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Abstract

The classical theory of interpolation, using polynomials and other simple functions, is a well-established
subject in numerical analysis. The nature of the function to be used for interpolation depends on the
signal or image that the function is intended to model. Smoothness and non-smoothness, depending on
the interpolation problem at hand, are both essential features sought for the constructed interpolant, but
the classical methods produce interpolants that are predominantly smooth except at a finite number of
points. Fractal interpolation, a relatively new method, offers both smooth and non-smooth interpolants,
and it is therefore well-suited to the interpolation of more complex and irregular data sets. Over the
last few decades, fractal interpolation has emerged as a prominent research topic among researchers
working in fractals and non-smooth interpolation theory. In classical settings, the inherent relationship
between the two theories, interpolation and approximation, is widely understood and has a rich history.
However, in the fractal setting, the interaction between these two theories is somewhat opaque. In
the univariate case, the notion of a-fractal function, an offspring of FIF, serves as a bridge to explore
this interconnection between interpolation and approximation. The multivariate case, however, lacks
comparable studies, leaving it largely unexplored in terms of understanding the relationship between
interpolation and approximation theories for fractal functions. The primary objective of this thesis is to
develop a general framework for multivariate interpolation which is amenable to the construction of
the a-fractal function. The ultimate objective, with the help of the multivariate o-fractal function, is
to study some intriguing approximation theoretic aspects of multivariate fractal functions in various
function spaces. However, before we get into the main subject matter of this thesis, we would like
to extend some existing results in univariate and bivariate fractal interpolation methods from finite

to countable data sets in chapters 2 and 3, respectively. This extension may be viewed as a humble

v



vi ABSTRACT

contribution to enriching the realm of univariate and bivariate fractal functions and fixing some gaps

observed in the literature.

Chapter 1, being introductory in nature, attempts to compile the basic definitions, some notation,
and necessary backgrounds relevant to the subsequent chapters of the thesis. Other details, as and

when necessary, will be set out in those chapters.

Chapter 2 extends the notion of fractal interpolation to countably infinite univariate data sets, based
on the notion of zipper, an alternative method to construct fractals. We also introduce the a-fractal
functions and o-fractal operator associated with a prescribed countable univariate data set. We further
use this construction to study some approximation and operator theoretic aspects of the countable

fractal interpolation method.

In Chapter 3, we address a similar question for a countably infinite bivariate data set. That is, we
develop an interpolation method for countably infinite bivariate data sets. Using this construction, we
obtain the countable bivariate analogue of the ¢-fractal functions and a-fractal operator to study their

approximation and operator theoretic aspects.

In Chapter 4, we embark on a discussion of multivariate fractal interpolation which will constitute
our mainstay in the rest of the thesis. To be specific, in this chapter, we develop a general framework
to construct a multivariate fractal interpolation function for finite data sets resting on a hyperrectangle.
With the help of the aforesaid construction, we obtain a multivariate analog of the o-fractal functions,
which sets the background for the subsequent chapters of the thesis. We also study some properties of

the associated nonlinear fractal operator.

In Chapter 5, given a multivariate smooth function, we construct fractal (self-referential) approx-
imants that preserve the smoothness of the original function. To be specific, given any multivariate
function defined on a hyperrectangle and having a predetermined degree of smoothness, we construct
a family of self-referential approximants with the same smoothness as that of the original function.
Furthermore, these functions and all their partial derivatives, up to a predetermined order, interpolate
the original function and its respective partial derivatives at a given finite data set. We use this con-
struction in the subsequent parts of the chapter to develop a fractal methodology for approaching a

multivariate Hermite interpolation, constrained interpolation, and a few approximation problems.



vii

We continue our investigation of the multivariate a-fractal functions in Chapter 6, this time in
Lebesgue and Sobolev spaces. To be specific, we derive the constraints involved in the construction
of a-fractal function so that for a given f € £LF(Q) or WMP(Q) the corresponding a-fractal function
lies in the same space. Further, we will explore the properties of the fractal operator acting on these

spaces, which maps each multivariate function in any of these spaces to its fractal analogue.

