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SYNOPSIS

Introduction .

A proﬁer understanding of the aquifer behaviour
to pumping and recharge stresses is necessary for quanti-
tative evaluation of groundwater resources. for this purpese
a model representing the flow through an aquifer is chosen.
The most commonly used model is the deterministic physically
based model described by a second order parabolic partial
differential equation. In order to make this model operational,
information about the aquifer parameters is necessary.
These parameters are determined by ana;ysis of head variations
in a pump-test or natural groundwater level fluctuations.
The proklem of finding out the aquifer parameters from the
known heads is termed as the inverse problem in groundwater

modelling.

Existing methods for analysis of pumrp-test data

Conventional analysis of'aquifer test data is
carried out by graphical techniques which employ analytical
éolutions'of the governing partial differential equations
unée: simplified conditions. .For nonleaky aquifers, the

transmissivity and storage coefficient are estimated by



fitting the experimental data to a graphic analogue of the
Theis equation. For leaky aquifers, the Hantush and Jacodb (1955)
solution is commonly used to get the estimates for transmissivity,

storage coefficient and leakage factor by graphical methods.

The gfaphical methods.invblve considerable judgement
on the part of the analyst and do not give a quantitative
measure of the accuracy of matching the test data or an index
of reliability of the parameter estimates., Other attemots
such as quasilinearisation and discrete numerical models for
aQalysing the pump-test data involve convergence problems or

considerable formulation and computationél effort.

Most often, the field obéervatiOns of head varia-
tions are susceptible to errors. In addition, there are
system uncertainities due to the assumptions made in deriving
the governing equations and in getting their closed form
solutions. The existing techniques for analysing the purmp-test
data cannot take intc account these uncertainities in the

system and in the observations.

Existing methods for analvsis of natural groundwater levels

Indirect and direct methods are used to solve the

governing partia® differential equations for analysing the
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ground water level fluctuations. Indirect methods éarry out
iterative adjustment of the initial parameter estimates in a
mathematical programming problem until a satisfactory
agreement is reached between the observed and the calculated
water levels. These methods require repetitive solutions of
the flow eﬁuation and thus involve a considerable computa-
tional effort. Direct methods treat the varameters as
dependent variables in the flow equation and solve for them
directly. The problem is reduced to that of solving a set

of algebraic equations or a formal boundary value problem.
These methods do not require repetitive solutions of the flow
equation, but the inherent instability in aquifef identifica-
tion is likely to be more pronounced in the direct methods
(nore so, in the presence of system and observational errors)
which may leaé to physically unrgalistic estimates. Direct
methods attempted for transient flow analysis such as energy
dissipation, linear programming, flatness criterion and spline
interpolation yield physically unrealistic estimates or

" involve considerablc computational effort and require a large

amount of data.

Theme of the present study £

The theme of the present study is to overcome some of

the shortcomings in the existing techniques for the solution of
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the inverse problem in groundwater modeliing. This has been
achieved through suitable modifications of the flow equation '
and by using Marquardt algorithm (Margquardt, 1963) and
iterated extended Kalman filter (Jazwinski, 1970) techniques |
in identifying aquifer parameters from the pump-test data.
These’tedhhiqueS'also give an index of reliability of the
parameter estimates. Recursive ieast-squares (Gooéwin and
Pyne, 1977) and stochastic approximation (Kubrusly, 1978)
techniques are used té obtain estimates of diffusivity distri-
bution in an aquifer from natural groundwater levels with
very little computational effort as compared to the existing
methods. The estimates are realistic. These techniques

take into account the system and measurement uncertainties.

Pronosed methods for analysis of pump-test data

As mentioned above, Marquardt algorithm and iterated
extended Kalman filter techniques have been'empléyed for
analysing the pump test data. The Theis equation for non-
leaky aquifers and Lantush and Jacob solution for the leaky
aquifers have been suitably modified for application of these

techniques.

