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Abstract

The combinatorial characterization of certain special classes of simplicial complexes, specifically
homology manifolds and normal pseudomanifolds, is being developed in terms of the g-theorem.
The variation of the third component of the g-vector of a d-dimensional simplicial complex A,
denoted as go(A) == f1(A) = (d+1) fo(A)+ (“3?), where fo(A) and fi(A) represent the number
of vertices and edges in A, respectively, has played a significant role in this development.

A homology d-manifold is a pure simplicial complex in which the link of every vertex is a
homology (d — 1)-sphere. A normal d-pseudomanifold is a strongly connected pure simplicial
complex in which every face of dimension d — 1 is contained in exactly two facets and the links
of all the simplices of dimensions up to d — 2 are connected. In a normal d-pseudomanifold A,
the link of a vertex is a normal d — 1-pseudomanifold. Vertices in A whose links are triangulated
spheres are called non-singular vertices, while the remaining are called singular vertices.

Given a normal d-pseudomanifold K, the well-known lower bound theorem asserts that
92(K) > go(Ikgo) for every simplex o of codimension three or more. A normal d-pseudomanifold
K is called go-minimal with respect to a vertex v if go(K) = g2(lkgv) holds. Let A be a go-
minimal normal 3-pseudomanifold. When A contains at most two singular vertices, its combina-
torial characterization is known [17]. In Chapter 3, we present a combinatorial characterization
of such a A when it has three singular vertices, including one RP*-singularity, or four singular
vertices, including two RP?-singularities. In both cases, we prove that A is obtained from a
one-vertex suspension of a surface, and some boundary complexes of 4-simplices by applying
the combinatorial operations of types connected sums, vertex foldings, and edge folding.

It is known that when g, = 0, all normal pseudomanifolds of dimensions at least three are
stacked spheres. In the cases of go = 1 and 2, all homology manifolds are polytopal spheres
and can be obtained through retriangulation or join operations from the previous ones. In
Chapter 4, we provide a combinatorial characterization of the homology d-manifolds, where

d > 3 and g, = 3. These are spheres and can be obtained through operations such as joins,
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some retriangulations, and connected sums from spheres with g, < 2. Furthermore, we have
presented a structural result on prime normal d-pseudomanifolds with g, = 3.

In Chapter 5, the homology 4-manifolds with g < 5 are characterized combinatorially. It
is well-known that all homology 4-manifolds for g, < 2 are polytopal spheres. We demon-
strate that homology 4-manifolds with go < 5 are triangulated spheres and are derived from
triangulated 4-spheres with ¢go < 2 by a series of connected sum, bistellar 1- and 2-moves,
edge contraction, edge expansion, and edge flipping operations. We establish that the above
inequality is optimally attainable, i.e., it cannot be extended to g, = 6.

Finally, we worked with balanced normal pseudomanifolds in Chapter 6. For a balanced
normal d-pseudomanifold, a PL invariant is introduced, known as the balanced genus. We
establish a fundamental result: a 3-manifold M is homeomorphic to a sphere if and only if its
balanced genus G, is bounded by 3. In cases where M is a 3-manifold distinct from a sphere,
then G); assumes a lower bound of m + 3, where m denotes the rank of the fundamental group
of M. Transitioning to 4-manifolds, we prove that a 4-manifold M is PL.-homeomorphism to a
sphere if and only if its balanced genus Gy, is bounded by 2x (M) + 10. If M is a 4-manifold
that is not a sphere, we prove that Gy is bounded from below by 2x(M) + 5m + 11, where m
denotes the rank of the fundamental group of M.
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