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Abstract

This dissertation addresses the challenges involved in choosing hyperrectangular computational
domains for the numerical solution of wave equations that are originally defined over R¢, d = 2, 3.
These challenges mainly arise due to the presence of corners in the computational domain and
nonlocal nature of the boundary maps. Let us acknowledge that the existing convolution quadra-
ture (CQ) approach for fractional operators, while considered a golden standard for accuracy, is
computationally expensive and thus presents a significant challenge. This research aims to design
numerical schemes which can provide a viable trade-off between computational complexity and
accuracy.

To achieve this, we introduce a Padé approximant based rational approximation for certain
fractional operators, effectively handling the corners and yielding a temporally local approximation
for the nonlocal boundary maps with time-step-independent complexity. Furthermore, we present
several tests to compare the performance of our novel padé approach with the existing CQ
approach. Additionally, we consider spatially local boundary conditions (BCs) obtained using
high-frequency approximation of nonlocal boundary maps. Let us note that the use of the high-
frequency BCs may impact accuracy but they are easier to implement and affords comparatively
lower computational complexity which makes them attractive.

For the spatial discretization, we use a Legendre-Galerkin spectral method with a new boundary
adapted basis which ensures that the resulting linear system is banded. A compatible boundary-
lifting procedure is also presented which accommodates the segments as well as the corners on
the boundary. Temporal discretization is then addressed using one-step time marching schemes,
namely, the backward-differentiation formula of order 1 (BDF1) and the trapezoidal rule (TR).
Note that an unsuitable temporal discretization of the nonlocal operators may destroy the overall
stability of the numerical scheme in this approach.

Alternatively, we provide a approach wherein the initial boundary-value problem is first dis-
cretized in space, incorporating the boundary conditions, to yield a time-continuous dynamical
system. This system is then discretized in time using various time-stepping methods, resulting a
fully discrete system. This approach facilitates the use of higher order time-marching schemes,
potentially improving the accuracy of the overall system. Numerical tests are presented to demon-
strate the efficacy of our novel method and to confirm the order of convergence empirically.
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Notations

n-dimensional Eucldian space

Set of positive real numbers

Interior domain or the computational domain

Left or right exterior domain, respectively

Set of boundary of the domain €2

Closure of a set {2

Support of a function

Norm

n-ary Cartesian power of set of non-negative integers (multi-index)
0 [0x1* - - 0% /Oxy, ™ where z € R™ and o € N a multi-index
Riemann-Lioville fractional operator for u € R

181 + ...+ a8, where o, 8 € N® being multi-indices

a1+ ag + ...+ a, for any multi-index o € N™

ap!...ap! for any multi-index o € N”

Space of infinitely differentiable, compactly supported functions on 2
Space of infinitely differentiable functions on (2

Space of quadratically integrable functions (Lebesgue space) on 2
Forward and inverse Laplace transformation, respectively

Forward and inverse Fourier transformation, respectively

Padé approximant of order L, M

Binomial expansion coefficients of (1 + x)®



Contents

Certificate
Acknowledgment
Abstract
Notations

List of Figures
List of Tables

1 Introduction

2 Transparent Boundary Conditions for Linear PDEs in R?

2.1 Infinite Strip Domain . . . . . .. ... L.
2.1.1 Fractional operators based approach . . . . . . ..
2.1.2 Novel Padé based approach . . . . . .. ... ...
2.1.3 Conventional Padé based approach . . . . ... ..
2.1.4 High-Frequency approximation . . . .. ... ...

