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Abstract

We investigate the self-organization of a condensate of ultra-cold bosons
trapped in a linear cavity illuminated by a two-pump configuration mak-
ing different angles with the cavity axis. We demonstrate that our pro-
posed pump-cavity configuration provides a smooth transition from a
one-dimensional to a two-dimensional cavity-generated optical lattice
potential that arises from the dipole interaction between the atoms and
the cavity photons. The critical cavity-pump detuning required to tran-
sition from a normal phase to a superradiant phase is obtained using
a Holstein-Primakoff approximation. Our calculations resemble a Dicke-
like phase transition under the limiting case of equal and orthogonal
pump angles. The superradiant phase sees a sudden rise of cavity pho-
ton number accompanied by simultaneous self-organization of the atoms
in lattice supersolid phases, confirmed by the atomic density profiles
plotted in the normal and the superradiant regime. We also obtain the
extended Bose-Hubbard model from the microscopic Hamiltonian of the
system, and the resulting nearest-neighbour, on-site, and long-range in-
teraction parameters give us a qualitative understanding of the emergent
self-organized superradiant phases. We also identify the underlying sym-
metries of the Hamiltonian, which are spontaneously broken across the
superradiant phase transformation and study the effect of the dimen-
sional crossovers on the collective excitation spectrum of the atomic and
the photonic fluctuations.

We also explore another single atom-ring cavity system which can
generate an atomic analogue of the snake state trajectories of electrons
encountered in condensed matter experimental systems such as two-
dimensional electron gas and graphene p-n junctions, to name a few. The
atom interacts with the running wave modes of the ring cavity to give
rise to a complex Rabi frequency that accounts for the appearance of geo-
metric gauge potentials and the corresponding synthetic gauge fields. We
examine the atom’s motion in such spatially varying magnetic fields rep-
resenting electronic snake states” atomic analogue. The real-time observa-
tion and non-demolition measurements of the atom dynamics are carried
out through the output cavity photons, which depend on the atom’s posi-
tion inside the cavity. Tuning the atom-photon coupling strength, the ex-
ternal pumping strength, the initial velocities of the atom and the cavity
backaction via atom-photon coupling allow us to change the properties
of these atomic trajectories. These atomic trajectories can be used for the



loss-less transport of ultracold atoms to long distances, which can have
a wide range of applications in quantum computing and atomtronics.
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of 17. The vertical dashed-dotted green lines mark
the boundary where snake state trajectory ceases
to exist, and the particle is not trapped along the
y-direction. . . . . ... ... oo oL 108
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Figure 5.6

Figure 5.7

(color online): (a) Oscillation frequency v, of atomic
position y, along y-direction is plotted as a func-
tion of initial velocity, v,o along the y-direction for
fixed vy9 = 0. We have considered four points (v1),
(v2), (v3) and (v4) of initial velocity and show the
corresponding trajectories and photon numbers.
The vy velocity at point (v2) has been considered
in the main text of the paper and therefore, its tra-
jectories are not shown here. Snake state trajecto-
ries for vyo = vy, v3 and v4 are shown in (b), (d) and
(f), respectively. Correspondingly, photon number
(purple curve) in mode 2 (left y-axis) and yq/wo
(red curve) variation (right y-axis) as a function of
time are shown in (c), (e) and (g). For parameters
and explanation, refer text. . . ... ... ... ..
(color online): Phase diagram for the atomic trajec-
tories - in blue shaded regions, the particle follows
cyclotron orbits, in orange shaded region, the par-
ticle follows snake state trajectories, and the white
region indicates the regime where the atom is not
trapped by the synthetic magnetic field. y,o and
vyo are the initial position and speed of the atom
along the y-direction, respectively. wy is the waist
of the cavity mode and vy is a natural scale of the
particle speed, see text. The red arrows indicate the

direction of particle evolution with increasing time. 110
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Figure 5.9
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(color online): (a) Average photon number varia-
tion in cavity mode 1 (magenta curve) and 2 (red
curve) as a function of gyg. The faded region de-
notes the corresponding peak-to-peak amplitude
around the average photon number. The vertical
grey lines correspond to go = (0.55,1.1,1.6)go. and
represent the parameters used for plotting (c, f),
(d, g), and (e, h), respectively. (b) Average drift ve-
locity, (vx) is plotted as a function of the coupling
strength go which is normalized by go. = 27 x 90
MHz, see text. The dotted blue curve shows the av-
erage drift speed in the absence of cavity feedback.
The green shaded region in (a, b) marks the region
where the snake state trajectory is destroyed due
to dynamical cavity feedback. (c-e) The evolution
of the photon number in cavity mode 1, n; (ma-
genta curves), and mode 2, n, (red curves), with
time t and (f-h) the corresponding particle trajec-
tories in the x-y plane for go = (0.55,1.1,1.6)go.,
respectively. The dotted trajectories in (f-h) depict
the particle trajectories without cavity back-action
and the black arrows indicate the direction of in-
creasing time in the time evolution. For all the cal-
culations in this figure, N1 = 80k, 2 = 0, vy0 = 0
and vy = 0.06vy is considered, which gives go =
0.29go. as the minimum coupling parameter re-
quired to get a trapped atomic trajectory. . . . . .
(color online): For gy = 1.1go., we show the tra-
jectories of the atom with and without feedback
((n1) = 946 and (n;) = 894). The initial velocity
vxo = 0 and vyo = 0.06vg. The absence of feed-
back results in a left-moving snake-like trajectory
as opposed to the case when we consider the effect
of cavity feedback on the atomic trajectory, which
results in a complicated right-moving trajectory.
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The position of the prominent peaks ( other than the
central peak at ky = ky = 0), which appear due to the
self-terms in the momentum diagram for three combi-
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