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~PTER 0 

GENERAL INTRODUCTICN 



If f is a mapping of a topolog ical space X into itself , 

a point x in X is called a fixed point of f if it satisfies 

fx = x . An important area of mathematical research concerns 

prob lems relating to the e x istence and construction of fixed 

pOints o f v arious classes of mappings with domains in v arious 

spaces. 

The earliest and best-known fixed point theorems 

include those of Brouwer for continuous mappings in finite 

di menSional normed spaces, of Schauder whic h is a generalisa­

t ion of Brouwer's t heore m to infinite dimenSion and Banach 

cont r action mapping principle for strict contraction in com­

ple t e metriC spaces. 

One of the most i mportant classes of mappings is the 

class of nonex pansiv e mappings. These are lipschit zian 

mapping s + with lipschit z c onstant k = 1 in c ontrast to strict 

contractions which hav e k < 1. Whereas in the latter case, 

by t he c ontraction mapPing principle, there is a unique fixed 

point and the succeSSiv e Picard iterates of any point converges 

to it, the former is far from So Simple - a nonexpansiv e mapp-

i ng of a complete metr ic space into itself may no t have a 

f ixed POint; if it has, it may not be unique and the Picaro 

sequence may not converge to it. 

------.------------------------------------------+ A lips chit zian mapPing f is one which satisfies d(fx, fy) ~ 
k d (x , y ) for any x, y in its domain, where k is some real 
c onstant and d is the metric. 
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The first fixed pCint thecrems cf the general t ype 

for nonexpansive mappings are those of 13rowder, Gbhde and 

Kirk who working i n dependently of e ac h other obtained the s ame 

result in 1965 . HOl!ever, Kirk's result is Slightly stronger in 

version. While Browder [7] and Gbhde ' s [26] theorem sta tes 

that any nonexpansive self-ma pping of a bounded closed cc~wex 

subset of a uniforml y convex Banach space has a fixed poin t , 

Kirk's [42] resul t s ays that the s ame is also true in a refle­

xive space having n ormal structure, or e qUivalently,a nor:expan­

sive self-mapping of a weekly compact convex subset of a Banach 

space having normal s t ruc ture has a fixed point. 

These resul t s raised considerable interest in nonexpan­

sive mappings and i ni t iated extensive research in fixed poin t 

theory of nonlinear mappings in general. 

The classical problem still unsolved for nonexpansive 

mapping is whe ther or not it has a fixed point if it maps a 

weakly compact convex subset G of a Banach space into itself. 

If G has normal s tructure, then by Kirk's result the answer 

is 'yes', but normal structure is not an essential condi ti on 

- this fact having been settled by Karlovitz [38] who has 

g iven an example of a reflexive space not having normal 

structure, yet every nonexpansive self-mapping of a bound<1d 

closed convex set i n it has a fixed point . 
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The attempt tn Chapter I is towards finding an addi­

tional hypothesis cn the mapping that should be very mild, 

yet guarantees existence of fixed point without the normal 

structure require ment. One such additional hypothesis is 

r oquiring the mapping to have "diminishing orbital diameters 

(d.o.d .)" introduced by Belluce and Kirk in [2] but it is 

rather too stringent. "Property (A)" which is enjoyed by much 

I'l ider class of mappings than d.o.d. is introduced. A mapping 

wi th d. o.d. admits no period:lc pOints other than the fixed 

polnt::> but a mapping with property (A) can have such priodic 

poll1tS. Some examples to compare d.o.d. with property (A) 

a r e presented and theorcms with property (A) parallel to those 

pl'cved by Belluce and Kirk with d .o.d. are proved. A streng ­

thened version of property (A) called property (A') is also 

introduced to further weaken the geometric assumptions on 

the domain of the mapping. Property (A') is shown t o have 

similar strong implicati ons as d.o.d. has. The Chapter is 

devoted to the study of the properties (A) and (A') in relation 

to the existence of fixed pOints and in comparison to d.o.d. 

The basic idea of the theorems here centers around the concepts 

of acymptotically central set and asymptotic radius of a 

sequence. These concepts have been extensively studied by 

several authors, e.g. Garkavi [20], B:lelstein [17,19], 

Rienermann and Schoneberg [ 65 ], Anderson, Hyams and MCKnight [1], 

calder , Coleman and HarriS [10], Lim [51 ] and Reich [ 63]. An 



interesting aspec t .::\bout these concepts is that the asympt o t i­

cally central se t of the orbit of a point under a nonexpansive 

self-mapping of 11 weakly compact convex set is itself weo.kly 

compact convex and invariant under the mapping . 

