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Abstract

Artificially induced spin-orbit coupling in ultracold atoms and the research avenue

of analog gravity are excellent illustrations of implementing Feynman’s envision of

quantum simulators. We investigate the impact of the synthetic gauge fields in a

Bose-Einstein condensate on realizing a quasi-two-dimensional sonic black hole.

The velocity field in such spin-orbit-coupled Bose-Einstein condensate (BEC)

breaks the irrotationality constraint, contrasting the usual superfluid BEC’s case,

and the system exhibits a non-zero value of angular momentum even without the

existence of externally applied rotation. We study the condensate dynamics in

a suitably generated laser-induced potential and investigate the effect of spin-

orbit coupling on various properties of the resulting sonic black hole (SBH). The

formation of a sonic black hole in an annular region, bounded by an inner and

outer event horizon and elliptical ergosurfaces, is demonstrated.

We report amplifying density modulations due to the formation of such sonic

horizons and illustrate how they alter the nature of analog Hawking radiation

emitted from the sonic black hole. For identifying the emitted analog Hawking

radiation, we compute the density-density correlation at different times using the

truncated Wigner approximation accounting for quantum fluctuations in the sim-

ulation. However, implementation of the approximation requires the knowledge

of the quasiparticle amplitudes in the trapped configuration, which we determine

using the Bogoliubov-de Gennes formalism. The thermal nature of the emitted

analog Hawking radiation is investigated using the computed correlation function.

We firstly discuss the nature of the emitted analog Hawking radiation by consider-

ing radial densities alone for various angular directions. But, in a two-dimensional

SBH, the pair of phonons can be spread over the whole quasi-two-dimensional

plane exhibiting angular and radial correlations between them. Therefore, we

examine the consequences of such correlations between the phonons spread over

the entire plane on the emitted analog Hawking radiation.

In a later chapter, we also touch upon the issue of the spin-orbit coupled BEC

experiencing counter-propagating laser beams with orthogonal polarization to
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understand the nature of the collective excitation spectrum in this configuration.
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शोध-सार 

 

 

अल्ट्र ाकोल्ड परमाणुओ ंमें कृत्रिम रूप से पे्रररत स्पिन-ऑत्रबिट युग्मन और एनालॉग गे्रत्रिटी के अनुसंधान 

एिेनू्य क्ांटम त्रसमुलेटर के फेनमैन  की कल्पना को लागू करने के उतृ्कष्ट उदाहरण हैं। हम अधि-त्रि-

आयामी सोत्रनक बै्लक होल को साकार करने पर बोस-आइंस्टीन कंडेनसेट में त्रसंथेत्रटक गेज फील्ड के 

प्रभाि की जांच करते हैं। इस तरह के स्पिन-ऑत्रबिट-युस्पग्मत बोस-आइंस्टीन कंडेनसेट (बीईसी) में िेग के्षि 

सामान्य सुपरफू्लड बीईसी के मामले के त्रिपरीत, इरोटेशनत्रलटी बाधा को तोड़ता है, और त्रसस्टम बाहरी 

रूप से लागू रोटेशन के अस्पित्व के त्रबना भी कोणीय गत्रत का गैर-शून्य मान प्रदत्रशित करता है। हम उत्रचत 

रूप से उत्पन्न लेजर-पे्रररत क्षमता में घनीभूत गत्रतकी का अध्ययन करते हैं और पररणामी सोत्रनक बै्लक 

होल (एसबीएच) के त्रित्रभन्न गुणो ंपर स्पिन-ऑत्रबिट युग्मन के प्रभाि की जांच करते हैं। एक आंतररक और 

बाहरी घटना त्रक्षत्रतज और अण्डाकार अगि सतह से त्रघरे एक कंुडलाकार के्षि में एक सोत्रनक बै्लक होल का 

त्रनमािण प्रदत्रशित त्रकया गया है। 

हम इस तरह के ध्वत्रन त्रक्षत्रतज के गठन के कारण प्रित्रधित घनत्व मॉडुलन की ररपोटि करते हैं और बताते हैं 

त्रक िे ध्वत्रन बै्लक होल से त्रनकलने िाले एनालॉग हॉत्रकंग त्रित्रकरण की प्रकृत्रत को कैसे बदलते हैं। उत्सत्रजित 

एनालॉग हॉत्रकंग त्रित्रकरण की पहचान करने के त्रलए, हम त्रसमुलेशन में क्ांटम उतार-चढाि के त्रलए अलग-

अलग समय पर घनत्व-घनत्व सहसंबंध की गणना करते हैं। हालााँत्रक, सत्रन्नकटन के कायािन्वयन के त्रलए 

फंसे हुए त्रिन्यास में क्ात्रसपात्रटिकल एम्पलीटू्यड के ज्ञान की आिश्यकता होती है, त्रजसे हम बोगोलीबॉि-

