved. Tinearly ordered semigroup of mappings and
the concept of d.o.d. for such a semigroup were introduced by
Mo Tak Kiang in [40]. Property 'A' which was introduced in
Chapter I for & nonexpansive mapping is extended in this

section to 2 semigroup of mappings and thereby & common fixed

*These results comprise the paper "Common fixed points of
mappings in a uniformly convex Banach space" published in
the Jourmal of the London Mathematical Society.
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point theorem (Theorem %.%.1) is proved which gener2lises

the re§ults in Chapter I.

In section 4.5 the last sectiorn, some common fixed
point theorems for eventually nonexpansive Semigroup of
meppings are obtained. This class of semigroups has recent-
1y (1976) been introduced by Kiang [39]. He has proved a
common fixed point theorem for such & semigroup in & unl-
formly convex Banach Space (Theorem 4.5.1). This result
is generalised in Theorem 4.5.2 to all spaces having char-

&pe, In Theorem 4.5,3 same result is proved for & compact

setting in arbitrary Banach space, In this theorem the

scmigroup need not be linearly ordered.
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The Appendix contains some miscellancous results on
mappings not considered c@rlier in the chapters. It contains
a fixed point result for mappings which have uniformly con-
tinuous Frechet derivative; an elementary proof of & Theorem
of Goebel and Kirk [23] on m@ppings whose iterates have uni-

form Lipschitz constant(+) and some aspects of Kannan type m&ppings.

(+) However, the mapping in our proof is assumed to be defined
on the whole of the space.



