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ABSTRACT

Van derWaals heterostructures attracted a huge interest towards the exploration
of various theoretical and experimental possibilities due to their promising tun-
able electronic properties. Notably, many strongly correlated phases ranging
from Mott insulator to high-𝐿𝑀 superconductivity have been observed in two-
dimensional graphene-basedmaterials such as twisted bilayer graphene (tBLG).
These correlation-drivenphases result due to the non-triviality of the band struc-
ture with a strong dependence on the moiré superlattice potential. This thesis
explores the complex realm ofmoiré patterns, a phenomenon resulting from the
alignment of two layers due to twist angles and lattice inconsistencies. Exposing
the tBLG to a sequence of commensurate external periodic potentials exhibits an
emergent fractality, and the self-similarity of the hierarchical structures of Bril-
louin zones leads to a nested subband configuration inside the bandwidth of the
original moiré bands, subsequently enabling a reliable low-energy band count.
Furthermore, in the case of multilayer supermoiré (SM) structures created by
the superposition of two or more moiré patterns from different interfaces, we
demonstrate that these structures exhibit emergent fractality under specific con-
ditions within a comprehensive low-energy framework. Mainly, through the
study of hexagonal trilayer and quadlayer SM and considering that the two
moiré from distinct interfaces are commensurate with each other, we derived a
dominant SM length scale that is determined by the twist angles and lattice mis-
matches between the layers. Furthermore, we show the single-particle electronic
properties along an infinitely countable set of points within a parameter space
ℝ2 formed by the twist-angles in two interfaces (!1, !2). To validate these the-
oretical predictions, we theoretically analyze modern spectroscopic techniques
such as nano angle-resolved photoemission spectroscopy (nano-ARPES) inten-
sity and the tunneling current in scanning tunneling microscopy to verify the
band count and emergent fractality by using the single-particle states of the ef-
fective Hamiltonian of SM structures to obtain the momentum-space distribu-
tion of APRES intensity and local density of states for tunnelling current.
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सार

वैन डेर वाल्स हेटेरोस्ट्रक्चसर् ने अपने आशाजनक टू्यनेबल इलेक्ट्रॉिनक गुणाें के कारण िविभन्न सैद्धांितक
और प्रयोगात्मक संभावनाआें के अन्वेषण की ओर भारी रुिच आकर्िष͆त की। िवशेष रूप से, ट्िवस्टेड
बाईलेयर ग्राफीन (टीबीएलजी) जैसी िद्व-आयामी ग्राफीन-आधािरत सामिग्रयाें में मोट इंसुलेटर से लेकर
उच्च-𝐿𝑀 सुपरकंडिक्टिवटी तक कई दृढ़ता से सहसंबद्ध चरणाें को देखा गया है। इन सहसंबंध-संचािलत
चरणाें का पिरणाम बैंड संरचना की गैर-तुच्छता के कारण होता है, िजसमें मोयर सुपरलैिटस क्षमता
पर मजबूत िनभर्रता होती है। यह थीिसस मोयर पैटनर् के जिटल के्षत्र की पड़ताल करता है, जो मोड़
कोणाें और जाली की िवसंगितयाें के कारण दो परताें के संरेखण के पिरणामस्वरूप एक घटना है। टी.
बी. एल. जी. को अनुरूप बाहरी आविधक क्षमताआें के अनुक्रम में उजागर करना एक उभरती हुई
अिस्थभंगता को प्रदर्िश͆त करता है, और िब्रलौइन के्षत्राें की पदानुक्रिमत संरचनाआें की आत्म-समानता
मूल मोयर बैंड की बैंडिवड्थ के अंदर एक नेस्टेड सबबैंड कॉिन्फ़गरेशन की ओर ले जाती है, जो बाद में
एक िवश्वसनीय कम-ऊजार् बैंड िगनती को सक्षम करती है। इसके अलावा, िविभन्न इंटरफेस से दो या
दो से अिधक मोयर पैटनर् के सुपरपोिजशन द्वारा बनाई गई बहुस्तरीय सुपरमॉयर (एसएम) संरचनाआें
के मामले में , हम प्रदर्िश͆त करते हैं िक ये संरचनाएं एक व्यापक कम-ऊजार् ढांचे के भीतर िविशष्ट
पिरिस्थितयाें में उभरती फै्रक्टिलटी प्रदर्िश͆त करती हैं। मुख्य रूप से, षट्कोणीय ित्र-परत और चतुभुर्ज-
परत एसएम के अध्ययन के माध्यम से और यह देखते हुए िक अलग-अलग इंटरफेस से दो मोयर
एक-दूसरे के अनुरूप हैं , हमने एक प्रमुख एसएम लंबाई स्केल प्राप्त िकया जो परताें के बीच मोड़
कोण और जाली बेमेल द्वारा िनधार्िरत िकया जाता है। इसके अलावा, हम दो इंटरफेस (!1, !2) में
ट्िवस्ट-एंगल द्वारा बनाए गए पैरामीटर स्पेस ℝ2 के भीतर अनंत रूप से गणना योग्य िंब͆दुआें के सेट
के साथ एकल-कण इलेक्ट्रॉिनक गुणाें को िदखाते हैं। इन सैद्धांितक भिवष्यवािणयाें को मान्य करने के
िलए, हम सैद्धांितक रूप से आधुिनक स्पेक्ट्रोस्कोिपक तकनीक जैसे नैनो-एंगल-िरज़ॉल्व्ड फोटोिमशन
स्पेक्ट्रोस्कोपी (एआरपीईएस) की तीव्रता और स्कैिंन͆ग टनिंल͆ग माइक्रोस्कोपी में टनिंल͆ग करंट का
िवशे्लषण करते हैं तािक बैंड की िगनती और एसएम संरचनाआें के प्रभावी हैिमल्टिनयन की एकल-कण
अवस्थाआें का उपयोग करके उभरते फै्रक्टिलटी को सत्यािपत िकया जा सके।
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The two small hexagons on the right identify the moiré Brillouin zone
corresponding to two moiré interfaces between layer-1/2 and layer-3/2,
which are also misoriented w.r.t. each other. (b) and (c) display the
moiré fractal for (𝑇 , 𝑃) = (3, 1) and (𝑇 , 𝑃) = (2, 1), respectively. The quan-
tity fractal dimension (𝑁𝑂 ) is the fractal or Hausdorff dimension. The
geometries which are shown below the 𝑁𝑂 are the fractal generators cor-
responding to the (𝑇 , 𝑃) value. 7

