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Abstract

For g, a prime power, F, denotes the field of order g. Then, the group FX := F, \ {0} of units
of I, is cyclic and any generator of this group is referred to as a primitive element of the field.
In fact, F, has exactly ¢(q — 1) primitive clements, ¢ being Euler’s totient function. Let 7 be a
divisor of (¢ — 1). An r-primitive element in IFy is an element of F) of order (¢ — 1)/r. Evidently,
il v is a primitive element, then for every divisor 7 of (¢ — 1), @ is an r-primitive clement so that
primitive elements are 1-primitive elements. An element o belonging to the degree n extension
Fyn over Fy is referred to as normal over F, il B, = {a,a?,..., aqn_l} spans Fgn as an Fg-
vector space. It is necessary and sufficient for a € Fyn to be normal over F, that the polynomials
Jolr) = az™ '+ 9™ 2 4. oz + o and 2 — 1 are relatively prime over Fyn. Using
this equivalence, the notion of k-normal elements was introduced by Huczynska et. al. in 2003;
an element a € Fyn is k-normal over Fy if the ged of the polynomials g, (x) and 2™ — 1 in Fyn[2]
has degree k. Equivalently, an element « beloning to Fyn is k-normal over F, if and only if the
span of {a, a9, ..., a7 "} over Fy is (n — k)-dimensional. Observe that O-normal elements are
normal elements. In the recent time, quite a few people worked on elements that are k-normal
or r-primitive or both. It is worth mentioning that, primitive elements have wide applications in
coding theory and cryptography. If r is small, an r-primitive element may be used as a replacement
of a primitive element in many applications. If for a rational function f(x), both @ and f(«a) are
primitive elements in F,, the pair («, f(«)), is referred to as a primitive pair; in the past, people

studied the existence of such pairs.

In this thesis, we deal with the question of the existence of primitive pair; in fact, we improve
the known bounds for even or odd rational functions for ¢ = 3 (mod 4). Further, for ri, 7o > 0
both dividing (¢™ — 1), k1, k2 > 0 such that there are polynomials dividing (™ — 1) with degrees
ki and ko, a,b € F, with a # 0, we study for a rational function f(z) € Fypn(x) the existence

of an element in Fyn which is both kj-normal and 71-primitive with its norm equal to a and its
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trace equal to b such that its image under f is both ky-normal and ro-primitive in Fyn. We obtain
an implicit condition on ¢ and n for the existence of such a pair. We discuss a few numerical
examples. Moreover, if we impose an additional condition on ki, ks, namely, n > 2(k; + k) + 5,
then for every n such that 2™ — 1 has divisors of degree &y and ko and for all but finitely many
prime powers ¢ such that 71,75 | ¢" — 1, there exists a € Fyn with the desired property. Also,
in this thesis, we deal with the existence of r-primitive elements in arithmetic progression by
using a new formulation of the characteristic function for r-primitive elements belonging to F,. In
fact, we find a condition on ¢ for the existence of @ € F for a given n > 2 and 8 € F such
that each of a,a + 8,0 +28,...,a + (n —1)8 € Fy is r-primitive in F. Furthermore, as a

consequence, the number of arithmetic progressions in F, consisting of r-primitive elements of

q—1

- )™. Besides, using a traditional method, we improved the

. . q
length n, is asymptotic to ng(

existence criterion for such arithmetic progressions in F, when ¢ = 3 (mod 4) .



