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Abstract

KEYWORDS: Group Ring; Integral Group Ring; Unit Group; Trivial Units;

Finite Fields; Polynomials; General Linear Group.

Let G be a group and (" denotes of direct product of n copies of the cyclic group Cs
with two elements. We introduce a characterization of the unit group of the integral group
ring U(Z|G x C5™]) in terms of the unit group U(ZG) for every positive integer n. Specif-
ically, we proved that U(Z[G x Cy"]) = M, x (- - x (M, x (M., x U(ZG)))) for an arbi-
trary group GG. Moreover, we explicitly describe M, for each positive integer n as M, =
{1+ (@ = D02 i ins e Ry ) 0 Ay € GL(2%, ZG), Riyiyes, , €
ZG for each iy,is, -+ ,i,—1 € {0, 1}}. Hereby to every M, a matrix A, is associated.
For each n = 2,3, -+, we determine some conditions, for which the class of matrices of
the type A, to belong in GL(2"!, Z(G). Furthermore, for every matrix A,,, a new kind of
matrix 7}, is defined by replacing the entries of matrix A, by commuting indeterminates
in some order, after that a specific symmetric polynomial f, with integer coefficients is
being associated with each matrix T, as f,, (X1, X5, -+, Xon-1) = 55(det(7},) — 1). And
of these, the integer solution is described.

We also characterize the unit group U(ZG) for the meta-cyclic group of the form
G = (z,c: 23 =1, = 1,czc™? = 27!). Consequently, we derived an interesting
outcome by establishing a one-to-one correspondence between elements in the set of
integer solutions of some explicit polynomials and elements in a subgroup of the finite
index within the corresponding normalized unit group for the symmetric group S5 and the
dicyclic group Dics. We also explicitly describe each unit of the group ring 7,53 for each
positive prime p > 5, using a characterization of the group algebra of the aforementioned
meta-cyclic group G over the finite field F' of characteristic p, where p is a positive prime
such that p 1 3n.

We acknowledge that this is the first occasion where characterizing unit groups of an
integral group ring contributes to identifying all integer solutions of specific symmetric
polynomials with integer coefficients. This characterization not only simplifies the labo-
rious calculations required to find a unit of the group ring RG but also translates the

endeavor into finding a root of explicit polynomials over R.

v



L31R8

AT weg: 9 N géhre 0 R 398 ¥9qF; o5 soear; AT &9, age;
AT A T8,

AT NTAT G U HeHg & 3R &l deal arel ThIT Hg Co I n FTAAT & YogeT 3cdre, l
GRATT § | §H e HRIcHS Uit n & foT $e1s g U(ZG) & Heet # 31fdtet aefg
T & SehTS TG T Ueh SI&T0T qUTeT U &l & | T2y & &, g |1iad foha foh veh dogg
G & MUl sH® 3IcmEr, §H Yddh FHNcHS e n & fIT  Mxn-
(14 (@0 — 1) X @022y Ry ) © Ay € GL(2Y, ZG), Rijiyein, €
ZG for each i1, iz, =, in-1 € {0, 1}} T TISC &I H JUTT I & | 3HF GART Tcdh Mxn &
wﬂﬁw%gygmhqﬁmn:z,s,--- & faT, g4 $o o Ui #=a g, S
foIT An SRR & 31TegE GL(2™", ZG) H BIT & | SHeh 37elTdT, Todeh ATCerd An o ToIT, Afeera
An FI FTATSEGT T & shel H AT T & IRafId ieh Teh AT YR & HAfgerd Tn T
Qﬁﬁﬂﬁﬁ%?ﬂ(‘-ﬁg,WWWW%W&WWW%%R@W&*
AT F AT NI AT BT, L as fu( X0 Xoo o Xown) = go(det(73) — 1) 3R saA87 O
quiteh FATET &1 Jofet fomar aram & |

A BIA G = (x,c: x> = 1,c" = 1,cxc! = x) & AeT-HSTForeh HHE o foIT se1s T g
U(ZG) &1 # RITET d B | dAclisicled, §Ha $B TIC ngq‘i & qUiteh HATYTAT & AT 7
deat 3R FATAT THg Ss 3R sEaEFaes Fig Dics & [T Faftid AA=dighd s
THE o IR IRTAT Faerieh & 3THFHG H dcal & s Teh-H-Ueh TATAIR TATUA leh Teh
aRA 9re f&har| gA faRIdT p & aRTAT &9 F 9 3Wierd AcT-Argieels HHg G &
HHE SISO & STET0T qUieT T ST T §T Tedsh TPRIcHS AT p 2 5 & faw
THg N1 ZpSs AT A 3rs 1 8 TASC FT A I I &, ST6T p + 3n T ThRIcHS
AT




gH TN HId § [ Tg Igell T § STeT Ueh 3Te=T THg R o Fh1s Togl bl RAEAdT
A § qUiteh I[uTTeh aTel fafRrse FATAT Sgual & T quiTeh HATLTAT BT qgaTey it #
q1TETel fHIT §1 T§ S&T0T ot o Shdel g N1 RG FI Ueh Fehrg &l Wistel & T
3T H HHATEY IUTAT3AT I I STl &, STedh R G FTASE ngc\‘i FT gATITA Giole &
T HY AT B
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