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Abstract 

Reduction of nitrogen oxide (NOx) emissions from diesel engines is a major challenge due to their 

fuel-lean operating conditions. Selective catalytic reduction (SCR) is a commercial technology 

which is widely used in vehicles for the abatement of NOx. The reduction of NOx on a SCR catalyst 

occurs by utilizing the NH3 generated by the hydrolysis of urea solution. However, the onboard 

storage and regular refilling of the urea solution are the major challenges associated with the 

implementation of SCR technology. Alternatively, Lean NOx trap (LNT) catalysts can work 

without the requirement of a storage space onboard the vehicle. However, the cost of the LNT 

catalyst and the formation of undesired products such as NH3 and N2O during the reduction of 

NOx limit the application of the LNT technology. LNT-SCR and hydrocarbon-SCR (HC-SCR) are 

alternate non-urea based technologies for the control of NOx from diesel engines, which avoid the 

need of an external reductant supply system.  

In a combined LNT-SCR catalyst, the LNT and SCR catalysts can be arranged into a single unit 

such that the NH3 generated in a LNT can be used as an in-situ reductant in the SCR catalyst. In a 

combined LNT-SCR catalyst, LNT and SCR catalysts can be arranged in a sequential, dual-layer, 

or mixed configuration. However, there is no agreement between various research groups on the 

most effective configuration of the combined LNT-SCR catalysts. In the present work, 

mathematical models incorporating diffusional limitations in the washcoat are developed for 

various LNT-SCR configurations, and it is shown that the inclusion of NH3-oxidation reactions in 

the LNT-SCR kinetic model results in a decrease in the NOx reduction performance of the 

combined LNT-SCR configurations. It is highlighted that the NH3 oxidation activity of the LNT 

catalyst is potentially responsible for the different inferences drawn by various researchers on the 
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comparison of LNT-SCR configurations. In addition to NH3, the hydrocarbons and CO present in 

the exhaust are potential reductants for NOx over a SCR catalyst. In the present work, kinetic 

models are developed for the CO-NO2 and C3H6-NO2 interactions. These models are further 

combined with the NH3-SCR kinetic model to predict the effect of CO and C3H6 on the NOx 

conversion during NH3-SCR reactions on a commercial Cu-CHA SCR catalyst. The developed 

model captures the promotional effect of CO and C3H6 on NOx conversion at low temperatures 

and the inhibiting effect at high temperatures under NO2-SCR conditions. The negligible effect of 

the presence of CO and the inhibiting effect of C3H6 on the NOx conversion under fast SCR 

conditions is also predicted. 

Various reactions occurring on the LNT and SCR catalysts exhibit negative rate orders. Numerical 

issues are encountered while solving the diffusion-reaction equations for a negative-order reaction 

when the kinetic rate constants are high. An algorithm is developed in the present work to solve 

these equations for a catalyst slab when the reaction exhibits a negative rate order. It is shown that 

the proposed method works for a wide range of Thiele modulus and Biot numbers. The algorithm 

successfully captures the multiplicity of solutions as well as the transition from the kinetic/internal-

diffusion controlled regime to the external mass-transfer controlled regime. The developed 

algorithm is further used to calculate the concentration profile in a monolith reactor. The developed 

algorithm is also used to calculate the concentration profile in a catalyst slab for a multi-component 

reaction system wherein the reaction exhibits both positive and negative order with respect to 

various species. 

  



सार 

नाइट्र ोजन ऑक्साइड (NOx) का कमी डीजल इंजनो ंसे उत्सजजन उनके ईंधन-दुबले ऑपरेटटं्ग पररस्थिटियो ं

के कारण एक बडी चुनौिी है। चयनात्मक उते्प्ररक कमी (SCR) एक व्यावसाटयक िकनीक है जो वाहनो ंमें 

व्यापक रूप से NOx उनू्मलन के टलए उपयोग की जािी है। SCR उते्प्ररक पर NOx की कमी NH3 का 

उपयोग करके होिी है जो यूररया समाधान के हाइडर ोटलटसस द्वारा उत्पन्न टकया जािा है। हालााँटक, वाहन पर 

भंडारण और यूररया के घोल को टनयटमि रूप से भरना SCR प्रौद्योटगकी के कायाजन्वयन से जुडी प्रमुख 

चुनौटियााँ हैं। वैकस्िक रूप से, LNT उते्प्ररक वाहन पर एक भंडारण थिान की आवश्यकिा के टबना काम 

कर सकिे हैं। हालांटक, LNT उते्प्ररक की लागि और इस प्रौद्योटगकी में NOx की कमी के दौरान अवांटिि 

उत्पादो ंजैसे टक NH3 ििा N2O के गठन की वजह से LNT का उपयोग सीटमि है। LNT-SCR और HC-

