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Abstract

Given ¢ a prime power and n € N, suppose Fyn represents a field extension of degree n over
Fy. The multiplicative group F;. of Fyn is cyclic, and its generator is referred to as a primitive

element in Fyn. Let 7 be a divisor of ¢" — 1, then an element € € F;» with multiplicative order
g"=1
T

is referred to as a r-primitive in Fyn. It is evident that for a primitive element € € F;» and
r | ¢" — 1, the element € is an r-primitive element. There are precisely ¢(qn7_1) such elements
in F;n, where ¢ is the Euler-totient function. An element € € Fyn is said to be a normal element
in Fyn if the set V. = {¢, €9, e ,eqnfl} acts as a basis for the vector space Fyn over Fy. It
is well known that € € F» is normal element if the greatest common divisor of the polynomial
Z:.L;Ol ed' 271 with 2™ — 1is 1 in Fyn. Let 0 < k <mn — 1, then an element € € Fn is said to be
a k-normal element if the greatest common divisor of the polynomial Z?:_()l €? 21 with 2" — 1
has degree k in Fyn[z]. For € € Fyn, the trace of € over Fy denoted by Trg,_, /r,(€) is defined as
Trg,. /r,(€) = €+ €7+ €’ +---4 ¢ and the norm of € over F,, denoted by Nf, . /r, (€), is defined
as N, /r, (€) =€-€l- ¢4’ ... €0, This thesis concentrates to work on the existence of primitive
pair, the existence of r-primitive k-normal pair and the existence of a finite arithmetic progression
of r-primitive elements with first term being k-normal, with prescribed traces and norms in finite

fields.

In this thesis, for n,m € N such that n > 7, m < ¢" and a rational function f = f;/fs, where
fi and fy are relatively prime, irreducible polynomials with deg(fi) + deg(f2) = m in Fyn[z],
we obtained a sufficient condition on (¢, n) which guarantees primitive pairing (¢, f(€)) exists in
Fgn such that Trg,, /7, (€) = a and Trg . /r, (f(e)) = b for any prescribed a,b € F,. Further, we
demonstrated that for any positive integer m < ¢" such a pair definitely exists for large n. The
scenario when m = 2 is handled separately and we verified that such a pair exists for all (¢,n)
except from possible 71 values of (¢,n). We have also given a similar result for m = 3. Further
F

in this thesis, for n,r,79,m1,my € N, k1, ks € NU {0}, a rational function F' = o in Fon ()
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with deg(F;) < m; (i = 1,2) satislying some conditions, and a,b € F,, we established a sufficient
condition that ensures the existence of an r1-primitive k;-normal element € € Fyn such that trace
of € is a and that of ¢! is b with image of € under F' is ro-primitive ky-normal in F,n over F,.
Further, for mqy = 10, my = 11, 1y = 3, ro = 2, ky = 2, ky = 1, we established bounds on
q for various n to determine the existence of such elements in Fyn. Furthermore, in finite fields
of characteristic 13, we identified all such pairs (¢, n) with 10 possible exceptions. We have also
derived an explicit lower bound go(n) on ¢ for the existence of such elements in Fn. Furthermore,
we established the existence of m-term arithmetic progression €, + (,...,e + (m — 1)( in Fyn
such that its 7" term is 7;-primitive and first term being k-normal with prescribed trace of it and
its inverse. Further, we demonstrated an example with m =3, r, =5 (i = 1,2,3) and k = 3
verifying the existence of such elements with the exception of possible 6 values of (¢,n) in fields
of characteristics 13. Also in this thesis, for prescribed primitive elements a,b € F,, we proved
the existence of primitive pairs (¢, f(€)) in Fyn with norm of € is @ and that of f(€) is b, where
f € Fpn(x) is a rational function with some restrictions. We also derived a sufficient condition,
with an improvement, for the existence of such pairs when f € Fn(z) is even or odd, ¢ = 3(mod 4)