Chapter 7 serves to extend the concept of ¢-fractal functions to the mixed (norm) Lebesgue and
Sobolev spaces, which contains the findings of the preceding chapter as a special case. Further,
we investigate the approximation properties of the Bernstein-Kantorovich operators on the mixed
Lebesgue spaces. Using the Bernstein-Kantorovich operators as the parameter map, we establish a
fractal approximation procedure for the mixed Lebesgue spaces. As a straightforward application of
these findings, we construct a Schauder basis consisting of self-referential functions for the mixed

norm Lebesgue spaces.



gUal AR e T T BT ST I §U T&TT T AT eI, FEATcAS fIeeiwor 7 veh
3T AN | T Fawr § | Sexatereret & forw 3uier fahw STy ater thareret 1 sl 3 feeter ar
BT I fI9R el § ToId thereieT ATS ol el A8 dl & | fReheTs 3R IR-FRrereirast, Atsar SexderereT
AT & 3MYR W, AT Sexdiele & AT 3aegs -t {Avae § dfr emer S
STUIRIE 3cdeet il § ot WA Hear 7 g3 i osat Aed 79 ¥ K gidr §1 Shaea
ST, Ueh 3r9aTTehd 78 fafey, et 3R I-Farspelt St exdieie Jere &ieh 8, 3R safav
I8 3t sifeer iR 3rfrafid Ser de & gexdierers & fow suged §1 Mo o g 7, haea
3R AT-EAY ST THSHT H 1A oA dTel AETRATIHT o il Shereel ST Teh TG
ey v o &9 7 3T E | AT AfEew #, 2 Rgenid’, vai 3k afenehe & $ig siaffed day
T SATIH §T § THST ST § AR ST U T STIerd 1 gTaiiteh, Sharcel AfeT 3, 3T Gl
Teeicil & dfrer 1 ST o ge doh IR & | FTIHST HAHS H, a-SheFeel Hherele S 4RO,
THITSUE T Ueh Helled, FaTT 3R Alostence & e 38 3adaes &1 aal ofllel & forw veh ot & &9
ﬁmwﬁrélmﬁ,agf?ﬁwﬁnmﬁﬁgﬂ?ﬁwmwwm%mmwwﬁn
wa1q AR Ffestehee faguidt & ST Gt s GAsTs & ATHe H T8 H1H &6 a Jad ¢ | 39 NfaF
T TR 3EG 2T TEHaA® ! TaTT & [T Toh ATATT FRTT [Gh AT AT & S a-Shereel Herered
& foAToT & faT SRerRh ¥ FEaRue a-Sheee haere $r Aee I 3ifaa 3eged, AfdesT herere
T H HeCIARTE Shereol herlel & FS [ olaed Hieaiehes fAeHTd Hatil Tgef3il h1 3EaTet Hlal
%laﬁ,mm%mwmﬁn&ﬁwﬁwﬁq@,mwer: AT 2 IR I A IRAT
I VT SeT AT Teh FelaRue 3R argaRue Shereel Sexuteler faftrat # o Alser aRomaAt
T TIEAR AT A8 | 3 fIEAR it 318t 3R faer 19T it & TN & THY il AR
A & W 1T H& HATell T Sleh el & 1T Teh faeTar DTeTe o &9 H @I ST HehelT ¢ |




3T 1, UREATCH glel & 0T, NAH % a1e & 3rearat & fov grafies giaardy aResmsit, o
Tl Ao 3R TG R TeaH A T Hehfolcl el I TITH AT ¢ | 3 TAaToT, 57 8fY 3maeash g,
31 3reTaT H feT Sreet|

3TEATY 2, SheFeoT SEUTALNST T URUT T THET 37eid TIHTST ST Vel deh AT Har g, S
for TR T 9RO WX 3menRd §, i e FeiTel 3T Ueh dehfoddh AT g1 §H U fareitRd aToTehiar
TARTE ST S a-hercel Herelel 3R o-Shercel e &1 TR=T A § | 5 39T 38 TAHATOT
T TGN AT SheFeel SeXUTRIRI TATE & $T Hieriehest X TR et Tl qgef3it
HETTA XA & TIT H & |

AT 3 H, §H VLAY 37eid gfaaR 3T UT & [T Ueh AT UReT T HEIfd A ¢ | 3747, g
EET Heid Gfaa] 3eT Hel o folt Tah JaTy fafer e fird ohid & | 59 foIHT0T T 39T aXeh, B a-
Shoreel tharelel 3R ar-ShaFeel 3iTRER 3 IMUTHIT EfaaR UaATaT UTed 3l & dlieh 3eToh Hloeleheel 3K
HToREX Feie Heti Tgef3it &l TGt fohaT ST Jeh |

mm4ﬁ,mwmmmﬁwaﬁaﬂﬁ%3ﬁméﬂﬁmﬁmﬂww
oar| fafrse g1 & TIT, 5T 318 &, §H Uh 8ISUW Tl T 3TRTH et el IRTAT ST AT &
forT ueh g fAee ey Shere el SeTaTeIRreT therere & fHTUT o faT veh ATAT-T TR fashfid I €
SORIeFCT fotHTOT B FETCAT &, 8 a-Shere el TR ohi Teh oG e w ! Ut el 197 TS Yl &, St NTaw
o SE & HEATAT o ToIT ToS8{fH R FAT ¥ | §H eIl FAlToNIS A AT SheFeel AR & e ol
T A HETIT LA g |

