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Abstract

In the first chapter, we introduce the theory of numerical semigroups and, in partic-
ular, define the Frobenius number and other semigroup invariants. We determine the
Frobenius number for numerical semigroups generated by Pythagorean triplets.

In the second chapter, we deal with the problem of invariance of the Frobenius
number under deletion of one or more elements from the generating set. We solve the
problem for modified arithmetic progressions and compound sequences.

In the third chapter we deal with unique factorization of numerical semigroups gen-
erated by compound sequences.

In the fourth chapter, we study fundamental gaps and determine the set of funda-
mental gaps for numerical semigroups of embedding dimension 2 and for some numerical
semigroups of embedding dimension 3, as well as the numerical semigroups generated by
arithmetic progressions. We introduce generalized fundamental gaps and close the chap-
ter by calculating the generalized fundamental gaps of order A for a numerical semigroup
of embedding dimension 2.

In the fifth and final chapter, we study the inverse problem for proportionally modu-
lar numerical semigroups. The two sections of this chapter deal with the inverse problem
for numerical semigroups generated by arithmetic progressions and for numerical semi-
groups with embedding dimension 3.
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Introduction

The main book regarding the subject is Numerical Semigroups by Rosales and Garcia-
Sénchez [34]. One can review this book for more references on the topic of Numerical
Semigroups.

Let N denote the set of nonnegative integers. A numerical semigroup S is a subset
of N closed under addition, containing zero and with [N\ S| < oc.

If aj,aq9,...,a. are positive integers, then the set (ai,asz,...,a.) = {Z?Zl Aia; |
A € N} is the smallest submonoid of N containing ai,as,...,a.. This submonoid is
a numerical semigroup if and only if ged(ag,as,...,a.) = 1. In fact, for every nu-
merical semigroup S there exist positive and coprime integers ai, a9, ..., a. such that
S = (a1, az,...,a.).

The fact that numerical semigroups are interesting stems from the fact that every
submonoid of N is isomorphic to a numerical semigroup.

An interesting question to ask about the numerical semigroup is related to the set
of generators, and the following gives us an answer.

Theorem 0.1. Let S be a numerical semigroup, and let S* = S\ {0}. Then the set
S*\ (S* + S5*) is the minimal set of generators. Further, any generating set contains the
above set.

The cardinality of the minimal generating set is called the embedding dimension of
the numerical semigroup. It is usually denoted by e(S). The smallest non-zero element
of a numerical semigroup S is called the multiplicity of S and is usually denoted by
m(S).

One of the most important tools for the study of numerical semigroups is the famous
Apéry Set, introduced in [1].

Definition 0.2. For any n € S, we define
Ap(S,n) = {SE S:s—né¢ S}.

Therefore

Ap(S,n) = {w(z) Ogign—l}

where w(i) is the least non-negative integer such that w(i) =4 (mod n).

xiil



xXiv INTRODUCTION

It is easy to see that (Ap(S,n)\ {0}) U {n} is a generating set for the numerical
semigroup S. Therefore, we have that e(S) < m(S). In particular, if the equality holds,
we say that S has maximal embedding dimension.

An important parameter of a numerical semigroup S is its Frobenius number, which
is the largest number which does not belong to it, sometimes denoted by F'(S). Along
with the Frobenius number, the genus, sometimes denoted by ¢(.S), is another important
parameter, defined as the cardinality of N\ S.

Among the numbers x that do not belong to the semigroup, the ones that satisfy
x+s € S* for every s € S* are called pseudo-Frobenius numbers (note that the Frobenius
number satisfies this property, in particular is the biggest number satisfying this prop-
erty). The set of all pseudo-Frobenius numbers is denoted by PF(S). Its cardinality is
important as well, so it gets its own name, the type of S, or £(S).

Important formulae to express F(S) and g(S) in terms of the Apéry Set are the
following:

Proposition 0.3 ([|7,[38]). Let S be a numerical semigroup and 0 # n € S. Then
1. F(S) =maxAp(S,n) —n.

2. g(S) = 5 (ZweAp(s,n) w) — ozl

An interesting question is how many numerical semigroups of a given genus exist.
Bras-Amor6s [5] conjectures that the number of numerical semigroups of a given genus,
ng, grows like the Fibonacci sequence in the sense that ngy1 > ng +mny—1. So far, even
the question of whether ng is increasing is still open. Zhai [48] proved that this is true for
sufficiently large g by proving limg_, nqrfi—g;;,l = ¢, where ¢ is the golden ratio. In fact,
he proved the stronger result that limé_wo ngp 9 = c for some constant c. A related
question, solved by Eliahou and Ramirez Alfonsin [11], is to determine the number of
numerical semigroups generated by two elements of a given genus.

An interesting open problem is Wilf’s conjecture [47], that connects the genus, the
embedding dimension and the Frobenius number:

e(5)g(S) < (e(5) — D(F(S) +1).

A more recent article by Singhal [39] focuses on the problem of the number of numer-
ical semigroups with a fixed Frobenius number, and analyses the distribution of their
genus. Further, he show that if N(F') is the number of numerical semigroups with a
fixed Frobenius number, N(F) < N(F + 2).