2.1 (a) The honeycomb lattice of graphene. The two sublattices are denoted
by A (black-points) and B (Gray-points). The two real-space primitive
vectors a1 and a2 are making a unit cell (green rhombus) that contains
two atoms of either typeAandB. It also shows the three nearest-neighbours
vectors δ1, δ2 and δ3 connecting each nearest B-type atom from a given
A-type atom. (b) The full dispersion of the pristine single layer graphene
(SLG) using the Hamiltonian (2.19). There are six points (the corners of
the first Brillouin zone (FBZ)) where the conduction and valence bands
make contact and form a hexagon. In the vicinity of these points, the
bands disperse conically, forming the Dirac cones (condensed matter
version of light-cone). (c) The energy contour plot of the conduction
band. The redhexagonmarks the FBZand also labels the high-symmetry
points, Γ: centre of the BZ, 𝑅: DP with 𝜒 = 1, 𝑈: Midpoint of the line-
joining the two adjacent corners, 𝑅′: DP with 𝜒 = →1. In the close vicin-
ity of DPs (𝑅 or 𝑅′), the shape of the contours are circular and become
triangular in shape as one goes away from the DPs (the trigonal warping). 19

2.2 (a) Illustrating the M-points in the SLG band structure where the sad-
dle points occur [148]. (b) The density of states for SLG with overlap
parameter 𝑉 = 0 (Gray line) and 𝑉 = 0.07 eV (dash-dotted) black line. 23
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2.3 One-dimensional graphene superlattice (SL) formed by a cosine poten-
tial periodic along the x-direction with periodicity 𝑊 = 50𝑋. (a) It shows
the full three-dimensional dispersion of the first two conduction bands
and valence bands with the new set of DPs at the potential strength
𝑌0 = 0.4 eV. (b) It shows the contour plot corresponding to the first
conduction band. The Fermi velocity gets renormalized along the y-
direction as the potential is applied along the x-axis. (c) It shows the
density of states (DOS) plot at three different potentials 0 eV, 0.12 eV and
0.2 eV. 29

2.4 (a)One-dimensional graphene SL formedby a symmetricKrönig-Penney-
like rectangular-barrier potential periodic along the x-direction with pe-
riodicity 𝑊 = 50𝑋. The height of the potential is 𝑍0, and 𝑎 is the width
of the potential well. (c) It shows the full three-dimensional dispersion
of the first two conduction bands and valence bands with the new set
of DPs at the potential strength 𝑌0 = 0.4 eV. (d) It shows the contour
plot corresponding to the first conduction band. The Fermi velocity gets
renormalized along the y-direction as the potential is applied along the
x-axis. 30

