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Abstract

This thesis deals with an unpublished problem due to T. S. Motzkin concerning
the density of integral sets with missing differences. For any set S of nonnegative
integers, we denote by S(n) the number of elements € S such that z < n. As
usual, we define the upper and lower densities of S (denoted by 4(S) and §(S),
respectively) by

6(S) = limsup —S@, 4(S) = liminf %n)

n—00 n n—00
If §(S) = Q(S), we denote the common value by §(S), and say that S has density
6(S).
Let M be a given nonempty set of positive integers. A set S of nonnegative
integers is called an M-set if a, b € S implies a — b ¢ M. In 1970, Motzkin posed

the problem of determining the maximal density of M-sets, given by

p(M) = sup §(5),

where the supremum is taken with respect to the class of all M-sets S. In 1973,
Cantor and Gordon settled the problem completely if |A/| < 2. Later on in 1977,
Haralambis besides giving few general estimates gave the values of p(M) for some
sets of the families {1,a,b} and {1,2,a,b}. Later, Gupta in her Ph.D. thesis im-
proved a result by Haralambis on {1,a,b} and gave a lower bound for pu(M) for

M = {a,b,a + b}. She also gave the expressions for u(M) for M = {a,b,a + b, 2b}
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where b = a + 2 (mod 3) and for M = {a,b,a + b,2a} where b = a + 1 (mod 3).
Gupta and Tripathi also gave expression for u(M) when the elements of M are in
arithmetic progression. The problem is not solved, in general, if |[M| > 3. Using
some colouring problems in Graph Theory, Liu and Zhu besides giving some bounds
for a certain type of Almost Difference Closed Set gave values for all other types of
Almost Difference Closed Sets. They also gave the value of u(M) when M is the
union of two intervals.

In this thesis, expressions and bounds for u(M) for some families M with three
or more elements has been obtained. The three element families considered are:
{a,b,n(a+b)}, {a,b, c} where ¢ = nb or na with a < b, and {a,b,a+nb} with a < b.
The family {a,b,n(a+b)} generalizes {a, b, a+b} already considered by Haralambis,
Gupta and Liu & Zhu. The family {1, b, ¢} already discussed by Haralambis can be
obtained as a particular case of the family {a,b,na} by putting « = 1. The four
element families discussed are {a,b,a + b,nb} and {a,b, a + b,na}, generalizing the
families {a,b,a + b, 2b} and {a,b,a + b,2a} in all the cases. The general cases
deal with sets M that are related to arithmetic progressions. More specifically, we
consider the cases when either some elements have been removed from an arithmetic
progression or some elements have been added to an arithmetic progression. The

Lonely Runner Conjecture by Wills is also discussed as a part of the general case.
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