SCR (एचसी-एससीआर) डीजल इंजनो ंसे उत्सटजजि NOx के टनयंत्रण के टलए वैकस्िक गैर-यूररया आधाररि 

प्रौद्योटगटकयां हैं, जो बाहरी ररडक्टेंट् आपूटिज प्रणाली की आवश्यकिा से बचिी हैं। 

एक संयुक्त LNT-SCR उते्प्ररक में, LNT और SCR उते्प्ररक को एक एकल इकाई में व्यवस्थिि टकया जा 

सकिा है िाटक LNT में उत्पन्न NH3 का उपयोग SCR उते्प्ररक में इन-सीटू् ररडक्टेंट् के रूप में टकया जा 

सकिा है। एक संयुक्त LNT-SCR उते्प्ररक में, LNT और SCR उते्प्ररक एक क्रटमक, दोहरी-परि या 

टमटिि कॉस्फ़िगरेशन में व्यवस्थिि हो सकिे हैं। हालांटक, संयुक्त LNT-SCR उते्प्ररक के सबसे प्रभावी 

टवन्यास पर टवटभन्न अनुसंधान समूहो ं के बीच कोई समझौिा नही ं है। विजमान कायज में, वॉशकोट् में 

टववादास्पद सीमाओ ंको शाटमल करने वाले गटणिीय मॉडल टवटभन्न LNT-SCR टवन्यासो ंके टलए टवकटसि 

टकए गए हैं, और यह टदखाया गया है टक NH3 ऑक्सीकरण प्रटिटक्रयाओ ंको LNT-SCR मॉडल शाटमल 

करने से संयुक्त LNT-SCR कॉस्फ़िगरेशन की NOx उनू्मलन में कमी होिी है। यह रेखांटकि टकया गया है 

टक LNT उते्प्ररक पर NH3 ऑक्सीकरण गटिटवटध संभाटवि रूप से LNT-SCR टवन्यास की िुलना पर 

टवटभन्न शोधकिाजओ ंद्वारा िैयार टकए गए अलग-अलग टनष्कर्षों के टलए टजमे्मदार है। NH3 के अलावा, 

टनकास में मौजूद हाइडर ोकाबजन (HC) और CO भी एक SCR उते्प्ररक पर NOx उनू्मलन के टलए संभाटवि 

ररडक्टेंट््स हैं । विजमान काम में, CO-NO2 और C3H6-NO2 गटिज मॉडल को टवकटसि टकया गया हैं। इन 

मॉडलो ंको आगे NH3-SCR मॉडल के साि संयुक्त टकया गया है िाटक एक वाटणस्िक Cu-CHA SCR 

उते्प्ररक पर NOx रूपांिरण के दौरान CO और C3H6 के प्रभाव की भटवष्यवाणी टकया जा सकिा है। 



टवकटसि मॉडल NOx रूपांिरण पर CO और C3H6 के प्रचार प्रभाव की कम िापमान पर भटवष्यवाणी 

करिा है और उच्च िापमान पर NO2-SCR के दौरान NOx रूपांिरण पर अवरोधक प्रभाव को पकडिा है। 

Fast-SCR के दौरान NOx रूपांिरण पर CO की उपस्थिटि का नगण्य प्रभाव और C3H6 के टनरोधात्मक 

प्रभाव का भी अनुमान लगाया गया है। 

LNT और SCR उते्प्ररक पर होने वाली टवटभन्न प्रटिटक्रयाएं ऋणात्मक दर के आदेशो ंका प्रदशजन करिी हैं। 

जब काइनेटट्क रेट् स्थिरांक अटधक होिे हैं, िो ऋणात्मक-क्रम प्रटिटक्रया के टलए प्रसार-प्रटिटक्रया 

समीकरणो ंको हल करिे समय संख्यात्मक मुद्ो ंका सामना टकया जािा है। एक उते्प्ररक सै्लब के टलए इन 

समीकरणो ंको हल करने के टलए विजमान कायज में एक एल्गोररथ्म टवकटसि टकया गया है जब प्रटिटक्रया एक 

नकारात्मक दर आदेश प्रदटशजि करिी है। यह टदखाया गया है टक प्रस्ताटवि टवटध टिएल मापांक और बायोट् 

संख्या की एक टवसृ्ति िंृखला के टलए काम करिी है। एल्गोररदम सफलिापूवजक समाधानो ंकी बहुलिा को 

कैप्चर करिा है और साि ही बाहरी द्रव्यमान-थिानांिरण टनयंटत्रि शासन को गटिज/आंिररक-प्रसार 

