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心；Lquantity rneasurinいlic cl1：丁 isencss of｛工。｝. 
{ Ti<、7flOd1}is 
where <1N (X) 

1いor irrational c, thle sequerice 
as J)(x)=lit11S:1I)N→m NdN, is defined1 

ユーエfl! and! x，、 = {nc m1、od I } . r L'be sct 
derise in [O, 1] aud D(a 
=SU!）エ E 
	trnxi iくflくN 

Abstract 

In thle thesis, wc li ave ]ooked at problarns relaLe(i Lo) tule denseness of. differoni 
sc(lu<、IIccs . For any [)()SI Live integer N,th(, (Iispersion (1fV (X)of，、 SC(1UCflC(" of 
points {;r，、｝ in X is defined as dN(X)=sUpx。x rrlinl5IL<N d(x,21、） Since a S(、・ 
qiience｛工，:}is dense iii X if and only if Urn。一c dN(x)=o, tbc dispersion is scen 

of values taken by D(o is called the Dュsp ers io n 即cclru汀：in analogy to むhe well 
know n 八Iarko任 Spectrum. Niederreiter【Nie8i} sしudied the coric叩t extensively 
an1ti stated a few related problem:1s. 'Ilie problem:1 whether Iv.[(a）と Jlif（の 1：丁 iplies 
th、at D(c）と D(3) was siiowi' to be false by Droboし「 l)roSG] with the help of: 
Cd)l1 11 terexar丁1J)!C, wliicii in turnl inユplied thlat the gaps in the l\Iarkoff Spectrumll 
ilo ild)いieじ tきssarily carry over to Cdliュ ival（と ut gaps in the I)ispersion SpecLrum、 
I n t,u1is vorlら severi gaps i丁i tite 1)ispersio丁I Spcctrurri have been identified and 
als<i tule eight largest gaps in the spectrum above the srriallcst liinit point h1ave 
bcc:1 found. Iく（ipcLzky an:u1 Schnitzer[1くS9 1], bOsillOs finding th、e sm:1allest acc、ト 
noulatiol) potiit in the l)ispersiori Spectrum, exf)licltly obtained every element 
iii tliC spectrumn below this point anti so wc look for gaps only above this i)oirit. 
Asirrll)he proof of the inequality relating Markoll aiiil dispersion coulsし1しuts by 
l)robot [1)roSfi] is atSd) given1 in the thlesis. The third !)ro)lcri) was finding a rouit 
ruliniI)or C above which the spectrurri is continuous. 'yVe hlave shlown thlat thue 
l)isporsion Spectmurri is cOrutiIiUd)US above (1+2西）/2. 

The other problem：ユ studied wais of firidiuig the ni：以 irnal density /L(M) of sets 
of integers in which differenlces given by a set M do iiot occur. 、 1,lie proi>lcm 
was posed by Motzkin「トIoし」 in ari unpublishled probleml collection 恥r a given 
set of posiしive integers M, S is an M-set if u E S, bE S implies a 一 b ダ M, 
arid ノ，(M)=Suul):5 6（・s;)) where < 5(S)=lu1mi sul。：1＿加 5(n)/n uindi 5(n) is 
th1e nlum、lber of' elciin"uits ilL ・引ess I,Fiatu or equal t」o ri. (】uirit・（。「 idilli Gordori[(JG73J 
so)lved1 t,Iic 1。rol)1、：1,1 for!A了」52 arid Ol)taiuicd soino partial resu1lt・s for Liie general 
':：馬。， . Ilaralarruliis[11ar77J, besides giving sr>，丁 Le goiuoral estim11ates, del」eriruirierl 
j』（Al）化r roost nietnbcrs of the fam、lilies{1, j，ん｝ au、 cl{Il 2, j，ん｝,A correct・ed 
version of a proof by Ilaratainbis[11ar77} of：、 res u lt. 。。：,thie lower boun、ds for j;(Af) 
in termos of；、 boun(.l for d( M) is given , besides finding 1 i(A4) for certain infinite 
famrlilies・ Ior the general t・bree elemnent set M={i, j。 k) with gcd(i, j)=d, 
!,(M)h鵬 been found for rulost families when i/d 三 j/d (mod 2) and a lower 
bound for ,u(M) lias been、 founくI for 1 /d メ j/cL （只：od 2).This bound is very 
likely thue value of 1i(M). 1 1(M) has also been, found for the set M withl elemnents 
in ar ithmnetic progressioui・ A lower bound is given for the set M={1, i, i+il 
au』d .u(Jif) for certain、 infinite farruilies of four eierne丁it set M h鵬：しlso been found. 
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