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Abstract

A ring with unity is said to be clean [2; 28] if every element x can be written as

x = u + e, where u is a unit and e is an idempotent, that is e2 = e. This notion

gains importance since units and idempotents are key elements that determine the

structure of a ring. Clean rings are related to several important notions in ring

theory, namely, unit regular rings, exchange rings, semiperfect rings and 2-good

rings [9; 11; 19; 28; 32]. A ring is said to be semiclean if every element is the sum

of a unit and a periodic element [38]. A ring is weakly clean if every element can be

written as either u+ e or u− e, where u is a unit and e an idempotent [1].

Every weakly clean ring is semiclean. We show the existence of semiclean rings

that are not weakly clean. Every semiclean ring is 2-clean. The ring C(X) of

all real-valued continuous functions on a Tychonoff space X is 2-clean, but it is

semiclean if and only if X is strongly zero-dimensional. New classes of semiclean

subrings of R and C are introduced and conditions are given when these rings are

clean. We also study when the rings C(X,A) (respectively, C∗(X,A)) of all A-valued

continuous functions (respectively, A-valued bounded continuous functions) on a

Tychonoff space X are semiclean, especially when A is a dense clean or semiclean

subring of R or C with 1.

We define a ring R to be feebly clean if every element x can be written as

x = u + e1 − e2 where u is a unit and e1, e2 are orthogonal idempotents, that is,
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vi Abstract

e21 = e1, e
2
2 = e2 and e1e2 = 0 = e2e1. Feebly clean rings are a proper generalization

of weakly clean rings and the family of semiclean rings properly contains the family

of all feebly clean rings. Further properties of feebly clean rings are studied, some of

them analogous to those for clean and related rings. Condition is given for f ∈ C(X)

to be feebly clean and rings of complex-valued continuous functions are studied for

feebly clean property.
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