An easier way to calculate the set PF(S) in terms of Ap(S,n) is the following due
to Tripathi [42]:

Proposition 0.4 ([42]). Let A be any set of positive integers with ged(A) = 1, and let
S =(A). Let a € A, and let m; denote the least integer in S congruent to i modulo a.
Then

PF(S):{mx—azlnga—l (mdmx-l-mymeﬂ/-i—aforlgyga—l}.
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Note how the m; are simply the elements of Ap(S,a) indexed by the corresponding
residue class modulo a.

In the special case where the embedding dimension is 3, studied in [20], Johnson
determined that if S = (nj, ne,ng) where ged(ni, ne) = ged(ng,n3g) = ged(ny,n3) =1
then one can determine F'(S), ¢(S) and PF(S), by first finding six parameters. We
establish this in the following proposition:

Proposition 0.5 ([20]). Let A = {n1,na,n3} be any set of positive integers, such that
ged(ny, n2,n3) = 1. Define

¢; = min {x e N\{0}: zn; € <n]~,nk>}
or, rewriting it, c; is the minimum positive integer such that

c1ni = T12N2 + r13N3,
CoNg = T21M1 + T23N3,

C3N3g = T31N1 + r32N2,

where each r;; € N. If the elements of A are pairwise coprime, then each r;; > 1 and
each ¢; = rj; + ;. Further,

1. F(S) =cini + maX{T’ang,ngng} — (TL1 + n9 + ng).
2. g(5) = %((cl —1)ni + (c2 — 1)ng + (c3 — 1)ng — creacs + 1).
3. PF(S) = {(03 —1D)nz+(ri2—1)ne—n1, (co—1)na+(ris—1)ns—ny } . In particular,
t(S) =2.
A numerical semigroup S is irreducible if S cannot be expressed as the intersection
of two numerical semigroups properly containing it, symmetric if S is irreducible and
F(S) is odd, and pseudo-symmetric if S is irreducible and F'(S) is even. The defini-

tion of irreducibility is not very workable. Luckily for us, we have a more workable
characterization.

Lemma 0.6 ([31, Proposition 2]|). Let S be a numerical semigroup. Then
1. S is symmetric if and only if PF(S) = {F(S)}.
2. S is pseudo-symmetric if and only if PF(S) = {F(S), %F(S)}

One can study irreducible numerical semigroups for their applications in Coding
theory. For a deeper study of irreducible semigroups, and their applications see [19,22].
We say that a numerical semigroup S has the Arf property if, for any x, y, z € S with
x>y >z wehave x +y—2z € .S. We say that S is saturated if for any s, s1,...,s; € S,
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with s; < s foreach 1 <i <k, and nq,...,n; € Z with > n;s; > 0, then s+ > n;s; € S.
It is evident that every saturated numerical semigroup has the Arf property. What is not
so evident, but can be proven, is that every numerical semigroup with the Arf property
has maximal embedding dimension, see [34, p. 23].

During the second half of the 20th century, numerical semigroups regain prominence
mainly due to their applications in Algebraic Geometry. Valuations of analytically un-
ramified one-dimensional local Noetherian domains are numerical semigroups under cer-
tain conditions, and many properties of these rings can be characterized in terms of their
associated numerical semigroup. This connection is responsible for many of the terms
used in the theory of Numerical Semigroups: multiplicity, embedding dimension, degree
of singularity, type, conductor. Some families of numerical semigroups are studied pre-
cisely because of this link: numerical semigroups with maximal embedding dimension,
symmetric numerical semigroups, pseudo-symmetric numerical semigroups, etc., each
have their corresponding concept in Ring Theory. For more references one can check [2].

Recently, the study of certain Diophantine inequalities naturally induced the concept
of proportionally modular numerical semigroups whose finite intersections can be linked
to the positive cone of certain C*-algebras.

This thesis is divided into five chapters. In the first chapter we determine the
Frobenius number for the family of numerical semigroups generated by a Pythagorean
triplet. We also determine all the cases where the numerical semigroup generated by a
Pythagorean triplet is irreducible, symmetric, pseudo-symmetric, saturated, or has the
Arf property, among others.

In the second chapter we study the problem of characterizing all subsets of a gener-
ating set of a numerical semigroup that keep the Frobenius number invariant. We solve
this problem for Modified Arithmetic Progressions and Compound sequences.

In the third chapter we deal with unique factorization on the numerical semigroup
generated by Compound sequences.

In the fourth chapter, we determine the Fundamental gaps for numerical semigroups
with embedding dimension 2 and for some families with embedding dimension 3, as well
as for those generated by an arithmetic progression. We close the chapter by intro-
ducing the concept of Generalized Fundamental gaps and calculating the Generalized
Fundamental gaps of order A for a numerical semigroup with embedding dimension 2.

In the final chapter we deal with some problems regarding proportionally modular
numerical semigroups. The first section of the chapter deals with an inverse problem
on numerical semigroups generated by arithmetic progressions. It is well known that a
numerical semigroup generated by an arithmetic progression is proportionally modular,
i.e., that there exists (i) a triple consisting of a proportion, a modulus and a factor, and
(ii) an interval each of which generate the numerical semigroup. Given an numerical
semigroup generated by an arithmetic progression, conversely, we characterize the triple
of proportion, modulus and factor, and the intervals which generate the numerical semi-
group. The second section deals with the analogous problem for numerical semigroups
with embedding dimension 3.