YT 5 H, Th TTHeT 4 FATE Bl Pl ST §U, & SheFeel (¥9-Ha [31cT) Hiewehes T fiaor
I § ST FoT Terelel ohl FeThcll ohl TTETT il & | TaTRISE glet oh T, STgTRerearel oY qRem iy
ey o ST HhereleT T T §U 3R Feheirs 1 eI 3l 811 IR, & FeT HerereT
AT RIRaATS & AT TT-Te T AleeehesT & Ueh YRAR T fAATOT I &1 SHS 37A1aT, A HherereT
3R 3o7a @l 3rifRIes SRaAfed, ves qdf eiRa s de, fonelt fgw are i Ser de w1 Het harere
3R 38 Gaftra 3nfe sRafea I gexarer At € | &7 38 AATOT 7 3TANT 11T & 916 & feear
ﬁa@mﬁrgﬁtscwmmd, faaer gedierre 3R $o Giesdned TAEIIN & FATH & faT
Teh Shereel Teufd [afid tal & v ad €1




Xi

mmweﬁa@mﬁa-mﬁ%mﬁmmmwﬁﬁsﬂaﬂaﬁhgu 3R Aietea
TATAT 7| RIS 1Y o foIT, g7 a-thaceT HerereT o TIHTOT 3 QTR STAT3T Y 9Ted d & oTfeh
R QU aTT £ € LP () T f € WMP(Q) ¥ FaTT ar-SheFcel Berelel Ueh &1 TUT WX YU ¢ | $8h
3TCTAT, §H $o1 TUTAT I R iet dTel Shefeol 3TRET & I[OT ohT Il STaMMEaT, ST goTat & fepaly o
FWﬁWWWHHﬁ:H% Shareol TaTAIaT & AT AT &

HEATT 7 o-HhdFeel Hareid Sl HTURT & FAAT (A1) SeesT iR Aieteld T de faedid
et T I AT §, TNaH Toh TaI ATHC & &9 H ool 31601 & sy eanfie § | $8e 3rarar,
g TR AT T IR Tl eiel-ieRITae ST o Alestehest JOT T ST hlcl § | TAEEraT-
ISR TR Pl RIHATET A=A & & & 3TN HY §U, & TATHT oadiar Rered w2rer o ferw
Teh Shereol Hlootehcst Tishdl TATTIA Fc 8| ST Toisehsit & Teh e 37Torier & &9 &, g AET
HTeTeh T e TUTA o foIT Fa-He T8t il & Jercd Teh ATST TR T HATOT A B |




Certificate

Acknowledgments

Abstract

List of Figures

List of Tables

List of Symbols

List of Abbreviations

Xiil

Contents

iii

Xix
xxi
xxiii

xxvii



X1V

CONTENTS

1 Introduction and Preliminaries

1.1 Fractals: AnOverview . . . . . . . .. .. .. . .
1.2 Fractal Dimensions . . . . . . . ... ... ... ...
1.2.1 Hausdorff Dimension . . . . . .. .. ... .. .........
1.22 BoxDimension . . . . . ... ... ...
1.3 TIterated Function System . . . . . . ... ... ... .. ........
1.3.1 Countable Iterated Function System . . . . .. ... ... ...
.32 Zipper . . . . . . e e e
1.4 Interpolation and Approximation: A Broad Perspective . . . . . .. ..
1.4.1 Interpolation . . ... ... ... .. ... .. ... ...,
1.42 Approximation . . . . . . . .. ...
1.5 Univariate Fractal Interpolation . . . . . . . ... ... ... ......

1.6  Univariate a-Fractal Functions and Their Approximation Properties

1.7  Some Elements of Function Spaces and Operator Theory . . . . . . ..
1.7.1 Function Spaces . . . . ... .. ... ...
1.7.2  Operator Theory . . .. ... ... ... ... .. ........

