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SYNOPS IS

In recent years the difference schemes for the solution
of initial and initial boundary value problems for partial
differential equations of parabolic type have developed
considerably., Many of the partial differential equations
encountered by sclentists and engineers can be solved in a
satisfac tory ménner by the finite difference methods. The
aim of this thesis is to construct higher order, stable
difference schemes which produce more accurate results than

the present me thods.
The thesis 1is divided into the following four chapters:

Chapter I: Explicit-Implicit Difference Schemes of the Heat
Conduction Equation in One Space Dimension,

Chapter II: Multilevel ADI Difference Schemes for the Heat
Conduc tion Equation and Dirichlet Problem in
Two and Three Space Dimensions.

Chapter III:Multilevel ADI Methods for Parabolic Partial
Differential Equation With Variable Coefficients.

Chapter IV: High Order Difference Formulae for a Fourth Order
Parabolic Partial Differential Equation.

In Chapter I some new three level implicit and explicit

schemes are derived for the one dimensional heat conduc tion
2

equation g—% = 2-2‘1 . The gemeral three level explicit (E) and
X

Implicit (I) schemes have the form
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respectively. Where 1*1* R y*{ sT10Yqs Yo are parameters which
can be chosen according to stability and accuracy requirements.
Stability diagrams have been drawn in both the cases. These
two general tlree level schemes when applied in an Explicit-
Implicit manner are shown to be equivalent to some five level

explicit scheme, With a proper choice of parameters, some

—

interesting schemes have resulted, If Lr =;— “Yi 2 Yo =5 Vg
1
't?f =-x5, yi]* = 0 and Y4 arbitrary, the Explicit-Implicit
scheme reduces to a five level explicit scheme, which is
1
<
stable for r < Wm . For optimal value of Y4 and for
larger values of r the E-I method gives most accurate results

among the explicit methods.

In Chapter II we have given a general method to obtain

miltilevel difference schemes for the heat conduction equation

d o%u '

u _ .

3t —>171 -———-ax% in the P space variables x1,x2,...,xp with
= i

appropriate initial and boundary conditions. A consistant

multilevel implicit difference scheme is given by
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where q >< s and Tm's, Y, 's and a, are arbitrary parameters.
This difference scheme represents 2 (q+2)-level scheme if

g =>s and (s+1) level scheme if q < s. With proper choice of
'rm's, Y.'S, 1,8 and a, stable mltilevel ADI difference schemes

h
K3¥H L 12) ang o3

with order of accuracy Of + h*) have
been obtained., The application of some three level difference
schemes of the parabolic equation, for the solution of the
steady state elliptic problem in two and three space dimensions
is discussed, Some optimal three level schemes are suggested
from the computational results., We also propose & new set of

iteration parameters viz.,

1

(1)
e RS
H 16Y2Er

(811
1

= (1+ Qé)zm"” ES) where Yo is an arbitrary
parame ter

§ =0.1 and 2 £ QK 6.
This new set of parameters considerably reduces the theoretical
bound on the number of iteration cycles required to attain an

6

accuracy of 10 . Two numerical examples are computed with



Hadjidimos and the new parameters to show the superiority of

our schemes,

In Chapter III we have derived multilevel alternating
difection implicit (ADI) methods for the solution . of the

parabolic partial differential equation of the &ype

o
3u=>_—a(x » x‘t)éﬁl—
E'EI:T AR R~ TRRRT LS ] o2

ai(x‘l’ Xyseoes xi,t) >0 i=1,2,...,4
with boundary conditions
< :Xg:--o:x :O) '-f ( ,x2,...,x ) ( ,Xzy...,X) € R

u(x1,x2,...,xq,“c) = f2(x1,x2,...,xq;t) onlr,0< t<T

where R is a rectangular connected region and I' its boundary.
For example, in one space dimension we have the heat equation
with variable coefficient as

du FPu
= (X st )
ot 1 1 ax1

Applying it on the step (n+1, j) we can write

é

n+l n+1 -1 7x 2  n+
.-log(‘l--vt)u‘j -Mr(a1(x1,t))3 (sinh”™ ) us

Approximating log(1-vt)r_: vt, Vt+ %— v?c and
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X
1+(sinh"1 -% ) ——-—-—}-—-——- we have unconditionally stable
1 + = &°
12 x1
two and three level schemes

