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Abstract

Inverse problems has numerous important applications in science and industry, which
is responsible for its growth in the last few decades. We have proposed high order compact
filter as a regularization method for solving some inverse problems which are ill-posed. In
this method, we do not have to go back and forth each time between physical and Fourier
domain, unlike other filtering methods. We have considered the inverse problem in the
field of heat transfer, which is classified into three types: determination of the initial state
of the system, determination of the boundary conditions, and identification of the physical
parameters or source term identification. We discuss the numerical implementation of the
compact filter regularization method to obtain a stable solution for inverse problems one
of each type. The problems include homogeneous and non-homogeneous backward heat
conduction problems, sideways heat equation, and source term identification problem.

The advantage of using high order compact filter regularization method is:

e The proposed method is easy to implement and more efficient as all the computa-
tions are done in the physical domain only.

e Compact filters are smooth filter that is preferred as compared to a sharp filter.

We have also provided the error estimates for the exact and regularized solution for these
problems. Some numerical experiments are done to validate the efficiency and accuracy
of the proposed method. We applied fourth-order compact difference approximation for
the second derivative, which proves to have better resolution ability as compared to a

standard finite difference approximation.



vi ABSTRACT

Nonetheless, the proposed high order compact filter regularization method is very
convenient and works well to stably solve inverse problems on flat geometries, we do not
know how to apply them for inverse problems defined on complex geometries or graph
structure. To solve inverse problems on the graph structure, we have proposed spectral
graph wavelet (SGW) as a regularization method. The concept of spectral graph wavelet
is based on the graph Laplacian and its construction is done in the spectral graph domain.

In order to validate the applicability of the spectral graph wavelet-based method on
a graph, we have initially solved some direct problems. A fast adaptive spectral graph
wavelet is developed to solve some PDEs on graph (network-like structures). In the

proposed method, SGW serves the following purposes:

e The same matrix is used for the numerical approximation of the graph laplacian as
well as for the construction of spectral graph wavelet.
o Wavelet coefficients are used as an indicator function to guide the refinement of the

node arrangement which leads to the generation of an adaptive grid.

The proposed method is first applied to solve linear parabolic PDEs on two different
graphs. The stability analysis of the proposed method is derived which shows that the
method is unconditionally stable. To consider a more general and real-world problem,
water wave propagation in open channel networks is analyzed. This problem can be
mathematically modeled as Burgers’ equation (parabolic PDE having non-linear advec-
tion term) on a star-shaped connected graph. The numerical illustrations show that the
method accurately captures the emergence of the localized patterns at all the scales, in-
cluding the junction of the network, and the node arrangement is accordingly adapted.
The convergence of the given method is verified, and the efficiency is discussed in terms
of CPU time.

Finally, we have proposed the spectral graph wavelet regularization for inverse prob-
lems defined on the graph structure. In order to have an efficient solution, we have also
used SGW for adaptivity. The numerical implementation of the spectral graph wavelet-
based method is discussed mainly to solve the backward heat conduction problem on a

graph arising from regular one-dimensional and two-dimensional mesh. Moreover, the
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error estimate between the exact and wavelet regularized solution is derived. Numerical
results show that we can obtain a stable and efficient solution using the adaptive spectral

graph wavelet regularization method.
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