1.8 Riemann-Liouville Fractional Integral . . . . ... .. ... .. .....

1.9 Motivation for the Current Work . . . . . .. ... ... ... ......

1.10 Organization of the Thesis . . . . . . ... . ... ... ... ......



CONTENTS XV

2 Countable Zipper Fractal Interpolation Functions 31
2.1 Construction of Countable Zipper Fractal Interpolation Function . . . . .. ... .. 34
2.2 Stability Properties of Countable Zipper Fractal Interpolation Function . . . . . . . . 42
2.3 A Parameterized Family of Zipper Fractal Functions and a Zipper Fractal Operator . 46

2.3.1 A Family of Continuous Zipper Fractal Functions Associated with a Lipschitz

Continuous Function . . . . . . .. .. .. .. Lo o 46

2.3.2 AZipper Fractal Operator . . . . . .. ... ... .. ... ... ...... 48

2.4 Extension of Zipper Fractal Operator . . . . . . . . ... ... ... ......... 54
2.5 Complexification of Linear Zipper Fractal Operator . . . . . . ... ... ...... 58
2.6 Conclusion . . . . . . . e e 60
3 Countable Bivariate Fractal Interpolation Functions 61
3.1 Construction of Countable Bivariate Fractal Interpolation Surfaces . . . . . ... .. 62
3.2 Approximation of the Attractor of Countable IFS . . . . . . ... .. ... ... .. 72
3.3 A Parameterized Family of Bivariate Fractal Functions and Associated Fractal Operator 78
3.4 Extension of Fractal Operator and Some Properties . . . . .. ... ... ...... 87
3.5 Conclusion . . . ... e e 89



XVvi CONTENTS

4 Multivariate Fractal Interpolation Function on Rectangular Grids 91

4.1 Multivariate Fractal Interpolation Functions . . . . . . . ... ... ... ...... 92
4.2 A Parameterized Family of Multivariate Fractal Functions and Associated Fractal

Operator . . . . . .. e e e 98

4.2.1 Multivariate o-Fractal Function . . . . ... ... ... ... ........ 98

422 Fractal Operator . . . . . . . . . . . . . e 103

4.3  On Approximation Aspects of Multivariate o¢-Fractal Functions . . . . . . ... .. 107

4.3.1 Schauder Basis Consisting of a-Fractal Functions . . . ... ... .. ... 107

4.3.2 Perturbed Fractal Approximation Classes . . . . . . .. ... ... ..... 108

4.3.3 Multivariate Fractal Miintz Theorem . . . . . . . . .. .. ... ... .... 114

4.3.4 Range Restricted Multivariate Fractal Approximation . . . . . ... ... .. 116

4.4 Transfinite Multivariate o-Fractal Functions . . . . . . . .. .. ... ... ... .. 120

4.4.1 Holder Continuity . . . . . . . .. . .. e 123

4.5 Dimensional Analysis of Multivariate -Fractal Functions . . . . .. ... ... .. 129

4.6 Fractional Integral of Continuous Multivariate o-Fractal Function . . . ... .. .. 131

477 Conclusion . . . . . . L e e e 135



CONTENTS xXvii

5 Smoothness Preserving Multivariate Fractal Interpolation Functions 137
5.1 Smooth Multivariate o-Fractal Functions . . . . . . ... ... ... ... ..... 138
5.1.1 AFractal Operatoron C¥(Q) . . . .. ... ... ... ...... . .... 142
5.1.2  Schauder Basis Consisting of Self-referential Functions for C¥(Q) . . . . . 143
5.2 Multivariate Fractal Hermite Interpolation . . . . . . .. .. .. ... ........ 144
5.3 On a Constrained Multivariate Fractal Approximation . . . . . . ... ... ... .. 151
54 Conclusion . . . . .. e e e 153
6 Multivariate Fractal Functions in Lebesgue and Sobolev Spaces 155
6.1 Multivariate a-Fractal Functions in Lebesgue Spaces . . . . . ... ... ... ... 156
6.2 Multivariate a-Fractal Functions on Sobolev Spaces . . . . . . . .. ... ... ... 158
6.3 Fractal Operator and Approximation on Lebesgue and Sobolev Spaces . . . . . . .. 160
6.4 Conclusion . . . . . ... e 162
7 Fractal Functions in Mixed Norm Spaces 163
7.1  «-Fractal Functions on Mixed Norm Lebesgue Spaces . . . . ... ... ... ... 165
7.2 Multivariate Kantorovich Operators on Mixed Lebesgue Spaces . . . . .. ... .. 169
7.3 A Bernstein-Kantorovich Fractal Approximation Process on Mixed Norm Lebesgue