टनयंटत्रि शासन से संक्रमण करिा है। टवकटसि एल्गोररथ्म आगे एक अखंड ररएक्टर में एकाग्रिा प्रो़िाइल 

की गणना करने के टलए उपयोग टकया गया है। टवकटसि एल्गोररथ्म का उपयोग एक बहु-घट्क प्रटिटक्रया 

प्रणाली के टलए उते्प्ररक सै्लब में एकाग्रिा प्रो़िाइल की गणना करने के टलए भी टकया गया है, टजसमें 

प्रटिटक्रया टवटभन्न प्रजाटियो ंके संबंध में सकारात्मक और नकारात्मक दोनो ंक्रम टदखािी है। 
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𝐶𝑏𝑢𝑙𝑘 bulk fluid-phase concentration of reactant species (mol/m3) 

𝑐𝑖𝑛𝑡 non-dimensional concentration at the fluid-solid interface 

𝑐𝑚 non-dimensional cup-mixing concentration of reactant species in the fluid phase 

𝐶𝑗,𝑚
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𝐶𝑆1−𝑂𝐻 concentration of active Cu sites in Cu-CHA catalyst (mol/m3
 washcoat) 

𝐶𝑆𝐶𝑅 concentration of Bronsted acid sites in combined LNT-SCR catalyst (mol/m3
 

washcoat) 
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𝐶𝑠𝑖𝑡𝑒 concentration of active sites (mol/m3
 washcoat) 

𝐶𝑇𝑚 total molar concentration in fluid-phase of monolith reactor (mol/m3) 

𝐷 diameter of the monolithic substrate (m) 
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El,b activation energy for reverse reaction 𝑙 (kJ/mol) 

El,f activation energy for forward reaction 𝑙 (kJ/mol) 

𝑓 vector of non-linear equations 

𝐹𝑁𝑂
𝑖𝑛  inlet molar feed rate of NO during the lean phase (mol/s) 

𝐹𝑗
𝑜𝑢𝑡 effluent molar feed rate of species 𝑗 (mol/s) 

GHSV gas hourly space velocity (h-1) 
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 washcoat-s) 
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𝐿 length of monolith channel (m) 

𝑛 reaction order 

𝑁 number of unknown variables in arc-length method 
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[𝑁𝐻3
𝑠𝑡]𝑂𝑥𝑖 amount of stored NH3 utilized by NH3 oxidation reactions (mol) 

[𝑁𝐻3
𝑠𝑡]𝐺𝑎𝑠 amount of NH3 desorbed from the storage sites (mol) 

𝑁𝑂𝑥
𝑠𝑡  (𝑡) amount of NOx stored on the LNT catalyst at any time 𝑡 (mol) 

[𝑁𝑂𝑥
𝑠𝑡]𝑙𝑒𝑎𝑛 amount of NOx stored on the LNT catalyst during the lean phase (mol) 

𝑃𝑇𝑧 transverse Peclet number for monolith reactor 

𝑃𝛺 channel perimeter open to flow (m) 

𝑟𝜈 rate of reaction (mol/m3-s) 

𝑅𝜈𝑙 rate of reaction 𝑙 in washcoat phase (mol/m3
 washcoat-s) 

𝑅𝛺 effective transverse diffusion length in fluid phase (m) 

𝑠 arc-length 

𝑆ℎ𝛺 Sherwood number 

𝑆𝑗 selectivity of product 𝑗 during NH3 oxidation reaction 

𝑆𝑗
𝑐𝑦𝑐𝑙𝑒
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𝑡 time (s) 

𝑡𝑏𝑒𝑔𝑖𝑛 time corresponding to the beginning of the lean phase (s) 

𝑡𝑒𝑛𝑑 time corresponding to the end of the lean phase (s) 
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𝑇𝑚 cup-mixing temperature of the fluid in monolith channel (K) 

𝑇𝑠 temperature of solid washcoat (K) 

𝑢̅  average fluid velocity (m/s) 

𝑢𝑟𝑒𝑓 fluid velocity in the uncoated monolith channel at standard conditions (m/s) 

𝑥  vector of unknown variables in arc-length method 

𝑥𝑗 conversion of species 𝑗 

𝑥𝑁𝑂𝑥

𝑐𝑦𝑐𝑙𝑒
 cycle-average conversion of NOx 

𝑋𝑗,𝑚 cup-mixing mole fraction of species 𝑗 in fluid phase 

𝑋𝑗,𝑚
𝑖𝑛  inlet mole fraction of species 𝑗 in the fluid phase  

𝑋𝑗,𝑚   
𝑜  initial cup-mixing mole fraction of species 𝑗 in fluid phase 

𝑋𝑗,𝑤𝑐 cup-mixing mole fraction of species 𝑗 in the washcoat 

𝑋𝑗,𝑤𝑐
𝑜  initial cup-mixing mole fraction of species 𝑗 in the washcoat  

𝑋𝑗1,𝑤𝑐 cup-mixing mole fraction of species 𝑗 in the outer washcoat layer of the dual- 

layer LNT-SCR 

𝑋𝑗2,𝑤𝑐 cup-mixing mole fraction of species 𝑗 in the inner washcoat layer of the dual-

layer LNT-SCR 

𝑋𝑤𝑐 vector of mole-fractions within the washcoat 

𝑦 length co-ordinate in the transverse direction of monolith channel (m) 