Marquardt algorithm acts as an open loop controller
and carries out least-squares estimation of nonlinear aquifer
parameters. The initial estimates are iteratively upgraded

till a close agreement is reacheé between the calculated and
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and observed drawdowns during some history period. The
algorithm is applied to actual pump-tests in nonleaky

confined, unconfined and semi-confined aquifers. The algorithm
shows quick convergence. The results of the analysis are
compared with those given by the’graphical methods, quasi-
linearisation and numerical models. It is found that the
standard error of matching between the observed drawdowns and
those calculated using the estimated set of parameters, is

the least for the proposed method.

An iterated extended Kalman filter acts as a feedback
cdntroller and filters out the effect of noise in modelling
and observations to provide the minimum variance estimates
of the parameters. The model output is continuously assessed
against the actual system output and the residual error between
the actual and the predicted output is used as a feedback
information into the parameter adjustment mechanism. Thus
the filter updates the parameter estimates with each additional
information and also provides their estimation error covarianéé.
The filter is applied to actuai pump—-test data for confined
nonleaky and leaky aquifers. The filter shows a good
convergence. Confidence limits on the narameter estimates are
established from the estimation error covariance matrix.
Results of the analysis are compared with those given by
graphiéal and nurerical methods. The standard error of

matching is the minimum for the »roposed filter.
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The Marquardt algorithm and the iterated extended
Kalman filter eliminate the subjectivity inherent in the
graphical methdds. The suggested methods ensuvre good conver-
gence and are simple in formulations. The Marquardt algorithm
gives the standard error of matching the field data. The
iterated extended Kalman filter takes into account the uncer-
tainties and also gives the confidence limits of the parameter

estimates.

Proposed methodg for analysis of groundwater level fluctuations

Realistic estimates of diffusivity distribution in
an aquifer from natural groundwater levels are determined by
'recursive least squares' and 'stochastic approximation’
using the suitably modified forms of the governing partial
differential equations for groundwater flow. The techniques
are conceptually and computationally simple and are also
sequential since the parameters are updated'with each
additional set of observations.

Recursive least-squares technique is the recursive
version of the classical least~squares method and it avoids
the expanding memory and time requirement. The introduction
of a regularisation criterion in the form of initial aiffu-
sivity estimates and covariance controls the non-unicity of

the solution. An implicit centra-difference scheme is used to



discretise the governinc equation for the radial as well as
the general two-dimensional flow and then the recursive least-
squares method is employed to determine the diffusivity
estimates. The method is applied to recover the diffusivity
estimates from the simulated data Sf a nonleaky, confined,
radially‘heterogeneous reservoir. The estimates are found to
converge quickly. The technigue is apélied also to get the
diffusivity distribution from the simulated data for two-

dimensional groundwater flow in a rectangular reservoir.

The stochastic approximation technicue is an
extension o% the gradient methods to stochastic sysfems and is
used when the statistics of observational noise are known. It
.involves the recursive estimation of only the second order
moments of the noisy observation process. The governing partial
differential equation for radial flow is discretised using
forward and central explicit finite differences and the
observation dynamics is described in terms of the: previous
drawdowns and the noise in modelling and observations. Stochas-
. tic approximation technique is used to determine the second-
order moments of ihe cbservation process recursively which in
turn provide the diffuéivity estimates. Convergence is'assured
by proper selection of two Scalar sequences. The technique
is applied to recover diffusivity estimates from the data
simulated for a radially heterogeneous reservoir., The

diffualviéy estimates tend to converge quickly. The stochastic
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approximation technique requires water level observatibns at
short time intervals so as to satisfy the stability criterion
of the explicit scheme. However, it takes into account the
uncertainties and is computatiénally simpler than the
recursive least-squares method. Both these techniques provide
realistic estimates of diffusivity distribution in an aquifer

system and are shown to be computationally simple.