2.5 (a) The equi-energy contours plotted using (2.51) for different values of
𝑏 = 0, 1, 2 of the newly generated massless Dirac fermions for cosine
potential. For 𝑏 = 0, the blue circle denotes the isotropic Dirac cone.
However, as the 𝑏 increases, the Dirac cones become anisotropic along
the y-axis. (b) Same for the Krönig-Penney-like potential. 31

2.6 (a) Two-dimensional graphene SL formedby amuffin-tin squarepotential
periodic along the x- and y-direction with translation vector T (𝑐1, 𝑐2) =
𝑐1 𝑊 x̂+𝑐2 𝑊 ŷ. The height of the potential barrier is𝑍0 inside the circular
regions of radius𝑎 and zero outside. The adjacent right figure shows the
corresponding reciprocal space where the blue square indicates the SL
Brillouin zone (SBZ). (b) The difference of the energy (Δ𝑑) between the
first two conduction bands above the Fermi level is plotted against the
path𝑈′𝑒𝑓6 ,7𝑒𝑓6 ,𝑈𝑒𝑓6. (c) It shows the three-dimensional (3D) view of
the first two conduction bands with the new set of eight DPs occurring
atG = ±G1/2,G = ±G2/2 and at the corners of the SBZ. (d) It shows the
contour plots corresponding to the first conduction band with elliptical
contours indicating themodified Fermi velocity of newDPs. (e) It shows
the density of states with two symmetrically placed dips. 32
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2.7 (a) two-dimensional (2D) graphene SL formed by a muffin-tin hexagonal
potential periodic along the x- and y-direction with translation vector
T (𝑐1, 𝑐2) = (𝑐1 + 𝑐2/2) 𝑊 x̂ +

(√
3𝑐2/2

)
𝑊 ŷ. The height of the potential

barrier is𝑍0 inside the circular regions of radius𝑎 and zero outside. The
adjacent right figure shows the corresponding reciprocal space where
the blue hexagon marks the SBZ. (b) The difference of the energy (Δ𝑑)
between the first two conduction bands above the Fermi level is plotted
against the path 𝑅𝑒𝑓6 ,𝑈𝑒𝑓6 , 𝑅′𝑒𝑓6. (c) It shows the 3D view of the first
two conduction bands with the new set of six DPs occurring at G =
±G1/2, G = ±G2/2 and G = ± (G1 +G2) /2. (d) It shows the contour
plots corresponding to the first conduction band with elliptical contours
indicating the modified Fermi velocity of newDPs. (e) It shows the DOS
with two symmetrically placed dips. 33

2.8 (a) The schematic of the moiré pattern in Graphene/hexagonal Boron
Nitride (G-hBN) at the rotation angle of 8◦. (b) The left y-axis shows the
variation of moiré wavelength with the relative rotation angle !, and
the right y-axis shows the relative misorientation of moiré pattern with
the graphene layer. (c) It shows the reciprocal space BZ of SLG (Dark
green), hexagonal BoronNitride (hBN) (Gray) and the BZ corresponding
to moiré primitive vectors. (d) The 3D band structure of G-hBN clearly
shows the SL DPs in addition to the DP at zero energy. (e) A contour
plot where the elliptical-shaped yellow contours clearly indicate the SL
DPs with modified Fermi velocity perpendicular to the reciprocal lattice
vectors b𝑈1 ,b𝑈1 and b𝑈1 + b𝑈2 . (f) It shows the DOS plot for two different
strengths of potentials 𝑌0 = 0.25 eV and 𝑌0 = 0.4 eV at the angle ! =
4◦. The two symmetrically placed dips on either side of the Fermi level
indicate the occurrence of SL DPs. 37

2.9 A real space moiré-pattern in twisted bilayer graphene (tBLG) at (a) ! =
5◦ and (b) ! = 5.086◦. Themoiré primitive vectors a𝑈1 and a𝑈2 are shown
by black arrows. The black hexagon is formed by connecting AA-rich
regions and forms the moiré unit cell, and 𝑊𝑈 =

