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Abstract

In this thesis, we study the existence, non-existence and multiplicity of positive so-
lutions of elliptic equations with discontinuous nonlinearities and elliptic equations
with variable exponents in smooth bounded domains.

In the first chapter we give the brief survey and preliminary results used in subse-
quent chapters.

In the second chapter we prove the existence of the multiple positive solutions of the
following elliptic problem with the discontinuous nonlinearity and singular potential

on a smooth bounded domain ) C R2.

—Au :)\(%—l—uqx{uga}), u>0in Q, u=0 on 09,

where 0 < ¢ < 1,0 < a < 4, B € [0, 2) such that §+ﬁ < land m(z,t) € C*(QxR)
having superlinear growth at infinity. The function xy<,y is defined as xg<q =1
for t < a and xp<qy = 0 for t > a.

In the third chapter we study the singular elliptic problem with the discontinuous

nonlinearity on a smooth bounded domain Q C R2.

—Au = AMXueayu® +h(w)e”), u>0 in Q u=0 on 09,

A%



vi ABSTRACT

where a, A > 0,0 < § < 3 and h(u) is a smooth nonlinearity that is a “perturbation”
of ¥’ as u — oo.

In the fourth chapter we extend the results of the previous chapter to problems in
higher dimensions. For Q C RY(N > 3), a smooth bounded domain, we discuss the
existence of multiple positive solutions of the following elliptic problem with singular

and discontinuous nonlinearity:

—Au :)\<u2*_1+X{u<a}),u>0 in Q, u=0 on 01,

ud

where 0 < § < 3 and 2* :=2N/(N — 2).
In the fifth chapter we study the W'P®) versus C! local minimizers of functionals

related to p(x)-Laplacian. For a smooth bounded domain in RY, we consider the

functional J : W@ (Q) — IR defined as

[ [ e

where F'(z,t) fo x,8)ds and G(z,t) fo x,8)ds. Under the appropriate

regularity and growth conditions on the functions p(x), f(x,t) and g(x,t) we prove
that a local minimizer of J in C' topology is also a local minimizer in W@
topology.

In the sixth chapter we study the existence and multiplicity results for the following

nonlinear Neumann boundary value problem involving the p(x)—Laplacian.
—Apyu+ [ufP P = f(z,u), u>0 inQ, \Vu|p(x)_2% = ™ on 00,

where Q ¢ RY, N > 2 is a smooth bounded domain and v is the outward unit
normal to J€2. Under appropriate growth conditions on f(z,u),p(z) and g(x) we
show that there exists A € (0, 00) such that the above equation admits two solutions

for A € (0, A), one solution for A = A and no solution for A > A.



Contents

Certificate i
Acknowledgements iii
Abstract \%
List of Symbols xi
1 Introduction 1
1.1 Elliptic equations with discontinuous nonlinearities . . . . . . . . .. 1

1.2 Critical exponent problem in RN, N >3 . ... ... .. ... ... . 6
1.3 Critical exponent problem in R® . . . . . .. ... ... ... ..... 8
1.4 Elliptic equations with variable exponents . . . . . . .. .. ... .. 10
1.5 Motivation and Introduction to Thesis . . . . . ... . ... ... .. 14
1.5.1 Problems with Regular Discontinuous Nonlinearities . . . . . . 16

1.5.2  Problems with Singular and Discontinuous Nonlinearities . . . 18

1.5.3 WY@ versus C' local minimizers . . . . . . . . ... .. ... 20

1.5.4  Global multiplicity results for problems with p(x)-Laplacian . 21

vil



viii CONTENTS

2 Regular problems with critical exponential and discontinuous non-

linearities in bounded domains 23
2.1 Existence of solutions for Laplace equation . . . . . . ... ... ... 24
2.2 H}(Q) local minimizer of the functional . . . . . . . .. .. ... ... 31
2.3 A global multiplicity result for Laplace equation in R? . . . . . . . .. 35
2.4 Existence of solution for N-Laplace equation . . . . . ... ... ... 45
2.5 Conclusion . . . . . ... 57

3 Singular problems with critical and discontinuous nonlinearities in

R? 59
3.1 The purely Singular Discontinuous Problem . . . . ... ... .. .. 64
3.2 Existence of first solution . . . . . . ... ... 0L 66
3.3 Existence of second solution . . . . . ... ... .. L. 76
3.4 Conclusion . . . . . ... 91

4 Singular problems with critical and discontinuous nonlinearities in

RN, N >3 93
4.1 Existence of a solution . . . . . ... ... Lo 95
4.2  Existence of second solution . . . . . .. ... 101
4.3 Conclusion . . . . . . ... 110

5 W@ versus C' local minimizers of functionals related to p(z)-

Laplacian 111
5.1 Uniform estimates . . . . . . .. .. ... L 113
5.2 On W'P®) Jocal minimizers . . . . .. .. .. ... ... ... ... . 121
5.3 Conclusion . . . . . ... 125

6 Global multiplicity results for p(z)- Laplacian equation with non-
linear Neumann boundary condition 127

6.1 Existence of a solution . . . . . . . . ... 130



CONTENTS ix
6.2 L>*(Q) and CYA(Q) estimates . . . . ... ... 135
6.3  Ob Local minimizer . . . . . . . . . . .o 140
6.4 Existence of second solution . . . . . . . . .. ... ... 142
6.5 Conclusion . . . . . . . . 145

Bibliography 147

Resume 155



	sweta-thesis(09maz8183).pdf