2.2 Rectangular Domain . . . . . ... ... ... ... ...,
2.2.1 Fractional operator based approach . . . . . . . ..

2.2.1.1 Corner conditions . . . . . .. ... ...
2.2.2 Novel-Padé based approach . . . . . ... ... ..
2.2.2.1 Corner conditions . . . . . ... .. ...
2.2.3 Conventional Padé based approach . . . . .. . ..
2.2.4 High frequency approximation . . ... ... ...

vii

xiii

xvii



Contents

3 Transparent Boundary Conditions for Linear PDEs in R? 25
3.1 Rectangular Cuboid I . . . . . . . .. .. 25
3.1.1 Fractional operators based approach . . . . .. ... ... ... ..... 28
3.1.2 Novel Padé based approach . . . . . ... ... ... ... ........ 29

3.2 Rectangular Cuboid Il . . . . . . . . . .. 30
3.2.1 Fractional operators based approach . . . . .. ... ... ... . .... 32
3.2.1.1 Fractional operator based approach-2D . . . . . ... ... .. 35

3.2.1.2 Corner conditions—CQ . . . . . . . . ... .. ... ... .. 37

3.2.2 Novel Padé based approach . . . . . . .. ... ... ... ... ..... 38
3.2.2.1 Novel Padé based approach-2D . . . .. ... ... ...... 40

3.2.2.2 Corner conditions—=NP . . . . . ... ... ... ... ... .. 47

4 Numerical Implementation 49
4.1 Approach | . . . . . . e 50
4.1.1 Discretizing the boundary conditions . . . . . . .. ... ... ... ... 50
4111 CQ-BDFL. ... .. . 51

4112 CQ-TR . . . . . 53

4113 NP-BDF1 . ... .. .. . 55

4114 NP-TR . . . . . 58

4.1.2 Numerical solution of the IBVP . . . . . . . .. ... ... .. ... ... 62
4121 Linearsystem: 1D . . . . . .. .. ... 63

4122 Linearsystem: 2D . . . . . .. ..o 66

4.1.3 Algorithmic summary . . . . . . ... ... 72
4131 CQ-BDFL. ... . . . . 72

4132 NP-BDF1 . ... ... . .. 73

42 Approach Il . . . . . 74
4.2.1 Variational Formulation: HF . . . . . . . ... ... 0oL 76
4.2.1.1 Nonlocal temporal discretization: Convolution quadrature . . . 78

4.2.1.2 Local temporal discretization: Conventional Padé . . . . . . .. 80

4.2.2 Variational Formulation: TBCs . . . . . . . .. ... ... ... ..... 85
4.2.2.1 Nonlocal temporal discretization: Convolution quadrature . . . 87

4.2.2.2 Local temporal discretization: Novel Padé . . . . . . . .. ... 89

5 Numerical Experiments 97
5.1 Rectangular domain . . . . . . .. 97
5.1.1 Exactsolutions . . . . . . .. ... 97
5.1.1.1 Chirped-Gaussian profile . . . . ... ... ... ... ..... 97

5.1.1.2 Hermite-Gaussian profile . . . . . ... ... ... ....... 98

512 Testsfor DtNmaps . . . . . . . . . . .. ... .. ... 100
5.1.3 Discrepancies in conventional Padé approach . . . . ... .. ... ... 101
5.1.4 Tests for evolution error: | . . . . . . ..o 103
5.1.5 Tests for convergence: | . . . . . . .. ... 108
5.1.6 Tests for evolution error: Il . . . . . . .. ... ... ... 110
5.1.7 Tests with different orders of Padé approximants . . . . . .. ... ... 112
5.1.8 Tests for convergence: Il . . . ... ... ... ... .. ... 117
5.1.9 CPU time and complexity analysis . . . . . .. ... .. ... ...... 119



Contents

5.2

53

Infinite Strip . . . . . . . ..

521

5.2.2
523

Exact solutions . . . . . ...
5.2.1.1 Fourier-Chirped-Gaussian profile . . . . .. .. ... ... ...
5.2.1.2  Fourier-Hermite-Gaussian profile . . . . . . .. .. .. .. ...
Tests for evolution error . . . . . . . . . ..
Tests for convergence . . . . . . . . ...

Rectangular Cuboid | . . . . . . . . . . ..

53.1

5.3.2

Exact solutions . . . . . . ...
5.3.1.1 Fourier-Chirped-Gaussian profile . . . . . ... ... ... ...
Tests for evolution error . . . . . . . . . . .

6 Future Prospects
6.1 Generalized Schrodinger system . . . . . . . ... L L
6.2 Models of physical significance . . . . . . . . .. .. ... ... ... ...