More general than nonexpansive yet .lipschitzian is t he 

c lass of asymptoti.cally nonexpansive mappings discussed in 

Chapter II j This class of mappings was introduced by aoebel 

and Kirk [22 J and they have proved tho.t an asymptotically non-

expanSive self-mapping of a bounded closed convex subse~ of 

a uniformly convex Banach space has a fixed point. Genernlisa -

tion of this resul t to all Banach spaces having charac t eris t ic 

of convexity EO < 1 follows from another paper of Kirk [ 4J+J . 

However, this generalisation is independently proved here via 

one Lemma (Lemma 2.2.1). ~~:~li~G~l~!l~ij~I~:~~:~?~l=E~£~~l~~t~!~ 

c, 

i £ £!i I 15. j 1 I I 

ChapEcl 10, CluSb ±L IcII I j d = 

1",. ' The main result in Chapter II is a theorem 

(Theorem 2.2.1 )* on the weak convergence to the fixed point 

of an aSymptotically nonexpansive mapping . This is an ext en­

s ion of the we ll-known convergence theorem of OPial [57J and 

• 
*ThiS theorem constitutes the paper 'Weak convergence to the 
fixed point of an asymptotically nonexpansiv:e map ") to ap'l)ear 
in the Proceedings of the American Mathematical Society. 



it states that i f the spac e iG uniformly convex and has 

weakl y continuous dua l ity m2.ppin g , t hen the iterates of a 

point under un 1'.sy;nptotically n onexpansive self-mapping c"; 

a bounded clesed c onvex subset converges weakly to a fixed 

point. 

In eha pter III several c l asses of mappings are dis­

cussed. Semicontrative mapr ings whi.ch include nonexpans>~ve 

mapPing with completely conti.nuous perturbations was first 

introduced by Brovlder in [8J. He has shown (Th€orem 3 .1 .1 ) 

that a semiccntractive flelf-mapping of a bounded closed 

convex subset of a uniformly convex :g?,nach space hl',s a fL:;:ed 

point. This g ene ralises the Browde r-Gohde fixed pOint t heorem 

for nonexpansiv e mappj,n gs. Brander us es the structure of 

uniformly convex ~ pac es to sh~~ that if f is semicontractive 

and I the identity r.1 app:tng, thon I-f is demiclosed (see 

Definition 2.1.3). This f act forms the main part in the 

proof of Theorem 3 .1.1. L~ [47J Kirk has introduced strong l y 

semicontractive ml'l,ppings, a sti'eng thened version of semicon­

trac tiveness and has s hewn that if f is strongly semicontrac ­

tive then I-f is demiclosed in a r eflexive space. This fact 

yie lds a fixed point theorem for strcngl y semicontractive 

class of mappings. I t is Shown in sectj.on 3.5 (Theorem 3.5 .2) 

t hat for a strong l y semiccntractive f, I-f is demiclosed in 

2ny Ban ach space - r~fJ.e l::i.vity is not nece:::;sary. As such Un 



improved vers ion of Kil'k's eX~.:'lt:mce theorem for strongl y 

scmicontractive mapi:::ng is obtc-dned. 

6 

The measures of noncompac tness - set-measure of non­

compactness introduced by Kur a tcwski [49] and ball-measure 

of noncompactness i nt roduced by Sadovsky [66 ] give rise t o 

set-contractive and ball-contractive mappings which generalise 

lipschi tzj.an mapping£:o With Bro'tlder's j.dea of generalising 

nonexpansive mappings to semicontractive ma ppings, semi­

set-contractive and semi···oall-contrac tive mapPings are in t ro­

duced Which slight l y gen eralise set-·contractive and ball-con­

tractive mappings . Some other c l asses of ma ppings a re also 

introduced, a mcng them are locally a l mo3t 17set-contractive 

(la-1 -set-contractive ) mappings which generalise locally 

almost nonexpansi ve (lane ) mappings introduced by Nuss baum 

[55] . All these mappings arc studied t hroughout the c hapt er. 

Several new resul ts and gencr3. lis:J.tions of known results are 

obtained in the precess . For example, it is known and easy 

to prove that if U is a set -condensing ma pping , then I-U is 

demiclosed. Theorem 3.5 .1 Shews that i t is true even if U 

is semi-set-condsnsing . This result in conjunction wi th 

Theor em 3.4.1 due to Petryshyn [60] yields Theorem 3.5.4. 