##a𝑈1 ## =
##a𝑈2 ## is the

corresponding side length of the hexagon referred to as the moiré period
ormoiré wavelength. The two vectors r𝑖 and r𝑓 are connecting the centre
of the moiré cell to the local AB and BA-stacking regions, respectively.
(c) The variation of moiré period 𝑊𝑈 with the twist angle !. Ideally,
𝑊𝑈 → ∞ for ! → 0 in tBLG, but here the finite period close to ! = 0 is
due to the chosen points on the !-axis. 39
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2.10 (a)AA-stacked bilayer graphene. (b)AB- or Bernal-stacked bilayer graphene
(BLG). (c) The band structure is plotted along the x-axis and passes
through both the valleys K′ (left grey dashed line parallel to the y-axis)
and K (right Gray dashed line). The inset shows the zoom-in of the
bands near the K-valley. 41

2.11 The ellipse generated by the equation 3𝑗2+ 𝑘2 = 1. Only those points for
which 𝑗 , 𝑘 ∈ ℚ+ are allowed solutions. 42

2.12 (a) Commensurate tBLG at ! = 13.1736𝑙 . The two black arrowsmark the
primitive lattice vectorsa𝑀1 anda𝑀2 of the commensurate structure and the
corresponding unit cell is shown by the rhombus. This commensurate
structure is SE-even. (b) The commensuration pair at twist angle ! =
46.8264𝑙 . The primitive lattice vectors area𝑀1 anda𝑀2. This commensurate
structure is SE-odd. 45

2.13 The red and blue hexagons show the BZ of two rotated SLG at →!
2 and

!
2 , respectively. The two vectors K !

2 and K→
!
2 points the corresponding

DPs at the right valley 𝜒 = 1 and the vector ΔK = K
!
2 →K→ !

2 points the
shift between them. The two primitive reciprocal space lattice vectors
corresponding to the real-space commensurate tBLG are b𝑀1 and b𝑀2 such
that a𝑀𝑚 · b𝑀𝑛 = 2𝜓𝜔𝑚 𝑛 for 𝑚 , 𝑛 = 1, 2 and the black hexagon centred at the
middle point of ΔK shows the BZ of the real space commensurate tBLG. 47

2.14 (a) The band structure along the y-axis passing through both the DPs
at ±ΔK/2 at twist angles 3.89◦ and 1.79◦. (b) The band structure along
the x-axis passes through through the DP at ΔK/2 at twist angles 3.89◦

and 1.79◦. (c)-(d) The 3D band structures showing the first valence and
conduction bands at ! = 1.79◦ and ! = 3.89◦,respectively. (e) The DOS
for two angles at ! = 3.89◦ and ! = 1.79◦. The red dashed lines par-
allel to the y-axis mark the Van Hove singularity (VHS) for twist angle
1.79◦ and the dashed red lines in the inset mark the maximum of the
conduction band (saddle point) and minimum of the valence band (sad-
dle point) where the VHSs occur. (f) The figure shows the renormalized
Fermi velocity for the commensurate tBLG at different commensurate
angles. For very small angles, the quantity 𝑜⊥

𝑝𝑞 Δ𝑅 is no longer small and
the perturbation theory breaks down. 49

2.15 (a) The figure shows layer 1 (red) and layer 2 (blue) with different prim-
itive lattice vectors stacked over one another. (b) The figure shows the
projection of the atom 7̄ (blue) of an arbitrarily chosen cell of layer 2 on
layer 1. Also, the in-plane distance r = R7̄ →R7 → 𝑟ẑ (green) between
the atom 7 (red) of a cell of layer 1 and atom 7̄. 52
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2.16 It shows the rapid decay of the Fourier amplitude 𝑜q of the interlayer
coupling. The black solid line is plotted for the functional form of 𝑌pp𝜓

and𝑌pp𝜕 given in [253], while the black (dashed-dot) line shows the plot
for ansatz in (2.121). The vertical dashed grey line parallel to the y-axis
crosses the x-axis at 𝑅𝑁𝑋0 = 4𝜓/3

√
3. 58

2.17 (a) It shows the BZ of individual layers (red and blue) and the recipro-
cal lattice vectors for both layers. The vectors b𝑈1 = b→!/2

1 → b!/2
1 and

b𝑈2 = b→!/2
2 → b!/2

2 are the moiré reciprocal lattice vectors. q1, q2 and
q3 connects the DPs of one layer to another. (b) The moiré Brillouin
zone (mBZ) created for the momenta states such that their magnitude
is less than 2b𝑈1 . (c) The mBZ for the momenta states with magnitude is
less than 4b𝑈1 . 59

