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NUMERICAL METHODS AND THEIR PHASE-LAG ANALYSIS FOR SECOND  

ORDER PERIODIC INITIAL-VALUE PROBLEMS  

SYNOPSIS 

In 1976, Lambert and Watson [1] introduced the idea of 

intervals of periodicity (orbital stability, in the terminology 

of Stiefel and Bettis [2]) for linear multistep methods for 

the numerical integration of second order periodic initial-

value problems: 

Y" = f(t,Y), 	Y(to) = Yo, 	Y l (to) = Y:0  • 	(1) 

In case the problem (1) has periodic solutions, oscillations 

corresponding to the natural modes of (1) can he modelled 

using the test equation: 

y" +
2
y = 0, 	a > 0. 	(2) 

Consider a (convergent) linear multistep method: 

E aj 
yn+j 

= h
2 E

j 
f
n+j 

j0 	j0 
k > 2 (3) 

applied to the test equation (2). As usual, we set 

k 	 k 
p(C) = E ai  cj 	o(c) = 

J=0 " 	j=0 

Let rs' 
s = 1(1)k, denote the roots (assumed distinct) of tue 

polynomial 

(4) 
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Q(r,H) = p(r) + H2  a(r), 
	 (5 ) 

where we have set 

H = Xh, h is the step size 	(6) 

and let r 2 correspond to the perturbations of the principal 

roots 	= 2  =°+1. 

DEFINITION 1. 

A linear multistep method (3) is said to have an interval 

of periodicity (0,Hp) if, for all H E (0,H ), the roots rs of 

c(r,H) satisfy 

iO(H) 	_ -i0(H) 
r1 
 = e r2 e  

O(H) real, (7) 

I rs 1 < 1, 	s = 3(1)k. 

DEFINITION 2. 

A linear multistep method is said to be P-stable if its 

interval of periodicity is (0,,-). 

Lambert and Watson [1] shoved in particular that P-stable 

methods must be implicit and that P-stability forced an "order-

barrier", namely that P-stable linear multistep methods can not 

have order greater than two. Chawla [3] and Cash [4] indepen-

dently showed that this order-barrier could be 2rossed over by 

considering certain hybrid two-step methods and they presented 

P-stable methods of orders four and six. Jeltsch [5] has 

given a characterization for linear multistep methods possessing 
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non-vanishing intervals of periodicity by applying these to 

the test equation (2). It may be noted here that the classical 

fourth order method of Noumerov possesses an interval of 

periodicity (0,/6); the classical fourth order method of 

Nystrom possesses no interval of periodicity, and consequently, 

the numerical solutions provided by it for the test equation (2) 

are orbitally unstable or "spiral inwards". Intervals of 

periodicity of explicit Nystrom methods of orders two, three, 

four and five involving respectively one, two, three and four-

stages have been examined by Chawla and Sharma C6,7]; and it 

is the second order methOd for which the scaled interval of 

periodicity is of length of two. On'the other hand if Nystrom 

methods with large number of stages is considered, keeping the 

order of the method low, can the extra free parameters in the 

method help to push up the length of scaled interval of 

periodicity? In Chawla [8] in-stage explicit Nystrom methods 

are considered which are at least order one and it is shown 

that the length of the interval of periodicity scaled by 

dividing by m can not exceed two. 

Two well known two-step methods for the numerical inte-

gration of the initial-value problem (1) are the second order 

trapezoidal method: 

h2 

Yn+1 	2yn 	yn-1 = 4 (fn+1 	2fn 	fn-1)  

and the fourth order method of Noumerov: 

h2 
Y 	- 2Y 	= 	(f 	+ 10f + f 	) 
n+1 n n-1 12 n+1 n n+1 
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When applied to the test eauation (2), the trapezoidal method 

reproduces the amplitude of these oscillations for all H e (0,00) 

since it is a P-stable method, whereas Noumerov's method repro-

duces the amplitude provided H c (0,16). However, for the test 

equation (2), both the trapezoidal method and Noumerov's method 

are out of phase of these oscillations. Brusa and Nigro L9] 

were the first to investigate this phenomenon of frequency dis-

tortion and introduced a measure for the phase-lag of a method. 

DEFINITION 3. 

Since G(H) is supposed to be an approximation for H, as in 

Brusa and Nigro [9] we define the phase-lag of a numerical method 

as the absolute value of the leading coefficient in the expansion 

of 
0(H)-H  

H 

In this thesis we are concerned with the construction of 

numerical methods for the initial-value problem (1) and with the 

study of stability and phase-lag analysis of these methods. The 

thesis consists of six Chapters and a brief description of each 

Chapter follows. 

Noumerov's method has a phase-lag of size 480 0 H
4 

and an 

interval of periodicity of size 2.449. In Chapter 1 we consider 

a one-parameter family M4(a) of Noumerov-type methods for the 

integration of second order periodic initial-value problems (1). 

By applying these methods to the test equation (2), we determine 

the free parameter of the family so that the phase-lag (frequency 

distortion) for the method is minimal. The resulting method has 
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a very small phase-lag of size 12096 H
6; interestingly, this 

method also possesses an interval of periodicity of size 2.71. 

The superiority of our method over Noumerov's method is illus-

trated computationally by numerical examples. 

In Chapter 1 we described a Noumerov-type method with 

minimal phase-lag; however, the method given there is implicit. 