To sum up, the flow equations have been suitahly
modified to enable the use of the above mentioned téchniques
in deteémining the aquifer parameters, taking into account the
errors in the system as well as in observations. The study
reveals that these formulations are robust, require less

computational effort and yield realistic estimates.



xii

- TABLE OF CONTENTS

Page
CERTIFICATE i
ACKNOWLEDGEMENT S : ii
SYNOPSIS iv
TABLE OF CONTENTS xii
LIST OF TARLES xX
LIST OF ILLUSTRATIOM xxii
LIST OF SYMROLS , xxiv
CFAPTER 1. Introduction 1
1,1 General 1
1.2 Statement of the Probhlem 1
1,3 Scope of the Study 4
1.4 Prologue 5
CHAPTER 2, Theory of Groundwater Flow 8
2.1 General 8
2,2 ¥low in Aquifers 8
2.3 Errors in Groundwater Analvsis 1R
2.4 Direct and Inverse Problems 14
PART A
Analysis of PumpAtest'Data 16

CHAPTZR 3., Review of Parameter FEstimation Methods 17

3.1 General 17



CEAPTEY 4,

CHAPTER 5,

3.2 Honleaky Aquifers
3.2,1 Grapvhical Yethods

3.2,2+ Digital Methods

3.3 Leaky Aquifers

3.3.1 Graphical Hethods

3.3.2 DNigital Methods
3.4 A critique on the Txisting Methods
Marquardt Algorithm in the Analysis
of Pimp~test Data
4,1 General

4.1.1v Drawdown Fqguations

4,1,2 Choice of the Algorithm
4,2 Tormulation for Nonleaky Aquifers
4,3 Formulation for Leaky Aquifers
Iterated Extended “alman Filter in the
Analysis of Pump-test Data
5.1 General

5.1,1 Drawdown equations

5.1.2 Principle and Choice of
the Filter

5.2 Nerivation of Niscrete Linear
¥alman Filter

5.2.1 Statement of the Problem
5,2.2 State-space Renresentation

5.2.3 Prediction

17
17

20

22

22

o0
30
33



5.3

5.4
5.5

5.6

5.2.5
5,2,6

5.2.3.1 State
5.2.3.2 Measurement

5.2.3.3 Istimation Error
Covariance

Filtering
5.2,4.1 State
5,2.4.2 Gain  Matrix

5,2.4.3 Estimation Frror
Covaraince

Sequence of Operations

Estimation of Noise
Covariance Matrices

Derivation of Extended Xalman Filter

5‘3.1
5.3.2

5.3.3

5.3.4

5.3.5

State~snace Representation

Linearisation of the
State Egnation

Linearisation. of the
Observation Equation

Prudent Choice of the
Reference Trajectory

Summary of the Extended
Kalman Filter -

Iterated Extended Xalman *ilter

Formulation for Nonleaky Aquifers

5.5.1
5.5.2
5.5.3
5.5.4
5.5.5
5.5.6

State-space representation
Prediction ”

Correction

Kalman Gain

Local Iterator

Adaptive Estimation of
Measurement Noise Covaraince

Formulation for Leaky Aquifers

Xiv
40
40

41
41
41
43

43
44

46
47
47

47
49

50



CEAPTER 6,

CFRADTER 7.

CPFAPTER 8,

Analysis of Pump-test Data:Apnlications
6.1 General
€.2 Nonleaky Aquifer Test Data

'6.2,1 Pump.test Data Reported.by
Sharma and Chawla (1977)

€.2.,2 Oude Xorendjk Test Data
6.2,3 Gridley Test Data
6.2,4 Pump-test Data for a Well
in Main Block 14 of the
IARI Farm
6.3 Leaky Aquifer Test Data
6.3.1 Dalem Test Data

6.4 Niscussion of Results

Conclusions

PART R

Analysis of Groundwater Levels

Review of Parameter Estimation Methods
8,1 Introduction
8.2 Indirect Methods

8.,2.1 Constant Zonation

8.2.1,1 Trial and Error
Calih-ration
Allied with Finite
NDifferences

8.2,1.2 Aytomatic Cali-~
h-ration Using
Finite Differences

saxy

63
64
65

6€E
66
67

€2

o2

94

25
95
97

97



8.2.2

8.2.1,3 AMutomatic
Calib-ration
Using Nuasi-
linearisation

8.2,1,4 Automatic Calih-ra-
: tion Using Finite
Differences and
Constrained Optimi-
zation