2.18 (Top) The Band structure of tBLG is plotted against the high-symmetry
path K̃′ → K̃ → Γ̃ → Γ̃ → K̃′ at twist angles ! = 5◦, ! = 1.05◦ and
! = 0.5◦. The interlayer hopping amplitude 𝑎𝑖𝑖 = 𝑜(q)/Ω in AA-rich
region and 𝑎𝑖𝑓 = 𝑜(q)/Ω in AB-rich region are considered identical and
is equal to 110 meV [11]. The Gray dashed line at 𝑑 = 0 is the Fermi
level, and the two bands nearest to the Fermi level are shown in solid
black lines. (Bottom) The Band structure of tBLG is plotted against the
same high-symmetry path as in the top figure at twist angles ! = 5◦,
! = 1.05◦ and ! = 0.5◦. The interlayer hopping amplitude𝑎𝑖𝑖 = 𝑜(q)/Ω
in AA-rich region and 𝑎𝑖𝑓 = 𝑜(q)/Ω in AB-rich region are considered to
be different and are equal to 𝑎𝑖𝑖 = 79.7 meV and 𝑎𝑖𝑓 = 97.5 meV. [254] 61

2.19 (a) It shows the DOS plot for tBLG at twist angle ! = 5◦. The locations
of the VHS are marked using red dashed lines parallel to the y-axis. (a)
The DOS plot at the first magic angle ! = 1.05◦. The locations of VHS
are marked using red dashed lines parallel to the y-axis. 62

2.20 (a) Band structure of tBLG without the interlayer coupling in AA-rich
regions at twist angle ! = 5◦. The dashed grey line marks the Fermi
level, and the two solid black lines show the two lowest bands, which
are isolated from the higher bands. (b) The band structure at the first
largest magic angle of approximately ! = 1.086◦. The two lowest bands
form the perfectly flat bands. (c) The band structure at the secondmagic
angle of approximately ! = 0.29◦. 67
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3.1 (a) 𝑊𝑠 , 𝜖 and 𝑗 over triangular coordinates (the axes are 60◦ with respect
to each other). The intersection of 𝜖 (magenta)- and 𝑗 (green)-lines iden-
tify the intersection points (𝑗 , 𝑘 = 𝑗 + 𝜖) at which 𝑊𝑠 exists. (b) The real-
space creation of each iteration: tBLG is created by stacking graphene
layers, with the top layer being the zeroth iteration 𝑛 = 0 and the bot-
tom layer being the next 𝑛 = 1. The iterations 𝑛 = 2, 3, . . . are created by
applying the 𝑡-independent external periodic potentials identically to
both the graphene layers. (c) The 𝑅 = 3 CPT hierarchy (since a hexagon
of each layer encloses three hexagons of an adjacent layer), where each
layer corresponds to a particular order of settlement [284]. 𝑊𝑠 is analo-
gous to 𝑅. 77

3.2 (a1), (b1) The BZ for 𝑛 = 1 (black), 2 (magenta) 3 (green), where
{
b(1)1 , b(1)2

}
are the reciprocal lattice primitive vectors for 𝑛 = 1. (a2), (b2) The frac-
tal structures at the BZ edges. The dashed red hexagon represents the
initiator, i.e., the BZ of SLG rotated by !/2. The solid blue lines outline
the fractal structures’ outer boundary. The generators (inside) attach al-
ternately to the initiator, forming the fractal structure. The copies of the
BZ at each iteration are added such that they overlap with the BZ of SLG
(red solid line in (a1, b1)), and these overlaps lead to IFs. The insets be-
tween (a1), (a2) and (b1), (b2) display reciprocal and real-space lattice
vectors for 𝑇 = 3, 𝑃 = 1 and 𝑇 = 2, 𝑃 = 1, respectively. The shift between
the Dirac points is equal to the hexagon’s side length for 𝑇 = 3, 𝑃 = 1,
and twice its side for 𝑇 = 2, 𝑃 = 1. (a3) and (b3) The band structures
for𝑌0 = 1.2 meV and the DOS (with a Gaussian smearing of 0.002 meV).
(a4) and (b4) show 𝜗𝑐k(r) of the lowest conduction band (dashed-dotted
line) at the Dirac point (see text, Appendix-B.8). 78