In Chapter 2 we show the interesting result that if the Noumerov-

type methods of Chapter 1 are made explicit with the help of 

classical second order method, now called M*4
(a), there exists 

a selection of the free parameter a for which the resulting 

method has a considerably smaller frequency distortion of size 

	  
40320 H

6 and a (slightly) larger interval of periodicity of 

size 2.75 than phase-lag of size  12096 H
6 and interval of 

periodicity of size 2.71 for the implicit method of Chapter 1. 

More interestingly, it turns out that Noumerov made explicit 

of Chawla L101 also has less frequency distortion than the 

(implicit) Noumerov method. 

In Chapters 1 and 2 we described two-step methods for the 

initial-value problems (1) which when applied to the test 

equation (2) have higher order phase-lag than the order of the 

method. Recently, Thomas C111 has also given fourth order and 

sixth order methods having respectively phase-lags of order six 

and eight. But high order phase-lag of these methods was 

achieved by sacrificing P-stahility since the resulting metho0' 
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possesses only a finite interval of periodicity. It is there-

fore natural to ask if we can obtain methods which are at once 

P-stable and have a phase-lag order higher than the order of the 

method. While no such methods can be found from the families of 

methods in Thomas [11] and Chawla and Neta [12], we show the 

interesting result that by a suitable modification of Noumerov's 

method we obtain a new family of methods which are at once 

P-stable and have phase-lag of order six. However, in comparison 

with the methods proposed in Chapters 1 and 2, the present 

methods can be useful in cases where a large step-size is to be 

used; that is, where a modest accuracy is sufficient or in case of 

problems where the solution consists of slowly varying oscilla-

tions with high frequency super-imposed having a small amplitude. 

In Chapter 4 we obtain a one-parameter family M6(a) of 

sixth order P-stable methods for the numerical integration of 

second order periodic initial-value problems (1). The methods 

presented are symmetric and they are based on three function 

evaluations per step (per iteration, in case f(t,y) is non-linear 

in y). For non-linear problems, we also consider the implementa-

tional details for a method of M6
(a) and discuss how a method of 

the family can be implemented by modified Newton's iteration 

process to provide 0(h
6)-convergent approximations. We also 

propose suitable initial approximations y
(0) for use with the 
n+1 

modified Newton's method; and at each step, I iteration of modified 
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Newton's method involves 31+6 function evaluations (31+3 f-

evaluations and 3 f'-evaluations). Further for non-linear 

problems and for a proposed initial approximation, we obtain 

sufficient conditions under which the modified Newton's method 

giving yn+1 
will be convergent. 

Recently, Thomas [11] gave a sixth order method with 

phase-lag order eight for the numerical integration of periodic 

initial-value problems (1). However, Thomas's method is 

implicit, it possesses an interval of periodicity of size 2.77 

and her method requires 61+1 function evaluations for I itera-

tions of her version of modified Newton's method for the solu-

tion of the resulting implicit equations. In Chapter 5 we 

present the sixth order method of Chapter 4 made explicit which 

also has a phase-lag or order eight but with a smaller phase-

lag constant. In contrast with Thomas's method our present 

method is explicit and possesses a larger interval of periodi-

city of size 4.67 and it is more economical since it involves 

only seven function evaluations per step. 

In Chapter 6 we examine the phase-lag of two-parameter 

family M4(a1,a3) of fourth order explicit Nystrom methods of 

1 	5 
Chawla and Sharma [6]. While the method M4( 6  , 6  ) possessing 

the largest interval of periodicity of size 3.46 has a phase- 

lag of 	744 
4320 - ' we show that there exist two-fourth order 
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methods for which the phase-lag is minimal and of size 

40320 H
6 interestingly, both these methods also possesses a 

sizable interval of periodicity of size 2.75 each. We also 

include the phase-lag analysis of the uniquely determined four-

stage fifth order explicit NystrOm method of Chawla and Sharma 

[7] possessing a non-vanishing interval of periodicity. The 

single-step explicit methods of this chapter can be used to 

compute the numerical solution yl at step number one for 

starting the two-step methods from step number two onwards 

studied in Chapters 1 through 5. In Chapter 2, we have briefly 

examined the effect of the "initial" phase-lag in the computa-

tion of yl  on the subsequent values for the computed solution 

sequence yn, n > 2. 

The thesis is based on the following five published/ 

accepted papers. 

1. "A Noumerov-type method with minimal phase-lag for 

the integration of second order periodic initial- 

value problems", J.Comput. Appl. Math., 11 (1984), 

277-281. 	 IA* M.M.Matkio..) 

2. "A Noumerov-type method with minimal phase-lag for 

the integration of second order periodic initial-

value problems II. Explicit method", J.Comput. Appl. 

Math., to appear (1986). 	Wtit ti, M.Chotact) 

3. "Two-step fourth order P-stable methods with phase-

lag of order six for y" = f(t,y)", J.Comput. Appl.Math., 

to appear (1986). 	( WA, M.M.C.katda) 

B. Aieta 
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4. "High-accuracy P-stable methods for y" = f(t,y)", 

IMA. J.Numer. Anal., 5 (1985), 215-220. (.(AOK ntqaaJia) 

5. "Phase-lag analysis of explicit Nystrom methods for 
(czik 	cwdo) y" = f(x,y)", BIT, 26(1986), 64-70. 
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