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Abstract

Let R denotes a finite commutative ring. A polynomial f(z) € R|x] is said to be a
permutation polynomial over F, if the associated polynomial function f : ¢ — f(c)
from R into R is a permutation of R. This thesis is dedicated to the study of
specific types of permutation polynomials over finite fields and finite group rings.
Permutation polynomials have various applications in distinct areas of mathematics.
We are mainly concerned with the question that given f(x) € S[z| where S can
be a finite field or finite group ring, when does the mapping = — f(z) induce a

permutation on S?

In this thesis, we study permutation trinomials over Fj of the form f(z) =
2%+ L(2*) by choosing some suitable integers d, s and a linearized polynomial L(z)
i.e. A polynomial for which exponents of all constituent monomials are powers of
q and coefficients come from some extension field of the finite field of order ¢. In
general, it is difficult to study permutation trinomials over Fgs. In fact, it can be
seen in the literature that the coefficients of most of the so far known permutation
trinomials are all 1. For d = 1 and for different linearized polynomials L(z), we give
explicit conditions on the coefficients of these polynomials to become permutation
polynomials. More precisely, we propose three new classes of permutation trinomials
over [Fs in chapter 3. Among these classes, the first two classes are z + Ag?—atl 4
24°+9=1(Theorem and x + Az9' 0"+ 4 2+ (Theorem [3.4.2), ¢ even and
the third class is z + Az? "9+l 4 A2y (Theorem , q odd. We also prove a

conjecture given by [13] as a particular case of our results.

In this thesis, we also investigate permutation behavior of polynomials over IF,2m
of the form (zP" — z + 6)* + L(x) and (2" — x + 0)** + (2" — x + 0)*2 + L(x),
where L(x) is a linearized polynomial. More precisely, using a method based on
criterion given by Akbary et. al. (AGW Criterion) and by determining the number
of solutions of certain lower degree equations in a subset of Fj2m, three classes of
permutation polynomials of the form (27" — 2 +§)* 4+ L(z)(Theorem [4.2.1 Theorem
and Theorem and three classes of permutation polynomials of the form
(2P" —240)* + (2P — 2 +6)* + L(x) (Theorem[4.2.2] Theorem and Theorem
4.2.6) over the finite field Fjom are given, where p = 3 or p = 5, L(z) = az?" + ax

v



vi ABSTRACT

and a € Fm.

Also, we further extended the study of permutation behavior of polynomials
of same form and propose seven classes of permutation polynomials of the form
(2" — x4+ 0)* + L(z)(Theorem and (27" — x4 )" + (27" —x + )™ + L(x)
(Theorem Theorem , Theorem m, Theorem m, Theorem and
Theorem over [F2m, where L(z) = x and p = 5. Determination of number of
solutions of some lower degree equations in a subset of F,2m plays a key role in our
constructions.

Further, permutation polynomials over R have many applications in cryptogra-
phy and coding theory mostly when R is a field. There is some study for permutation
polynomials over residue class rings. But picture is not so clear for arbitrary commu-
tative rings. We also study permutation polynomials over finite group rings in this

thesis and give a class of permutation polynomial over the group ring F,Cyn (Theorem
6.2.1)).



HIX

WM R U it shafefue ser i wiar 81 uh sgue f(x) € R[x] =i F, o v i sgue
T ST @ AfE dorg agae wer f: ¢ = f(¢), R ¥ R % R =1 FHafadq 2l I8 vy eey affid &t
I it wvE oo T fafTe SR & sFHaiEde aguel o Tem o foTe Jafdd 21 Tior o fafye e 5
NG SEUal o =T SIS 81d 8| 81 JeT ®9 8 39 9% ¥ g © & fan mn f(x) € S[x]
STEt S U aiid & A1 g @8 IR 8 "eRdl |, 2T x = f(x), S W sEaiEdd s I FRdt
g?

50 9y ey H, & 3 W s 3 i d, 5 3 o Peswd sigre L(x) 3739 f (%) = x%+
L(x®) v I shHaEae et s e id & AT U 9898 S8eh 9l Tehuel 51esh o =i q i
BT & P Uik @ H o TR &= o forel forear &t @ @t 8| W s ot sheuied et
ST FAT ST gl IEqd H, Tiecd T @1 Tohal © foh 3198 qk J1a Aferepisr aeft sequfiads Boet &
ek 1 21 d = 1 ik fafi Wasrsga sgwat L(x) & o, 7 shafeds agae s & g 37 sguat
o TUTIeRT O T 91 < € Aferk wdteR w9 H, sreard 3 6 wwd [F s o shHuierd et o o e s o
T R ¥ e ot # ¥, wmd @ @t x4Ax? I (qim 3.4.1) sk x +
AxT=0°+a 4 x@°+a-1 (g 3.4.2), g ww § o drw ot x 4+ Axd " 442 x9 (s
3.5.1), q fawm & | g aftommt 3 vk fo e & w9 7w [13] g feam mam e oft wnfed
gl

50 T wee H, 7 [Fp2m W (xP" —x 4+ 8)% 4 L(x) 3w (xP" —x + 8)51 +(xP" —
X + 6)%2 + L(x), Si&f L(x) t ashad 5g9e 8, THR o SgUal o shadiadd aer i +ff =
A 3| SATF TEF W, el T2 . N (AT T WS (TSiieacy AHES) T AT Teh forfer &7 SwnT
w0k AR Fpom & wh swaqesd d§ o Fe foll @il & wwam d@en e s,
(xP" —x+ 8)° + L(x) 7R ¥ wwfads agme & o @t (v 4.2.1, W 4.2.4 ok wm
4.2.5) 3 (xP" —x + 8)% +(xP" —x + 8)%2 + L(x) ¥R ¥ FAaiady gue F d
it (o 4.2.2, T 4.2.3 s s 4.2.6) Rl Fyom Wi, Swip = 3ap =5,
L(x) = ax?" + ax sica € Fg g1

e &, A T ®T % GEUEl % HAUNGK SHAER o AERH W IR AW e IR
Fom o (xP" —x + 8)S + L(x) (v 5.2.1) st (xP" —x + 8)t +(xP" —x +
8)%2 + L(x) (v 5.3.1, %% 5.3.2, 5 5.3.3, ww 5.3.4, w9 5.3.5 3iw 57 5.3.6) 5w
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o ShATREA SEUEl % AT o k1 e oo ®, st L(x) = x 3 p = 5 &1 Fp2me o swage=a
T T ferft weftertort o wmaT ot wea w1 frafor gar fmior & v wect i e 2

TEh ST, R W SFHufEds agual & fremmhl st wifen fagia § % ST 8 8, SAaera ad s+
R T & BT 31 FFATNEd Sgue o [T % ST 37w ot o aer W 2| afe @iead fafie aom
o fore aEt 3ot T e 21 39 WY ey § g T ST I W SREANE Sgug o1 |l ST foRa
2 S ae Jer™ [F), Cpyn (397 6.2.1) W shHIREA sIgae 1 Th o form 2|
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the set of natural numbers

the set of integers

a prime

a prime power

a divides b

a does not divide b

a congruent to b modulo n

a not congruent to b modulo n

for all x

number of elements of a finite set S
x belongs to X

x does not belong to X

A is a subset of S

A is not a subset of S

the greatest common divisor of a and b
Euler’s phi function of n
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is not equal to

finite field with ¢ elements

the multiplicative group of non zero elements of F,
the polynomial ring over F,

the trace of o € Fym over F,
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