3.3 Δ𝑖/𝑖(𝑛→1)
FBZ vs. !: the blue rectangles represent commensurate/closest

angles for odd 𝑇 and 𝑃 = 1. The first BZ area for incommensurate angles
is determined using moiré vectors[254]. The inset confirms the absence
of the apparent multivaluedness in the lowest values of the V-regions
between the dashed lines, with a separation of ⇒ 0.002◦. 81
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3.4 The band structures at !𝑢 ⇒ 21.79◦ in (a) and !𝑢 ⇒ 13.17◦ in (b) along
𝑅′ →𝑈 → Γ→ 𝑅. The twist between the layers is the first magic angle ! ⇒
1.05◦. The interlayer hopping parameters: 𝑜AA/BB = 𝑜𝑖𝑓/𝑓𝑖 = 110 meV
(Appendix-B.6) and 𝑌0 = 1.2 meV. (left to right) The emergent fractal
structure in reciprocal space, 2D-band structure: orange (blue) bands
without (with) moiré external potential (mEP), the DOS, and the spatial
profiles of 𝜗𝑅(r) of the lowest conduction band with 𝑛 = 2, where the
solid black line shows the Wigner-Seitz (WS) cell. Changing !𝑢 from (b)
to (a) modifies 𝑁𝑂 , shifting more bands towards 𝑑𝑞. 83

4.1 (a) The BZ of the three individual layers superposed over one another,
followed by their respective rotations with respect to the middle layer.
𝑅(𝑆 )
→ marks the left valley at the BZ corners of layer-𝑆 and 𝑅(𝑆 )

+ marks the
right valley of layer-𝑆 . The same flavour valleys are connected through
the reciprocal lattice vectors such that the two vectors b(1)1 → b(1)2 and
b(3)1 → b(3)2 connect the right valley of layer-1 and layer-3. The black star
at the centre marks the high-symmetry Γ-point, while 𝑣 marks a generic
point in the RS that can be reached from the Γ-point via the three near-
est lying 𝑅-valleys plus the three vectors k1, k2 and k3 of each layer.
The two small hexagons on the right identify the moiré BZ correspond-
ing to two moiré interfaces between layer-1/2 and layer-3/2, which are
also misoriented with respect to each other. (b1) The variation of the
second-order moiré length is plotted against !12 ∈ [1◦, 5◦] for a fixed an-
gle !32 = 2.8◦ and the blue stars mark the various possible commensu-
rations of around 2.8◦ (see text). (b2) The maximum second-order moiré
length scale of two moiré interfaces is plotted by considering the range
of angles !12 = →!32 ∈

[
→ 5◦, 5◦

]
. This pattern is diagonally-symmetric

about the diagonal !23 = →!12. (c1), (c2) The same geometrical analysis
is performed with a non-vanishing lattice mismatch 𝜔 = 0.018, partic-
ularly depicting the hBN-encapsulated single-layer and bilayer configu-
rations. (d) In this work, we are interested in the part of the parameter
space where the moiré-patterns in two-layer interfaces make a commen-
surate angle with each other. Therefore, this geometry shows two moiré
BZ (maroon and dark blue) of equal side length and the commensurate
mini BZ (black) at (𝑇 , 𝑃) = (3, 1). The outer boundary of the mini BZ
overlapping either of the mBZ provides a shape that can be generated
using a generator [82, 281, 328]. 88
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4.2 (a) Structures leading to the effective Hamiltonian of an AAA-stacked
hBN-encapsulated single-layer graphene and anAAA-stackedhBN-encapsulated
Bernal-stacked bilayer graphene. The layers are indexed in both config-
urations using 𝑆 = 1, 2, 3 from the top to bottom. The potentials 𝑍 (21),
𝑍 (23), and𝑍 (34) show a visual representation of the Eqs.B.21 and 4.5. The
moiré fractal corresponding to (𝑇 , 𝑃) = (3, 1) for both the cases 𝑝𝑚𝑡. hBN-
encapsulated SLG and hBN-encapsulated BLG is identical to Fig.4.1(d)
where the two solid lines in maroon and dark blue represent the BZ of
both the hBN layers and the black solid line represents the seven copies
of the BZ of the supermoiré configuration. (b) The pseudocolor spatial
distribution of the functions (1(r) and (2(r) in both the top and bottom
moiré interfaces. In the top row, the (1(r) and (2(r) of the top moiré
interface are rotated anticlockwise, while the (1(r) and (2(r) of the bot-
tom moiré interface are rotated clockwise. The PV in both the moiré
interfaces are shown by black arrows. (c1) and (c2) show the bandstruc-
tures and density of states that correspond to hBN-Graphene-hBN for
(𝑇 , 𝑃) = (3, 1) and hBN-BLG-hBN also for (𝑇 , 𝑃) = (3, 1), respectively. In
both cases, the number of bands within the gap of the lowest-four bands
(with valley degeneracy) remains identically 4

