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Abstract

In this thesis, we are concerned with the study of the existence and regularity results of weak
solutions to a class of elliptic and parabolic equations driven by the non-homogeneous types
of operators, such as the sum of two differential operators with different homogeneity. These
kinds of equations have physical applications in biophysics, quantum physics, nonlinear

elasticity, chemical reactions and many more. The thesis is divided into five chapters.

In Chapter 1, we present the preliminaries and a brief state of the art regarding the
results mentioned in the forthcoming chapters. Additionally, in this chapter, we discuss

the organization of the thesis along with the main results of our contribution.

In Chapter 2, we investigate the regularity theory concerning the non-homogeneous quasi-
linear elliptic problems involving a singular nonlinearity. Particularly, the nonlinear term
has the form of a negative power of the unknown function multiplied with a singular weight
that blows up near the boundary. We first obtain the existence results by studying the
perturbed problem and establishing the behavior of the weak solutions near the boundary.
Consequently, we prove the Sobolev regularity and non-existence results. Moreover, we
establish C1® or C%“ regularity results up to the boundary, for some a € (0,1), of the
weak solutions depending on the growth of the nonlinear term. The Holder continuity
result, when the exponent of the nonlinear term is greater than 1, is new even for the

homogeneous operator case as it does not require the solution to be in the energy space.

In Chapter 3, we further investigate the regularity theory for strongly non-homogeneous
fractional problems. Precisely, we prove the interior Holder continuity results for local
weak solutions to fractional (p,q)-problems, for all 1 < ¢ < p < oo and for right hand
side in L] _, with suitable . Additionally, we establish the Holder regularity results, up
to the boundary, for weak solutions when the right hand side of the equation is bounded.
We strengthened these results to the optimal values of the Holder exponent, for the case
of ¢ > 2. Moreover, we obtain strong maximum and comparison principles. We conclude
the chapter by proving Sobolev and Holder regularity results for a class of doubly singular
problem, where singularity occurs due to the negative power of the unknown and a singular

weight function that blows up near the boundary.

In Chapter 4, we present the existence and multiplicity results for non-trivial and non-
negative weak solutions to fractional (p, ¢)-problems. Here, we consider the concave-convex
nonlinearity having atmost critical growth and sign changing weight functions. Using

the method of Nehari manifold and performing some blow up analysis, we establish the



vi

existence of at least two non-negative solutions to the critical exponent problem. Moreover,

we obtain the boundedness and Holder continuity results for the weak solutions.

In Chapter 5, we study a parabolic problem driven by the (p, ¢)-Laplacian and involving sin-
gular nonlinearity with a Carathéodory perturbation having subcritical growth. Here, we
first establish several asymptotic properties of the solution to stationary problems through
the regularity results obtained in Chapter 2. Subsequently, using time discretization and
implicit Euler’s method, we prove the global existence result and stabilization property
for weak solutions to the parabolic equation when the subcritical perturbation is (¢ — 1)-
sublinear. Further, when the perturbation is (¢ — 1)-superlinear, we obtain the local ex-
istence result and prove that the solution exhibits a finite time blowup behavior, which is

new even for the homogeneous operator case (that is, p = ¢q).
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