Bibliography

Boundary Adapted Basis Representation: Useful Results and Identities

Fractional Calculus
Riemann-Liouville fractional operators . . . . . . . . . .. . ... .. ... ...
Laplace and Fourier transforms . . . . . . . . . . . ... ... ... ... ..

1
2

Autonomous System

One-Way Propagation Models
The wave equation . . . . . . . L
Uniform isotropic media . . . . . . . . . .. .

1
2

2.1
2.2

The Rayleigh-Sommerfeld formulation . . . . ... ... ... ... ...
Paraxial approximation . . . . . . ... . ...

Brief Biodata and Publications

135
139

143
143
144

147

149
149
150
152
154

157



List of Figures

2.1

2.2

2.3

2.4

25

The figure shows a rectangular domain with periodic boundary conditions along
vertical axis. . . . . . ..

A schematic is shown in this figure which depicts the evolution of the auxiliary field
o(x1,x9,71,7T2) in the (71, T2)-plane starting from the diagonal which also serves
as initial conditions for solving the IVPs (arrow in the line depicts the evolution
direction in time). Note that TBCs on 0%; require the history of the auxiliary field
along the horizontal line up to the diagonal in the (71, 72)-plane. . . . . . . . ..

A schematic depiction of the evolution of the auxiliary fields ¢y, 4, (z2,71,72) in
the (71, 72)-plane is provided in this figure. . . . . .. ... ...
The figure shows a rectangular domain with boundary segments parallel to one of
the axes. . . . . . L e

A schematic depiction of the evolution of the auxiliary field ¢(x1, z2, 71, 72) in the
(11, 72)-plane is provided in this figure where the plot on the right corresponds
x € I, U and the plot on the left corresponds @ € I'y UT',. The filled circles
depict the evolution of the auxiliary field ¢(x1,x2,71,72) either above or below
the diagonal in the (71, 72)-plane starting from the diagonal which also serves
as initial conditions for solving IVPs corresponding to the auxiliary function. The
TBCs for the auxiliary field require the history of the auxiliary field at the corner
points which makes empty circles relevant. Note that these values at the corners
can be taken from the adjacent segment of the boundary where it is already being
computed and this is depicted by broken lines. Note that the vertical /horizontal
lines where the arrows end corresponds to the history of the auxiliary field needed
for the TBCs on 0%; in the current time (¢).. . . . . . . . ... ... ... ...



List of Figures

2.6

3.1

3.2

3.3

5.1

5.2

53

5.4

55

5.6

57

A schematic depiction of the evolution of the auxiliary fields ¢y, 4, (22, T1,72), Pk.a(T1,71,72)

and ¥y i’ a1 a5 (71, T2) in the (71, 72)-plane is provided in this figure. The plots (A)
and (B) depict the evolution of the fields ¢y 4, (21,71, 72) and @y q, (x2, 71, T2)
on the boundary segments I'y, and T'y,, respectively. The plot (C) depicts the
evolution of the field vy i 4.4, (71, 2) Which can be achieved by moving either
below or above the diagonal. . . . . . . ... ... . ... ... ...

The figure shows a rectangular cuboid domain with boundary faces parallel to one
of theaxes. . . . . . . . L

A schematic is shown in this figure which depicts the evolution of the auxiliary
field p(x1,2,71,71) in the (71,71 )-plane starting from the diagonal which also
serves as initial conditions for solving the IVPs (arrow in the line depicts the
evolution direction in time). Note that TBCs on 0f2; require the history of the
auxiliary field along the horizontal line up to the diagonal in the (71,7, )-plane.

A schematic depiction of the evolution of the auxiliary fields ¢y, 4, (1,71, 71) in
the (71,71 )-plane is provided in this figure. . . . . .. ... ... ... ... ..

The figure shows the evolution of the relative energy content as defined in (5.4)
of the chirped-Gaussian and the Hermite-Gaussian profiles considered in Table 5.1
and Table 5.2. Here the computational domain is €; = (—10,10)2. . . . . . . ..