(
𝑤2 ln(𝑐𝑀)/𝑊𝑠 → 1

)
, where 𝑊𝑠

is a Löschian number [304, 328, 371]. 91
4.3 IsoenergyARPES contourmomentumdistributions for (a) relaxedmagic-

angle twisted bilayer graphene and (b) graphene-hBN interface with a
strained graphene layer closer to hBN at different photoelectron energy
with 𝑗- and 𝑘-polarized light states. The colour bar shows theARPES in-
tensity obtained with 𝑗- and 𝑘- polarization states of light in 𝑥(p, 𝑑)with
a Gaussian smearing factor 0.02. The top rows show the right-valley
bandstructure along the high-symmetry path, which is also indicated in
the BZ adjacent to the bandstructure plots. The dashed line below the 𝑑𝑂
in the valence band region marks the energy levels at which the ARPES
intensity calculation is performed. These lines are also indicative of the
ARPES contour features, e.g., the dashed lines in (a) crossing the bands
only near the Γ-point and therefore, the ARPES contribution comes from
the region around the Γ-point. Similarly, the ARPES contribution in the
case of G-hBN moiré interface at different levels of energy shift from the
𝑅′-point to the corners of the BZ. The colourmaps are drawn using a
power norm with exponent 1.1. 93
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4.4 Top panel: (a) and (b) show the isoenergetic ARPES contour momentum
distributions for hBN-encapsulated single-layer graphene for different
photoelectron energies with 𝑗- and 𝑘-polarized light states for (𝑇 , 𝑃) =
(3, 1). The white dashed lines show the BZs of the moiré-patterns in
two interfaces, and the solid white line shows the BZ of the resulting
commensurate supermoiré structure. The star at the centre represents
the high-symmetry Γ-point. The ARPES intensities are calculated us-
ing a Gaussian smearing factor of 0.005. (c),(d) show the tunneling cur-
rent (𝑥𝑜) in hBN-encapsulated SLG corresponding to two different super-
moiré commensurations (𝑇 , 𝑃) = (3, 1) and (𝑇 , 𝑃) = (5, 1) respectively.
The bias voltage in the current calculation is set to be 𝑌bias = →0.15 V.
The two vectors a(2)

1 ,a(2)
2 show the primitive lattice vectors in the su-

permoiré structures and the number of peaks that resonates with the
predicted precounted number of bands count is marked in black. Bot-
tom panel: A similar analysis is performed for the hBN encapsulated
bilayer graphene (hBN-BLG-hBN). The only difference is the bias volt-
age 𝑌bias = →0.1 V. 96

B.1 (a) The stepwise creation of the FG for 𝑊𝑠 = 7 with 𝑇 = 3 and 𝑃 = 1, and
(b) 𝑊𝑠 = 13 with 𝑇 = 2 and 𝑃 = 1. The red dashed line is the side u of 𝑖0

as defined in the Sec. B.1 151
B.2 (a) The fractal corresponding to one more entry in the Table-B.1 where

𝑇 = 11 and 𝑃 = 3 having 𝑊𝑠 = 31 with 𝜖 = 4 at an angle of !𝑢 = 17.89◦

for 𝑛 = 1, 2. (b) the fractal corresponding to the iteration 𝑛 = 3. 152
B.3 (a) The real-space structure of commensurate tBLG at ! ⇒ 21.79◦ and

two levels of periodic potentials for 𝑛 = 2, 3. The direct-lattice primitive
vectors are also shown for each level. (b) The corresponding moiré frac-
tal (MF) along the edges of the Wigner-Seitz unit-cell at 𝑛 = 3. (c) The
initiator, the arm of the hexagon corresponding to 𝑛 = 3, and the FG. 153

B.4 𝑃1 vs 𝑃2 for two maximum values of 𝑇. Evidently, the points arrange
themselves in hexagons, and each point is associated with a Löschian
number 𝑊𝑠 . 154