(1 + Xy = Xe)unH = (1 +X1.)un
2 n+1 _ 1 n n-~1
(1 +X1--3-X2)u -.3-(1+x1)(4u -u )

of order O(k + h*) and 0(kK® + h*) respectively, where

1 2 4+ _ 2
1 =73 a, (SX’I a, X2 —ra1 6x1‘ In two and three space

dimensions these schemes take the form

X

(1 + %= %) (1 + Y=y, ™ = (1, + B WP
(14 X,= X,) (1 + ¥,=0,) (14 202, 0™ = (5,4 R, )P
and
2 2 n-+i 1 4 n n-1
(1 +X,- 3-X2)(1+ Y- 3-Y2)u =5 (;1+-9-x2Y2)(4u -u ')
+%-R1 (u" - un"1)
(1 +X,- %x2)(1+ v, - %Ye)(‘w 74 % 7, ™"
§ - -
=5 (- g Ry) (- u™) 4 Ep, 20" - )
where

=
i

1 (1 +x1)(1 +Y1), Ry =YXy - X7 ,
L

(1 +x)01 +Y1)(1 +z1)

Ry = (1 + X002 + X (1 + 9)2,+ X,9, (1 + 2,)
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and Yy =158 8, & s Yp =730

These schemes are not only unconditionally stable, but also
retain their order of accuracy i.e. O(k + h*) and O(K¥* + h*)

respectively, Similarly by taking higher order polynomial
8
approximation to log(1 "Vt) and same approximation to (sinh e )@

o]

unconditionally staéble formulas are derived upto order 0(k®),
These formulds have then been extended to two and three space
variables and their split forms are obtained. Widlund's
Analysis is used to prove the stability of these schemes,
Computations are performed in two examples and the advantages

of using the new schemes are given.

In Chapter IV the fourth order parabolic partial

differential equation

3t dx*

with proper initial and boundary conditions, which occurs in
the study of the transverse vibrationsof a uniform flexible
beam 1s studied. If the bending moment is not prescribed
at the two end points x = 0 and L then we need to derive a
direct difference scheme for its solution, The direct
difference scheme to the above differential equation may be
written as

n
[1 + 8% + (py + 2)6516% uj + r26% uy = 0



where 51, g and T are parameters to be chosen according to
stability and accuracy requirements; Some higher accuracy
schemes of order O(K® + k*), O(h* + k*) are obtained. Todd's
and Crandall's schemes are deduced as particular cases. A
numerical example is computed and the results indicate that
these difference schemes behave very efficiently and are more

accurate than Crandall's and Todd's schemes.

If the bending moment is prescribed at the two end
points x = 0 and L, then the Richtyyer's approach can ke
followed, We reduce the fourth order partial differential

equation to a system of first order equations of the form

%y_ _ . %W w _ v
= » ST =
ot dx? t x>
wtere M = Bu _ X
re 5t = v and 5—;— =w and then construct numerical methods
X

for solving such a system. Keeping Y and Y, 88 arbitrary para-

meters, the following set of difference equation may be obtained.

1 + 1 -1
(3-2v)) (14 13 W = 401y (4 Fy 6202 =(127,) (14 1 82017
=2 (1=v, 47, )6; W?H -2r (y4=2Y, )6;
n 2 _n=i
Wy - 275 réx Ws
1 n+1 1 1 -1
(327, ) (14 1 S5 = H(1-v,) (14 g3 5§)w3.‘ -(1-2y,) 0+ 1= éi)wg
n+1

2r (1=y, +y, )63 vy +2r (y,=2Y,)6%

n=1

n 2
Vj + 2ry, 6x ‘v:j



This .three level scheme is stable if Yy <1 and 1-2y, + by, 2 0
and is of order O0(k® + h*%). For different values of Y4 and v,
these schemes are applied to a numerical example and it is
shown that there are many values of (y,,Y,) on 1=2y; + 4y, =0
which give better results than two level schemes, In both
cases stabllity diagrams lave been drawn. Also difference

schemes for the partial differential equation

Su
ot?

subject to appropriate initial and boundary conditions are

+V¢u =0

derived.
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