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Abstract

In this thesis, we study the existence, non-existence and multiplicity of positive so-

lutions of elliptic equations with discontinuous nonlinearities and elliptic equations

with variable exponents in smooth bounded domains.

In the first chapter we give the brief survey and preliminary results used in subse-

quent chapters.

In the second chapter we prove the existence of the multiple positive solutions of the

following elliptic problem with the discontinuous nonlinearity and singular potential

on a smooth bounded domain Ω ⊂ R
2.

−∆u = λ
(

m(x,u)eαu2

|x|β
+ uqχ{u≤a}

)

, u > 0 in Ω, u = 0 on ∂Ω,

where 0 ≤ q < 1, 0 < α ≤ 4π, β ∈ [0, 2) such that β
2
+ α

4π
≤ 1 andm(x, t) ∈ C1(Ω×R)

having superlinear growth at infinity. The function χ{t≤a} is defined as χ{t≤a} = 1

for t ≤ a and χ{t≤a} = 0 for t > a.

In the third chapter we study the singular elliptic problem with the discontinuous

nonlinearity on a smooth bounded domain Ω ⊂ R
2.

−∆u = λ(χ{u<a}u
−δ + h(u)eu

2
), u > 0 in Ω, u = 0 on ∂Ω,
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vi Abstract

where a, λ > 0, 0 < δ < 3 and h(u) is a smooth nonlinearity that is a “perturbation”

of eu
2
as u → ∞.

In the fourth chapter we extend the results of the previous chapter to problems in

higher dimensions. For Ω ⊂ R
N(N ≥ 3), a smooth bounded domain, we discuss the

existence of multiple positive solutions of the following elliptic problem with singular

and discontinuous nonlinearity:

−∆u = λ
(

u2∗−1 +
χ{u<a}

uδ

)

, u > 0 in Ω, u = 0 on ∂Ω,

where 0 < δ < 3 and 2∗ := 2N/(N − 2).

In the fifth chapter we study the W 1,p(x) versus C1 local minimizers of functionals

related to p(x)-Laplacian. For a smooth bounded domain in R
N , we consider the

functional J : W 1,p(x)(Ω) → IR defined as

J(u) =

∫

Ω

|∇u|p(x)
p(x)

+

∫

Ω

|u|p(x)
p(x)

−
∫

Ω

F (x, u)−
∫

∂Ω

G(x, u)dσ

where F (x, t) =
∫ t

0
f(x, s)ds and G(x, t) =

∫ t

0
g(x, s)ds. Under the appropriate

regularity and growth conditions on the functions p(x), f(x, t) and g(x, t) we prove

that a local minimizer of J in C1 topology is also a local minimizer in W 1,p(x)

topology.

In the sixth chapter we study the existence and multiplicity results for the following

nonlinear Neumann boundary value problem involving the p(x)−Laplacian.

−∆p(x)u+ |u|p(x)−2u = f(x, u), u > 0 in Ω, |∇u|p(x)−2 ∂u
∂ν

= λuq(x) on ∂Ω,

where Ω ⊂ IRN , N ≥ 2 is a smooth bounded domain and ν is the outward unit

normal to ∂Ω. Under appropriate growth conditions on f(x, u), p(x) and q(x) we

show that there exists Λ ∈ (0,∞) such that the above equation admits two solutions

for λ ∈ (0,Λ), one solution for λ = Λ and no solution for λ > Λ.
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