डी गेनेस औपचाररकता का उपयोग करके त्रनधािररत करते हैं। उत्सत्रजित एनालॉग हॉत्रकंग त्रित्रकरण की 

ऊष्मीय प्रकृत्रत की गणना गणना सहसंबंध समारोह का उपयोग करके की जाती है। हम पहले त्रित्रभन्न 

कोणीय त्रदशाओ ंके त्रलए रेत्रडयल घनत्व पर त्रिचार करके उत्सत्रजित एनालॉग हॉत्रकंग त्रित्रकरण की प्रकृत्रत 

पर चचाि करते हैं। लेत्रकन, एक त्रि-आयामी एसबीएच में फोनन की जोड़ी पूरे अधि-त्रि-आयामी त्रिमान में 

फैल सकती है जो उनके बीच कोणीय और रेत्रडयल सहसंबंध प्रदत्रशित करती है। इसत्रलए, हम उत्सत्रजित 

एनालॉग हॉत्रकंग त्रित्रकरण पर पूरे त्रिमान में फैले फोनन के बीच ऐसे सहसंबंधो ंके पररणामो ंकी जांच करते 

हैं। 

बाद के एक अध्याय में, हम इस कॉस्पफफगरेशन में सामूत्रहक उते्तजना िेक्ट्रम की प्रकृत्रत को समझने के 

त्रलए ऑथोगोनल धु्रिीकरण के साथ स्पिन-ऑत्रबिट युस्पग्मत बीईसी का अनुभि करने िाले काउंटर-

प्रॉपेगेत्रटंग लेजर बीम के मुदे्द पर भी िशि करते हैं। 
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function of time and, (d) shows the ratio of fluctuations in total

density to background total density as a function of time. (e,f)

shows the results corresponding to (c,d) respectively for the case

η′/η = 0.78. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.4 Evolution of the SBH: The figure shows the formation of a single

horizon (AEH) of the SBH at the initial time and, as time pro-

gresses IH also gets formed, which is followed by, the stratified

formation of “local” supersonic-subsonic layers in the annular re-

gion. The supersonic zones, where |vR| > cs√
(1+α)

, are illustrated

in black; and the subsonic zones with |vR| < cs√
(1+α)

are marked

white. After the entire appearance of the IH boundary, data be-

yond IH is not shown [in (b-d,g-h)]. The evolution is shown in

(a-d) for η′/η = 0.4 and in (e-h) for η′/η = 0.78, at various times:

0,30,70 and 80 ms respectively. . . . . . . . . . . . . . . . . . . . . 74

xv



List of Figures

4.5 (a-c) Comparison of flow in a 2D two-component BEC (without

spin-orbit coupling) to the SOC case for the same set-up consid-

ered in this chapter: (a) Normalised velocity (vx/|v|, vy/|v|) at 80
ms, in the supersonic region, for a two component BEC without

spin-orbit coupling. (b,c) To illustrate the azimuthal flow in a

SOC-BEC, we plot the normalised velocity for η′/η = 0.4, 0.78

respectively at 80 ms. Length of arrows represents the magnitude

of the velocity. The figures are superposed with the boundaries

of the event horizon(red) and ergorsurface(black) of the SBH. Er-

goregion, defined by gtt ≥ 0, corresponds to the region in the con-

densate where magnitude of velocity exceeds that of sound and,

is bounded by ergosurface. The conditions
√
vR2 + vϕ2 = cs√

(1+α)

and |vR| = cs√
(1+α)

are used to define the acoustic ergosurface and

event horizon respectively. Inset in (c), shows slight distinction

between the two. . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

4.6 Time evolution of total density for one of the realizations from the

ensemble using TWA, at various times for η′/η = (a) 0.4 and (b)

0.78. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.7 Density-density correlation, G(2)(r, r′; 0◦) obtained using TWA, for

η′/η = 0.4 and 0.78 is shown in (a-f) and (h-m) respectively at

various times mentioned on the top of each figure. (g) shows

the ensemble-averaged cross-sectional density, ⟨nd(r, 0
◦)⟩. Arrows

marked in (b,c; i), along the negative correlation band emanating

from the AEH, are indicative of the presence of spontaneous Hawk-

ing radiation emitted from AEH as discussed in the text. AEH and

IH, are marked for all the illustrative times. . . . . . . . . . . . . 82

4.8 (a-c; d-f) Density-density correlation for η′/η = 0.4, along ζ = 45◦

and 90◦ respectively, at various times mentioned on the top. (g-i)