𝑦′ non-dimensional length co-ordinate along the depth of catalyst slab or monolith 

washcoat 

𝑧 length co-ordinate in the axial direction of monolith channel (m) 
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𝑧′ non-dimensional length co-ordinate along the axial direction of the monolith 

reactor 

∆𝑧′ non-dimensional length of the discretized element of the monolith reactor (m) 

𝛼′ independent variable in arc-length method 

𝛼 dimensionless concentration below which the reaction rate is linearized 

𝜀 porosity of catalyst slab 

𝜀𝑤𝑐 porosity within the washcoat 

𝛿 calculated error at the fluid-particle interface 

𝛿𝑐 thickness of the catalyst slab (m) 

𝛿𝐿𝑁𝑇 washcoat thickness of standalone LNT catalyst, upstream LNT catalyst in 

sequential configuration and inner LNT layer in dual-layer configuration (m) 

𝛿𝑆𝐶𝑅 washcoat thickness of outer SCR layer in dual-layer configuration and 

downstream SCR catalyst in sequential configuration (m) 

𝛿𝑤𝑐 total thickness of the washcoat (m) 

𝜑 Thiele modulus 

𝜑𝑐 critical Thiele modulus above which solution to diffusion – reaction equations 

does not exist 

𝜆 dimensionless position below which the reaction rate is linearized  

𝜗𝑗 stoichiometric coefficient of species 𝑗 in the reaction 

𝜗𝑙𝑗 stoichiometric coefficient of species 𝑗 in the reaction 𝑙 

σ𝑝 fractional contributtion of factor ‘𝑝’ in the overall consumption of stored NH3 

during the lean phase 
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𝜃𝑗  fractional surface coverage of species 𝑗  

𝜃𝑗
𝑜 initial fractional surface coverage of species 𝑗  

𝜃 vector of surface coverages of adsorbed species in the washcoat 

𝜃𝑆1−𝑗 fractional surface coverage of species 𝑗 on Cu sites in Cu-CHA catalyst  

𝜃𝑆2−𝑗 fractional surface coverage of species 𝑗 on Bronsted-acid sites in Cu-CHA 

catalyst  

𝜃𝑁𝐻3
 fractional surface coverage of NH3 on Bronsted acid sites in combined LNT-SCR 

catalyst 

𝜃𝑁𝑂3
−,𝑓  fractional surface coverage of NOx on the fast NOx storage sites  

𝜃𝑁𝑂3
−,𝑠  fractional surface coverage of NOx on the slow NOx storage sites  

𝜃𝑁𝐻3,𝑣 fraction of vacant Bronsted-acid sites in combined LNT-SCR catalyst 

𝜃𝑁𝑂3
−,𝑣𝑓 fraction of vacant fast NOx storage sites in LNT catalyst  

𝜃𝑁𝑂3
−,𝑣𝑠 fraction of vacant slow NOx storage sites  

𝜃𝑣1 fraction of vacant Cu-sites in Cu-CHA catalyst 

𝜃𝑣2 fraction of vacant Bronsted-acid sites in Cu-CHA catalyst 

𝜏 tortuosity factor 

 

Subscripts 

𝑖 axial position of any segment in a monolith reactor 

𝑗 jth species in a multi-component reaction system 

𝑘 kth species in a multi-component reaction system 

𝑙 lth reaction in a multi-reaction system 
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𝑞 qth variable in the arc-length method 

𝑟 variable with maximum absolute value of derivative with respect to the arc-

length 

 

Abbreviations  

BS Bharat Stage 

CPCB 

DOC 

HC 

Central Pollution Control Board 

Diesel Oxidation Catalyst 

Hydrocarbon 

HCV Heavy Commercial Vehicle 

HDV Heavy-duty Diesel Vehicle 

LCV Light Commercial Vehicle 

LDV Light-duty Diesel Vehicle 

LNT Lean NOx Traps 

MoRTH Ministry of Road Transport and Highways 

NSR NOx Storage and Reduction 

PM Particulate Matter 

SCR Selective Catalytic Reduction 

SDPF SCR-catalyzed Diesel Particulate Filter 
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