The figure shows the behaviour of error involved in the discretization of the bound-
ary map alone for the chirped-Gaussian profile with different values of the speed
‘c’ (see Table 5.1). The numerical parameters and the labels are described in
Sec. 5.1.2 where the error is quantified by (5.11). . . . . . ... ... ... ...

The figure shows the behaviour of error involved in the discretization of the bound-
ary map alone for the Hermite-Gaussian profile with different values of the speed
‘c’ (see Table 5.2). The numerical parameters and the labels are described in
Sec. 5.1.2 where the error is quantified by (5.11). . . . ... ... ... ... ..

The figure shows a comparison of the novel Padé and Menza's approach towards
realizing the DtN maps for the chirped-Gaussian profile with different values of the
speed ‘c’ (see Table 5.1). The numerical parameters and the labels are described
in Sec. 5.1.2 where the error is quantified by (5.11). . . . . . .. ... ... ...

The figure shows a comparison of the novel Padé and Menza's approach towards
realizing the DtN maps for the Hermite-Gaussian profile with different values
of the speed ‘c’ (see Table 5.2). The numerical parameters and the labels are
described in Sec. 5.1.2 where the error is quantified by (5.11). . . . .. ... ..

The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with the various TBCs for the chirped-Gaussian profile with
different values of the speed ‘c’ (see Table 5.1). The numerical parameters and
the labels are described in Sec. 5.1.4 where the error is quantified by (5.12). . . .

The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with the various TBCs for the Hermite-Gaussian profile with
different values of the speed ‘c’ (see Table 5.2). The numerical parameters and
the labels are described in Sec. 5.1.4 where the error is quantified by (5.12). . . .

106

107



List of Figures

5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with the TBCs developed using novel Padé approach for the
chirped-Gaussian profile with different values of the speed ‘c’ (see Table 5.1). The
numerical parameters and the labels are described in Sec. 5.1.4 where the error is
quantified by (5.12). . . . . . .. 108
The figure shows a comparison of evolution of error in the numerical solution of
the IBVP (2.51) with the TBCs developed using novel Padé approach for the
Hermite-Gaussian profile with different values of the speed ‘c’ (see Table 5.2).
The numerical parameters and the labels are described in Sec. 5.1.4 where the
error is quantified by (5.12). . . . . ... 109
The figure depicts the convergence behaviour of the numerical solution of the
IBVP (2.51) with the TBCs developed using novel Padé approach for the chirped-
Gaussian profile with different values of the speed ‘c’ (see Table 5.1). The nu-
merical parameters and the labels are described in Sec. 5.1.5 where the error is
quantified by (5.13). . . . . . . 111
The figure depicts the convergence behaviour of the numerical solution of the
IBVP (2.51) with the TBCs developed using novel Padé approach for the Hermite-
Gaussian profile with different values of the speed ‘c’ (see Table 5.2). The nu-
merical parameters and the labels are described in Sec. 5.1.5 where the error is
quantified by (5.13). . . . . . . 112

The figure shows contour plots of 4log;, |u(x,t)| with various TBCs for the IIB-
type chirped-Gaussian profile (see Table 5.1) for ¢ = 12 at different instants of
time. The numerical parameters and the labels are described in Sec. 5.1.4. . . . . 113
The figure shows contour plots of 8log;, |u(x,t)| with various TBCs for the IIB-

type Hermite-Gaussian profile (see Table 5.2) for ¢ = 8 at different instants of
time. The numerical parameters and the labels are described in Sec. 5.1.4. . . . . 114
The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with various approximations of the TBCs for the chirped-
Gaussian and Hermite-Gaussian profiles with different values of the speed ‘c’ (see
Table 5.1 and Table 5.2). The numerical parameters and the labels are described
in Sec. 5.1.6 where the error is quantified by (5.12). . . . . .. .. ... ... .. 115
The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with various approximations of the TBCs for the chirped-
Gaussian and Hermite-Gaussian profiles with different values of the speed ‘c’ (see
Table 5.1 and Table 5.2). The numerical parameters and the labels are described
in Sec. 5.1.6 where the error is quantified by (5.12). . . . . . .. ... ... ... 116
The figure shows a comparison of evolution of error in the numerical solution
of the IBVP (2.51) with various approximations of the TBCs for the chirped-
Gaussian and Hermite-Gaussian profiles with different values of the speed ‘c’ (see
Table 5.1 and Table 5.2). The numerical parameters and the labels are described
in Sec. 5.1.6 where the error is quantified by (5.12). . . . . .. .. ... ... .. 117
The figure shows a comparison of convergence behaviour in the numerical solution
of the IBVP (2.51) with various approximations of the TBCs for the chirped-
Gaussian profile and Hermite-Gaussian profile with different values of the speed
‘c’ (see Table 5.1 and Table 5.2). The numerical parameters and the labels are
described in Sec. 5.1.8 where the error is quantified by (5.13). . . ... ... .. 118