1SIRY

Tep 3T HTd q & iy, F, 30 ATBR b & I <2ATAT 81 9 F, b TOM &b A=1d Fy := F, \ {0}
ThIT g BIdT 2| SH HHE BT 511 (generator) §7 & PI Teb {UTAICT FeHT FHeeTar &1 I H,
F, % ¢(q — 1) fiffiféa gezr g € e ¢ 3ifser &7 A9ie ( Euler’s totient ) Weld €1 A of
(q — 1) P TP ISP r 2l F, # T r- fUfifea e a8 9exg gt & o 3it& (¢ — 1)/r
BT 8| W, M o T WA He g, dl (¢ — 1) FRHISH r & faig, o T r- TfAfca e
BT e | SHifeiy fofafea e 1- WfAfia 4ewa gId 8137R F, R Fyn T n fSUl UM €, 9
a € Fgn @Y F, RAHA GG FESAT8 AR B, = (@, a9,...,a?" } TG T F,n B & F,
R fIRARARATRI F, R a € Fyn ATHA 811 &b o1l I8 311093 3R vafed & fh ague g, (x) =
ax™?! +ax™! 4 a9%" 2 4@l x4 a9 AR - 1, Fyn TR 3199 4 30T 811 §9
HHBEIAT BT 3UANT A U, Bl (Huczynska) 3R 334 2003 H k-ATHe HHIT T YRUT Pl
TRGATRAT | Fy, W, TBHTH a € Fyn , k-ATHABIATR AN Fyn[x] H g, (x) 3R x™ - 1 T 3eaaH
AT TSt k TSt 1 811 31efd, U He® a € Fyn, F, W k-AT4cT 81T & A 3R Pael IS
{@,af,...,a?"} & fIAR B g€ ITR WA BT F,-3TAHM (n — k) &1 W< b 0T wewg
ATHA TSI 810 81 BT &1 H, B @Ml A 37 Jel R B a1 8 SN k-ATHe a1 r-Hifafea ar 41
B0 1 I8 Ieeiea & 3 fofffea vl a1 ifS 22t 31k freembt # eamdes srguan 81 afd r
BICT 8, A s A | Teb r-{Oifafea Terg &1 39T b fHftfea T & T W fasgr ST ebdr
21 AR VB RAABRMA £ (x) € F,(x) FTATY, a 3R f(a) A& F, A OfHfcavey g aAaret
(a, f (@) B AT SISt FeT STTaT 81 37d1d H, B8 @ 3 VAt SAfSal & 1% ol 3rea fasan
o

5 NfTw #, g fufafea St & 31fde & 9ed &l AT BT YT B 8| Iidd H, g q =
3 (mod 4) % QT T 7 fawH M Bae[ P e Q STd JHI3M B T8k HId 8 | b 3TaTdT, afe
r, 1 > 0, AHI (" — 1) B TS a A &l ky, k, = 0 VA& b x™ - 16 JorEsl & feifl &,y
3R k, B3R ab €F,SE a # 08, 8H Vb A B[ f(x) € Fyn(x) P feiT T Hea
& KT BT 3T BRA B ST Fn | ey -ATHSA 3R 7y - OfART Y & S epT AT @ 31R%H b3
T f &b TEd @ I BT Fyn | ke,-ATHA 31K r,- TUAIT 41 €11 87 OF Siis & 31 & fdw ¢ 3ik
n W U AR (implicit) 2rd U BRA €1 H PO TBATHD 3ATER0N W HT Tl &ed 81 38 3TeTdT,
AR EH Iy, k, IR b faRerd o @I A &, 31afq, n > 2(k;, + ky) + 5, A UAb n & fafg 3R
AT I 3T =TT g b fofQ, aifBd U @A aTel @ € Fyn b 37 1 3eaA i 51 59 2
H, §H U T e e[ &1 3TANT b F, | 3Tfordig wifd o r-ursfufea ge=l &
3T BT 37e2 &R 81 aAa H, T fRU MU n > 23R B € Fy fiTeHa € F; b 3ikda®d




fiv ¢ W T o Urd & d1fd 9dd He: a, @ + f,a + 2,...,a + (n — 1) € F}, r-
fAfAfea 8 | S 37eTrar, IRy, F, | r- ffAfca Al & n oars arefl sietiordia sfd &
AT, o (asymptotically) (q_ql)n ) (q_l)ngl P 3TcTal, IRUR fafer o1 3TN & g,

T

B O fHTTOTcg Wit & 31 & 7 IT B SER B Sa g = 3 (mod 4)
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