8.2.1.5 Subjective Progra-
mming Using Finite
Differences

8.2.1.6 Automatic Calih ra-
tion Using Finite
Tlements

8.2,1.7 Automatic Calib ra-
tion Ulsing Finite
Elements and
Constrained
Optimization

8.2,1,8 Subhjective Progra-
mming Using Finite
Elements

Systematic Zonation

8.2.2.1 lse of Finite
Differences and
Unconstrained
Optimization

Be2.2.2 Use of Finite
Differences and
Constrained
Optimization

8.2.2.3 Use of Integral
Solutions and Mul-
tilevel Optimiza-
tion

8.2.2.,4 Use of Finite
Elements and
Rierarchical
Identification

Xvi

101

102

105

108

108

1190
113

113

114

115

117



3

Nirect

8.3.1

’.3.2

Sa3a3

-

Bayesian Fstimation --
anp Alternative to
Optimal Zonation

Darameters as Continuous
Functions of Position -
an Optimal Control Problem

Lurmpinz of Near-well
Characteristics =-
Surrogate Parameter
Approach

Methods

Constant Zonatian and
Use of Finite Nifference

8.3.1.1 Linear Programming

8.2,1.2 Inductive Method
Ising Smoothness
Criterion

£.3.1.3 Ilse of Vewton-
Raphson Technique
and Smoothness
Criterion

8.3.1.4 Use of Filtering
Theory--State and
Parameter Estima-
tion

8.3.1.5 Constrained Least«

sguares Approach

Constant Zonatian and Use
of Spline Internolation

Celalet Alreiraie Method

" Usifh Unconstrained
Sequential )
Ontimization

Constent Zonation and Use
of Finite Nlements

xvii

118

119

123

125

125
128

12¢

127

127



wvnsd

8e3.3.1 Galerkin Solution-- 128
a Boundary Value
Droblem

8.3.4 Systematic Zonation and Use
of Finite Differences 129

8.3.4,1 Flatness Criterion 129
8.3.5 8,3.5 Use of Streamline Pattern 130

8:3.5.1 TEnperpgy DNissipation
Aonroach-~-a Roun-
dary Value Problem 130

8.3.5.2 Use of Groundwater
¥ydrographs and Yaps 131

8.4 Related York 133

8.4,1 Using Rate of Flow at the
Boundary 1313

8.4.2 Using Continuous Observations
on the Dependent Variable--
YModulating Function Method 134
8.4.3 Using Discrete Cbservation 135

8.4.3.1 Stochastic Approxi-

mation 135
83.4.3.2 Filtering Theory 136
8.4.3.3 Epsilon Technique 138
5.4.3.4 Walsh Series
Approach 137
8.3 A Critique on the Existing Methods 137

CEAPTER 9, Recursive Least-squares in the Analysis of

Groundwater Levels 143
2.1 General | 141
2.2 Radial Flow 141

%.2.1 Flow Fquations 141



O
.
{0

CHAPTER 10, Stochastic Approximation in the Analysis of

2.2.2 Choice of Recursive
Least-squares

8.2.3 Nerivation of Recursive
Least=~sguaras Algorithm

9.2.4 Sequence of Overations in
RecursSive Least-squares

General Two-dimensional Groundwater

low

9.3.1 Flow Equations

Groundwater Levels

10,1
10.2
16,3

16.4

Purpose and Scope
Flow Fquations

Choice of Stochastic Approximation
Technique

Stochastic Apnroximation Algorithm

CHAPTER 11, Analysis of Groundwater Levels :

Applications
11,1 General
11.2 Annlication of Recurgive least-

11.3

11.4

squares

11.,2.1 A Radially Feterogenous
Reservolir '

11.2.2 Two-dimensional Inhomorenous

Aquifer

Application of Stochastic Approxima-

tion to a Radially Feterogenous
Reservoir

NDiscussion of Results

CEAPTER 12, Conclusions

BIBLICGRAPHY

APPFIINIX A, Data Analysed

xix

156
156
156

161

162

1e7

167

1e7

168

163



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20