and n is an odd positive integer.
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TF TRT qUH U 91 8, 3R ne NI HAM WE F, & f5fin & B TaueeH
&1 AT Fn®Ral §1 For &1 06 THE Fn ThiT §, 3R 3UD SFRER DI Fon Bl
fififed d@ Hgd 81 UM T rqn-1FT HSH 8, Al dd e € Fyr, ST Al
3SR (q-1)/r 2, B r- AR T T oA 31 T8 WE 2 T MR de & € o HRr|(q"-1)
& foTT, 0 o U r- AT T B | For T U Tl Bt GAT ((qn-1)/ 1) BT B, ST ¢p JER BT
Bo-GHIBRUI & | Th I & € Fqn ) Uh AIH ded heT AT UG, AT Ve={e, e9, £9°2, .. .,
g'0-1) F, P SR W JAM Frdb T IR & =0 F 1 Rl 2 7e Tt
e fF eeFpaada 8 IfT S8UT exn + gaxn? +.. .+ £0'0Dx + G-UH JIY
IS1 A HoS X1 -1 wupqn[x]ff 181 A WS 0<ksn-1,d TP dd eeFq
ﬁk AT HET ST 8, TS TGUG exnl + gaxn? +. ..+ g’y + ea' 0D
JeY ST YT UNH xn -1 TUFe[x]H f kB8 c€Fed G F W e
éﬂ ﬁlﬁ Tr g n/Fq(S)Q?[ fefod =d % TrFq n/Fq (€) =&+ €1+ €4"2 +.. . + ga"(n- LEH TG
uﬁlrriﬁ?r% TUT Fq R & BT AT, TR Nign n/pq(s)ﬁﬁ??ﬁﬁm?r% Ng» n/Fq(e) £¥ga*ga'2 ¥
£ (-1) & Y GRYTT 3 | 39 AT §, Brege wiegy | iftifea gm= &t sifta, r-thififea
kAT G Y SR SR T TR St TRy forids R ge r-ifAfed qu ugar
kaﬁa% a2 SR ATH & 1Y o1 3T & HH R O Hd 3|

MR H n, me NSIUBRF n =7, m < qn 3R TH URTT BT £ = f1/f,, 581 f1 3R 2
UEMTHd U, SUTIRIS TgUS & FIIaT Fon [x] B F83(6)+F8H (£2)=m B, F W ETA (g, n)
TR U Tt e UTed b1 @ St TR elt & 1 Fon & AT g (g, f(e)) ST UPR ANE &
ot Fed a, b € Fq & T8 Tr rgansiq (£)=a 3R Tr rqan/eq(f(£))=b & | 3P 37cTaT, §H UaiRfd
foran g o foreht oft ¢ TeTe quTieh m < qr & o T g Rfd U A 9 n & U AE 81 H9
m = 2 BT T T FHTAT 7T § 3R §H- JATud fohan & fob T g I+t (g, n) & AU AN B,
(q, n) P JHTIT 71 AT 1 BISH | §H m = 3 & forw it Yo € ufvoms fean 81 o 59 iRt
T n,r1,r2, mi, mz €N, ki, k2 € N U {0}, Th URHG e F= F1/F2€Fq“(x)mﬁ%ﬁ){(ﬁ) <m; (i
=1,2) ah?@ma‘%wr 3R a, b € F,, & g, 50 T vai fRufa =i fos it ro-thiftfea
k1—:|}|'7:\.ﬁ?|c_q’seFw%%ﬁﬁﬁﬁﬁﬁmamﬁsaﬂaﬂaGﬁTslmé\gbﬁrﬁTFqnﬁ
F(¢g) rz-m&lﬁa kz-qmépfl m Al m1=10, mz=11, r1=3, r2=2, ki1=2, ka=1 %1?111, Eﬂ:lef Fqn
T U8 ddl o S1fidd &I HYiRa B & forg fafia n & e 891 @ RIS sy wifd fed | 39
ST, PRAFCRRCTT 13 F BI3AIEe Bigd B gd- 10 GHIfad sfUarel & Iy T It
W(qn)ﬁwﬁlﬁFqﬁ®ﬁ$m$mq$www
e I g0 (n) ST RuiRa frar 81 sud sifaRad, 811 Fr & n-siolg
GG W e, e4¢, .. ., s+m1<$re{%lawfﬁa%m%mmima<—d
ri-Afed, Ugar dd kA g, R SRl ¢ 8iR 3P a9 &1 ¢ gd FHuila gl
MW, T m=3, r:i=5 (i=1,2,3) SR k=3 & U TH IareR0 UKd foar, forad
IR 13 FBRARZEHIE A (q,n) & IUAd 6 Jedl &I Bledr, Y ddl
& Ao & gamd fean 39 AR 8, ffdy diftfea 9t 2,0 € r, & foT,
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