List of Figures

5.18

5.19

5.20

5.21

5.22

5.23

The figure shows a comparison of runtime behaviour for the convergence tests
in the numerical solution of the IBVP (2.51) with various approximations of the
TBCs for the chirped-Gaussian profile (see Table 5.1). The numerical parameters
and the labels are described in Sec. 5.1.8. Note that for all Padé based methods,
we use diagonal Padé approximants of order 30. . . . . . . ... ... ... ...
The figure shows contour plots of 4log;, |u(x,t)| with various TBCs for the IIB-
type chirped-Gaussian profile (see Table 5.1) for ¢ = 12 at different instants of
time. The numerical parameters and the labels are described in Sec. 5.1.6. . . . .
The figure shows contour plots of 8log;, |u(x,t)| with various TBCs for the IIB-
type Hermite-Gaussian profile (see Table 5.2) for ¢ = 8 at different instants of
time. The numerical parameters and the labels are described in Sec. 5.1.6. . . . .
The figure shows a comparison of evolution of error in the numerical solution of
the IBVP (2.13) with various approximations of the TBCs corresponding to the
Fourier-chirped-Gaussian and the Fourier-Hermite-Gaussian profiles with different
values of the speed ‘c’ (see Table 5.7 and Table 5.8). The numerical parameters
and the labels are described in Sec. 5.2.2 where the error is quantified by (5.12).
The figure depicts the convergence behaviour of the numerical solution of the
IBVP (2.13) with various approximations of the TBCs corresponding to the Fourier-
chirped-Gaussian and the Fourier-Hermite-Gaussian profiles with different values
of the speed ‘c’ (see Table 5.7 and Table 5.8). The numerical parameters and the
labels are described in Sec. 5.2.3 where the error is quantified by (5.13). . . . . .
The figure shows a comparison of evolution of error in the numerical solution of
the IBVP (3.15) with novel Padé based approximation of the TBCs corresponding
to the Fourier-chirped-Gaussian profile with different values of the speed ‘c’ (see
Table 5.7). The numerical parameters and the labels are described in Sec. 5.3.2
where the error is quantified by (5.12). . . . . . . . ... oo

121

122

125



List of Tables

5.1 Chirped-Gaussian profile with Ag =2 and ¢ € {4,8,12,16}. . . . . . ... ... 98
5.2 Hermite-Gaussian profile with Ag =2 and ¢y € {4,8,12,16}. . . . . . . . .. .. 99
5.3 Numerical parameters for testing DtN maps . . . . . . .. ... ... ... ... 100
5.4 Numerical parameters for studying the evolution error . . . . . . . . .. .. ... 101
5.5 Numerical parameters for studying the convergence error for the NP methods . . 110
5.6 Numerical parameters for studying the convergence error for the HF methods . . 119
5.7 Fourier-Chirped-Gaussian profile with Ag =2 and ¢ € {4,8,12,16}. . . . . . .. 123
5.8 Fourier-Hermite-Gaussian profile with A9 =2 and ¢y € {4,8,12,16}.. . . . . . . 124
5.9 Numerical parameters for studying the evolution error . . . . . . . . . . .. ... 124
5.10 Numerical parameters for studying the convergence error . . . . . . . . .. ... 126

5.11 Numerical parameters for studying the evolution error . . . . . . . . . . .. ... 128