7.3.1 Bernstein-Kantorovich Fractal Operator on Mixed Norm Lebesgue Spaces . 176



xXviii

CONTENTS

7.4 A Multivariate Bernstein-Kantorovich Fractal Haar System as a Schauder Basis for

Mixed Norm Lebesgue Spaces . . . . . . . . . . . .. ... .. .. .. ... 178

7.4.1 Prelude: A Property of Bernstein-Kantorovich Fractal Operator . . . . . . . 179

7.4.2  Aninterlude: Multivariate Haar system . . . . . .. ... ... ... .... 179

7.4.3 Postlude: Fractalizing Multivariate Haar System . . . . . . ... ... ... 183

7.5 «a-Fractal Functions on Mixed Sobolev Spaces . . . . . . . ... ... ... ..... 185
7.6 Conclusion . . . . . . .. e e 188
Concluding Insights and Future Avenues 191
References 195
List of Publications 207
Bio-Data 209



4.1

4.2

5.1

5.2

List of Figures

Fractal functions corresponding to the seed function f(x,y) = xy associated with

different choices of scale function and base function. . . . . . . . . ... ... ... 102

Demonstration of range restricted fractal perturbations of the seed function f(x,y) =

x%y? associated with different choices of scale function and base function. . . . . . . 119

Fractal perturbation of f associated with different base functions and scale vector. . . 141

1
14x2+y
entscale VECIOL. . . . . . . . . . 150

Multivariate fractal Hermite interpolants of f(x,y) = = associated with differ-

Xix



5.1 Values of p;, g; and g} at i node points

5.2 Values of g}, h; and h’] at j" node points

List of Tables

XX1



List of Symbols

Meaning

for all

belongs to

there exists

union of sets

intersection of sets

contained in

the set difference of A and B

the expression on the left (right) is defined as the one on the right
(left)

a set-valued function (or multi-function)
non-negative integers

a positive integer

positive constants

the Hausdorff metric corresponding to the metric d
diameter of a set F

lower box dimension of a set

upper box dimension of a set F'

box dimension of a set F’

Hausdorff dimension of a set F'

XXiil



XXiv LIST OF SYMBOLS

N the set of positive integers

No the set of non-negative integers

N" the n-fold Cartesian product of N

M (Ml,...,Mn)GNn

Z the set of integers

R the set of real numbers

R" the n-dimensional Euclidean space

X a metric or normed linear space

S$(X) the set of all non-empty subsets of X

H(X) the set of all non-empty compact subsets of X

P the Hutchinson-Barnsley map associated with a (finite) IFS

g the set valued map on 8(X) associated with a CIFS

F a CIFS or the Hutchinson-Barnsley map associated with it

Z a countable zipper or the Hutchinson-Barnsley map associated with
it

Gr(f) the graph of a function f

L {1,...,m}

Xm0 {0,1,...,m}

X0 {0,m}

intX, o {1,...,m—1},form > 1

Q n-dimensional hyperrectangle of the form [ay,b;] X ... X [a,,by]

aIQ boundary of Q

C(Q) space of real-valued continuous functions on Q

eM(Q) space of real-valued functions on Q having continuous (partial)

derivatives of order upto M

Lip(Q) space of real-valued Lipschitz continuous functions on £
LP(Q) the Lebesgue spaces

WMP(Q) the Sobolev spaces

? exponent vector

L?(Q) mixed Lebesgue spaces with exponent P

wM ?(Q) mixed Sobolev spaces with regularity m and exponent P



XXV

P ()

Prin(€)
Id

I llx
[
- 18,00
IR
|- lae,p
-1l
(R
(IR

(IR [/vas

O

domain of the map T

a data set or a mesh partition of the hyperrectangle

scale vector (or scale function)

base function

fractal perturbation of f associated with appropriate parameters
fractal operator associated with appropriate parameters

the space of n-variate polynomials of degree less than or equal to
m

the space of n-variate polynomials of degree less than or equal to
m with variable restricted to the set Q

the space of n-variate polynomials

the space of n-variate polynomials with variable restricted to the
set Q

the set of n-variate fractal polynomials of degree less than or equal
tom

the set of n-variate fractal polynomials

identity operator

norm on the normed linear space X

the sup-norm or uniform norm

the norm of functions belonging to €M (Q)

the classical Lebesgue norm

the classical Sobolev norm

the mixed Lebesgue norm

the mixed Sobolev norm

the maximum (or supremum) of the sup-norm of each coordinates
of the scale vector

the maximum of the || - || 3 .. norm of each coordinates of the scale
vector

end of a proof.



Abbreviation
CFIF

CFIS

CIFS

CSD

CZFIF

FIF

FIS

IFS

RB-operator

List of Abbreviations

Full-form

Countable Fractal Interpolation Function
Countable Fractal Interpolation Surface
Countable Iterated Function System

Countable System Data

Countable Zipper Fractal Interpolation Function
Fractal Interpolation Function

Fractal Interpolation Surface

Iterated Function System

Read-Bajraktarevi¢-operator

XX Vil