G(2)(r, r′; 45◦) at these illustrative times for η′/η = 0.78. Arrows

marked in G(2) at the initial times in (a,d; g) are just symbolic of

the presence of spontaneous Hawking radiation emitted from the

horizon. AEH and IH are also marked. . . . . . . . . . . . . . . . 85

xvi



List of Figures

4.9 G(2)(r, r′; 0◦) for η′/η = 0.4 at various times, evaluated using con-

sideration of atom number fluctuations in the simulation. AEH

and IH are marked. . . . . . . . . . . . . . . . . . . . . . . . . . 86

4.10 (a-b) Correlation function (with re-scaled spatial coordinate) for

η′/η = 0.4 along ζ = 0◦ at 20 and 50 ms respectively. Here,

the red (thick) line corresponds to the correlation between the

distant points located on opposite sides of the horizon with equal

propagation times. The corresponding region consisting of these

points are also marked in the total density (blue and red) in (c-d),

respectively. (e-f) displays the profile of G(2) along the black line

in (a-b), respectively. (g-h) shows the spectrum of the radiation

corresponding to (a-b) at the respective times. . . . . . . . . . . . 88

4.11 (a-c) Correlation function (with re-scaled spatial coordinate) for

η′/η = 0.78 at various times mentioned and angle, ζ in each of the

figure. (d-f) shows the corresponding density of outside (red) and

inside (blue) regions of SBH, where the correlations are observed in

(a-c) respectively. (g-i) displays the profile of G(2) along the black

line in (a-c), respectively. (j-l) shows the spectrum of the radiation

emitted corresponding to (a-c) respectively at the mentioned times. 89

4.12 (a-b) Correlation function (with re-scaled spatial coordinate) for a

two-component BEC (without spin-orbit coupling), along ζ = 0◦,

at 20 and 50 ms respectively. The red (thick) line corresponds to

the correlation between the pair of distant points (r, r′) located

on the opposite sides of the horizon, with equal propagation times.

The corresponding region consisting of these points are also marked

in the total density (blue and red) in (c-d), respectively. (e-f)

displays the profile ofG(2) along the black line in (a-b), respectively.

(g-h) shows the spectrum of the radiation corresponding to (a-b)

at the respective times. Inset shows the agreement between the

spectrum evaluated using Eq.(4.21) (solid curve) with that of the

predicted spectrum (dashed curve). . . . . . . . . . . . . . . . . 92

xvii



List of Figures

4.13 Comparison of the predicted spectrum (using TWA simulation

with 100 realizations) at 20 ms is shown, for the case of two-

component BEC (without SOC) (solid curve blue) with two sets of

SOC-strengths: η′/η = 0.4 (dashed black) and 0.78 (dotted red).

The results along ζ = 0◦ are labelled, with a marker ‘o’ and, results

along ζ = 45◦ are without any marker. . . . . . . . . . . . . . . . 94

4.14 The analogue Hawking temperature, TH [using Eq. (C.28)] at the

acoustic event horizon is shown at 20 ms, for two sets of SOC-

strengths: η′/η = 0.4 (left) and 0.78 (right). . . . . . . . . . . . . 94

4.15 Correlation function (with re-scaled spatial coordinate) for η′/η =

0.4 along ζ = 0◦ at 20 ms, for Nr = 200-500 realizations is illus-

trated. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.16 (Left) The profile of G(2) along the black line r′′ is illustrated for

various number of ensembles, for η′/η = 0.4 along ζ = 0◦ at 20 ms.

(Right) shows the spectrum of the radiation for the same, with

respect to various number of chosen realizations. . . . . . . . . . . 96

5.1 (a,c) displays a schematic illustrating the emitted phonons from

the acoustic event horizon in (1+1)- and (2+1)-dimensional SBH.

(b) Correlation function taken from [21], displaying negative cor-

relation band between analog Hawking pairs. . . . . . . . . . . . . 101

5.2 Density-density correlation function G(2)(r, r′ = 0) at 10 ms, for

η′/η = (a) 0.4 and (b) 0.78. . . . . . . . . . . . . . . . . . . . . . 103

5.3 Density-density correlation functionG(2)(r, r′ = 0) at various times

in the simulation, for η′/η = 0.4. . . . . . . . . . . . . . . . . . . 104

5.4 Density-density correlation functionG(2)(r, r′ = 0) at various times

in the simulation, for η′/η = 0.78. . . . . . . . . . . . . . . . . . . 104

5.5 Spectrum S2
1(|kH |, |kP |), shown in pixels, at various times in the

simulation for η′/η = 0.78. . . . . . . . . . . . . . . . . . . . . . . 106

xviii



List of Figures

5.6 Top (Bottom) row displays spectrum S2
1 at 20 ms (60 ms) by

utilizing the data from the dashed line from Fig. 5.5 at the corre-

sponding times, for η′/η = 0.78 in (a,c), respectively. Inset in the

figures displays the previously computed spectrum from Fig. 4.11

(j,l) respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.7 Coefficient C using Eq.(5.10), for η′/η = 0.78, at various times

in the simulation, is illustrated. Please note that the first event

horizon of SBH (AEH) forms at 0 ms, as mentioned in the previous

chapter. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.1 Schematic model of the system of quasi-one-dimensional SOC-BEC

with orthogonally polarized laser beams impinging on the conden-
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