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Abstract

Let K be a field of characteristic zero and K[X] = K|z, zo,...,x,] be the polynomial algebra

in n variables over K. The main emphasis of this thesis is to study the kernel and the image of
K-derivations and K E-derivations defined over K[ X].

We started by reviewing some literature and known results on K-derivations, which play a crucial
role in the work done in this thesis. This thesis is divided into two parts. In the first part, we study
the field of rational constants and Darboux polynomials of a generalized cyclotomic derivation d of
K[X]. Further, it is shown that d is without Darboux polynomials if and only if K(X)? = K. The

result is also studied in the tensor product of polynomial algebras.

In the second part of the thesis, we study the image of linear K-derivations and KE-derivations
of K[X]. We show that if the eigenvalues of the associated matrix of a linear K-derivation d are
linearly independent over Ny, then the image of d is a maximal ideal in K[X]|. Further, we show
that the LFED conjecture holds for certain linear K-derivations of K[x1, zs, x3, x4]. Furthermore,
we assume certain conditions on the eigenvalues corresponding to the linear K-endomorphism
I -6 of K[z, 9,23, 24], where § is a linear KE-derivation of K|[xy, 29, 3,24 and prove that the

LFED conjecture is valid for linear KE-derivations of Kz, z9, x3, z4].

Moreover, we prove that for a linear K-derivation d of K[X| and the maximal ideal m = (21, 25, .. .,
z,,) of K[X], if d(m) is a Mathieu-Zhao subspace of K[X], then the image of every m-primary ideal
under d forms a Mathieu-Zhao subspace of K[X]. Additionally, we observe that the image of all
monomial ideals under the K-derivation d = f0,, of K[X], for f € K[X] forms an ideal of
K[X]. Finally, we prove that the image of certain monomial ideals under a linear locally nilpotent

K-derivation of K[x1,xs, z3] defined by d = x50, +30,, forms a Mathieu-Zhao subspace.



1S &1 Foreent faRIar e & 3 KIX] = Kx1, Xz, . . .., Xn] TS UHT TG STIOTd & ST K
IR n WO A &1 38 NAF T LI 3819 K[X] I IRHATT K-3Raeret 3R ke-3Raerer &
FUTer 3R BT FT IETTA FIEAT B |

§H K-3RAYA R & T1fged 3R ST 37T TROTAT T Tl ik 3T I, 5t 30 Nfaw
# TR 10 1A H Teh AgeaoT AT [T 8| Ig Mdw e it & faenfora g1 uger amer #,
H Ueh WA HgFllcine SRAT d & YereTer [Erish 3 319 aiforaifaes &t
IETGT I & | 38 TR, fe@man aram § & d s1e difaifAged & 9 § 3R 3N Shaer
3R K(X)? = K| 38 9RO T 31eTT gifoia A SieieIorar & S8R Wsee & off fhar arar
gl

RTEH o qE AT H, 7 K[X] o W K-SRI 3R Ke-SRAAT I SIS b7 e X 2|
g feara § & Ife v Y@ K-3RAe d & aafa At & gatetdedst No & SR IEH
& H T ¢, Al d 1 B K[X] H Toh 31TRIshc# 3MTeleT g | 38 3TaRerd, 57 e € b o
U Y@ K-3RALEAT & foIT LFED 31THTe T & 51 K[x1, X2, X3, Xa] 3 8 | $8h ATARF, g
K[x1, X2, X3, xa] o X[ K-37e:FecleT | - & & TNV Solaldogol oh AT $o Al Al &, 5187 &
K[x1, X2, X3, x4] T Teh X1 Ke-SRaeeT 8, 3R fleer a7 8 & LFED 31ef#TeT Y& Ke-
3RAET & v acT g1

g8 AfaRerd, g0 gy ata § o KIX] & T @ K-3RAeTT d 31 m = (x1, xa, . . ., Xn) ST
31fRd# 31ETs, I d(m) K[X] T Teh Mathieu-Zhao 398YT &, af d & 31T T3 m -wmuf@es
3TerAT Y T K[X] T T Mathieu-Zhao 39&TT I=ITdT &1 39 31faRed, g7 2@a & & K-
3RAAT d = o, & foIT, FT&T f € K[X], K[X] & Tt ATA AT 3TSTaAT T BT Ueh 3TETeT STl
g1 31 #, 8 T8 &¥d & T K[x1, X2, x3] & Teh (T TATAA eI EATT K-SRAUT d = x20
+ X302 & AT FS HlATHA HETAT T BIF Teh Mathieu-Zhao IH&TT FaTch B
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Symbol

ZNSLC Cinin MW <
D)

=]

ExxeEx QB O Z

Meaning

for all

there exists

belongs to

subset or equal

proper subset

union, intersection

disjoint union

empty set

the ring of integers

the set of natural numbers
Nu {0}

the field of rational numbers
the real line

the field of complex numbers
a field of characteristic zero

a commutative K-algebra

List of Symbols

the polynomial algebra in n variables over K

the field of fractions of K[X]
a K-derivation of A

set, of all derivations from A to M

a K&-derivation of A

the standard partial derivative w.r.t. the variable

xi



xii

List or SymsoLs

Kernel of the K-derivation d of A
Image of the K-derivation d of A

a prime ideal of K[X]

a maximal ideal of K[X]

a K-linear subspace of A

tensor product of K-algebra

direct sum

radical of the K-subspace M

greatest interger function of x for x € R
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