B.5 The inclusion of corrugation effects leads to different interlayer hopping
parameters, namely, 𝑜AA,BB = 79.7 meV and 𝑜AB,BA = 97.5 meV [254]. This
does not change the 2𝑤2 ln(𝑐𝑀)/𝑁𝑂 → 2 bands inserted within the band-gap
of the two lowest bands at the Γ-point (shown by the two arrows) in the
absence of mEP and hence the corrugated tBLG also does not affect the
emergence of fractality. 156
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B.6 (a) The renormalized Fermi velocity 𝑝∗𝑞/𝑝𝑞 as a function of 𝜙2 and hence
the twist angle !. (b) The Fermi energy (𝑑𝑞) as a function of 𝜙2. Similar
to the case of a pristine tBLG [11] or an unrotated mEP to tBLG [78], the
renormalized Fermi velocity in the presence of a rotated mEP remains
unaffected both in the absence and the presence of the corrugation effect. 156

B.7 A (a) trilayer-, (b) a four-layer-twisted graphene, and (c) a trilayer boron
nitride-Graphene-boron nitride system. In the above denote carbon,

boron and nitrogen atoms, respectively. The angle !𝑢 is one of the
commensurate angles and 𝑟0 ⇒ 0.335 nm is the interlayer separation in
tBLG. The number beside each layer represents the layer index used in
the text in appendix- B.8. 158

B.8 (a) The spatial variation of the inversion symmetry preservingpart𝑌eff(r),
where the color bar is in the units of 𝑜20/𝑌STM, and (b) the spatial variation
of themass-dependent term𝑈eff

11′(r) that breaks the inversion symmetry.
Here the color bar is in the units of

√
3𝑜20/𝑌STM. 159

B.9 The band structure corresponding to the trilayer graphene system with
increasing values of the interlayer bias voltage (a) 𝑌STM = 10 meV, and
(b) 𝑌STM = 40 meV. The solid orange lines show the band structure in
the absence of the potential while the blue lines represent the eigenval-
ues of &2(r) without the perturbation, while the cyan lines show the
band structure of &2(r) + &pert(r) calculated upto the first order in per-
turbation. The dotted cyan lines show 4𝑤2 ln(𝑐𝑀)/𝑁𝑂 → 2 bands within the
bandgap of the lowest two bands at the Γ-point. 161

B.10 The band structure of the tetralayer graphene systemas shown in Fig. B.7(b)
for 𝑌STM = 20 meV. The solid orange lines show the band structure in
the absence of the potential while the blue lines represent the eigenval-
ues of &2(r) without the perturbation, while the cyan lines show the
band structure of &2(r) +&pert(r) calculated up to the first order in per-
turbation. The dotted cyan lines show 4𝑤2 ln(𝑐𝑀)/𝑁𝑂 → 2 bands within the
bandgap of the lowest two bands at the Γ-point. 162
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B.11 (a) The two blue and dashed blue hexagons show the moiré BZ of the
top and bottom moiré interfaces for the trilayer hBN encapsulated sin-
gle layer graphene (hBN-G-hBN) shown in Fig. B.7(c). The inner red
hexagon is the supermoiré (SM) BZ. (b) The band structures for two
different values of 𝑇 , 𝑃 along the high-symmetry path 7-𝑦-𝑅-7 [87] as
shown in (b). The solid blue lines show the band structures of theG-hBN
systemwith𝑌2(r) = 0 while the solid red lines represent graphene sand-
wiched between two hBN layers as in Fig.B.7(c). The two dark grey ar-
rows show the bandgap between the two lowest bands at the 𝑦-point
where the 2𝑤2 ln(𝑐𝑀)/𝑁𝑂 → 1 bands are inserted. 164

B.12 The bandwidth of the conduction and valence band in the presence of
mEP for 𝑇 = 3, 𝑃 = 1 for (a) 𝑜𝑖𝑖,𝑓𝑓 = 𝑜𝑖𝑓,𝑓𝑖 = 110 meV [11], and (b)
𝑜𝑖𝑖,𝑓𝑓 = 79.7 meV and 𝑜𝑖𝑓,𝑓𝑖 = 97.5 meV [101, 254]. The bandwidth 𝑜𝑎
is in the unit of 𝑜𝑎0, which is the bandwidth of pristine tBLG at ! ⇒ 1.05◦. 165

C.1 The band structures for moiré fractals with the (a) 1st shell only, (b) 1st
and 2nd shell only and (c) up to 3rd shell for the magic-angle twisted
bilayer graphene (MATBLG) with ! = 1.05◦ and !𝑢(3, 1) = 21.79◦. The
solid lines represent the right valley 𝜒 = 1, and the dashed lines repre-
sent the left valley 𝜒 = →1. For all shells, the number of bands within the
gap of lowest-four bands (with valley degeneracy) remains identically
4
(
𝑤 ln(𝑐𝑀)/𝑊𝑠 → 1

)
. 176
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