This is slightly generalised into Theorem 3 .5.5 uSing the 

notion o:f demicompact m2.pPings . lh Theorem 3.6.1, it is 

Proved that under a Gcmi-se t-c ondensing or a semi-ball-
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condensing mapping , if the Picard sequence of a point con­

verges weakly to a point ~ , then ~ is a fixed point and t he 

above sequence conv erges strongly to ,it. About locally 

almost 1-set-contractive mappings, the observations made 

here are similar to t hose of Nussbaum for lane mappings. 

It is seen that semi-1-set contractiv e mappings (introduced 

earlier) are locally almost 1-set-c ontractive just as 

Nussbaum has observed that semicontr8ctive mappings are lane. 

It is also observed that in a reflexive space locally almost 

1-set-contractive mapPingsare 1-set-contl..activ e just as 

lane mappings are. However, the attempt to obtain a fixed 

point theorem for locally almost 1-set-contractive mapPi~gs 

in a uniformly convex space - an attempt to generalise 

Nussbaum's fixed point theorem (Theorem 1 of [54] section 4 ) 

for lane mappin gs was unsuccessful. This problem is throl'lU 

open. 

In Chapter IV, some common fixed point theoremS of 

singlevalued as well as set-valued mappings are proved. 

Common fixed poin t t heoremsin complete metric spaces for 

singlevalued mappings have been proved by several authorG, 

e.g. Wong [70], Is~ki [33], Husain and Sehgal [32], Srivastava 

and Gupta [69] and others. Some of these results are recalled 

in section 4.1. In section 4.2, the ob j ect is to take 

edvantage of a lemma due to Goebel, Kirk and Shimi [23] on 
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the geometry of un iformly convex spaces to obtain a common 

·fixed poin t theorem of tw 0 mappings (Theorem 4.2.1 ) in such 

spaces. This result is developed into common fixed point 

theorems for families of mappings (Theorems 4.2 .3 and 4.2. 4 ) 

in the same way as Isc ki [33 J, Husain and Sehgal [32 J have 

done. These theorems* are very general in nature and contain 

or improve (for domains in uniformly convex spaces) seve~l 

known results. The corollary to Theorem 4.2.1 contains as a 

special case the theorem of Goebel, Kirk and Shimi in [24 ]. 

For a se t -va lued mapping f, a point x is called a 

fixed point of f. if x € fx. In [53 J Nadler obtained a f ixed 

point theorem for a set-valued contraction mapping in a com-

plete metric space. USing this technique a common fixed 

point result is obtained in section 4.3 for two set-valued 

mappings which are related by some Nannan type inequali ty . 

In section 4.4 a common fixed point theorem for a 

linearly ordered, commutative semi group of nonexpansive map­

pings is proved. Linearly orde red semig roup of mappings and 

the concept of d.o.d. for such a semigrc1.aj:> were introduced by 

Mo Tak Kiang in [40J. Property 'A' which was introduced in 

Chapter I for a nonexpansive mapping is extended in this 

section to a semig roup of mappings and thereby a common fixed 

*These results comprise the pa per "Common fixed pOints of 
mapping s in a uni f ormly convex Banach space!! pUblished i n 
the Journal of the London Ma thematical SOCiety. 
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point theorem (Theorem 4.4.1 ) is proved which generalises 

t he re$ults in Chapter I. 

In section 4. 5 the last sectior., some common fixed 

pOint t heorems for ev entually nonexpansiv8 semigroup of 

ma pPings are obtained. This class of semi groups has r ecent -

ly (1976) been introduced by Kiang [39]. He has proved a 

corrunon fixed point thoorem for such a semi group in a uni­

formly convex Banac h space (Theorem 4.5.1). This result 

is generalised in Theorem 4.5.2 to all spaces having char­

acteristic of convexity EO < 1. 

t p :3 ~. 

iime. In Theorem 4. 5 .' same result is proved for a compac t 

s etting in arbitrary Banach space. In this theorem the 

scmi group need not be linearly ordered. J 3 :;jl 

£ 77 
? 

§ . 

I;' g • 

The AppendiX cont~1nS some miscellaneous results on 

mapPings not considered earlier in the c hapters. It contains 

a fixed point result for mapPings which have uniformly con­

tinuous Frechet deri va t ive; an elementary proof of a Theorem 

of Goebe l and Kirk [23 ] on mapPings whOSE: it erat es have uni -· 

form Lipschitz constant (+) and some aspects of Kannan t y pe m<::ppings . 

(+) However, the ma pPi ng in our proof is assumed to be defined 
on the ~Ihole of t h8 space. 


