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SYNOPSIS

Classical rules of numerical approximation (say, rules for
definite integratioh) are "best" in the sense that the weights
anq/Br abscissas are determined so that the approximation is exact
for all polynomials up to a'suitable degree; for example the rules
of Chebyshev, Newton-Cotes and Gauss, Various authors have con-
sidered the construction of 'optimal' rules by Davis’ method by
finding the weights ang/%r abscissas by minimising the norm of the
error in a suitable Hilbert space. However, the optimal rules
developed so far have been constructed without any requirement_of
precision for polynomials, and mostly for Hilbert spaces of func-
tions analytic in simply connected regions, mainly circles and
certain ellipses. In Chapter I of the thesis, we discuss the
‘construction of optimal linear rules with polynomial precision
based on pre-assigned abscissas over Hilbert space possessing a
reproducing kernel functiorn,., The resulting optimal rules are
characterised and specific rules are discussed over two particular
Hilbert spaces. We also discuss optimal rules required to be
interpolatory for a pre-assigned set of functions of the Hiibert
space. In Chapter II, we obtain bounds for the errors of optimal
approximations with polynomial precision by making use of the
interpolatory property of these optimal rules; the resulting
error bounds are of the hypercircle inequality type,v Also dis=-
cussed in this Chapter are some properties of an interpolatién

operator associated with optimal approximations which are



required to be interpolatory for a pre-assigned set of functions
of the Hilbert space. TIn Chapter III, introducing an appropriate
Hilbert space, we discuss optimal approximations (with respect

to both the abscissas and the weights) for functions analytié

in a circular annulus. A family of explicitly determined

optimal rules for numerical integration round the unit circle

is obtained; and from this, by a suitable transformation, certain
families of explicitly determined coptimal quadratures for intes
gration over [-1,1] are obtained. In Chapter IV, we obtain
explicitly determined optimal rules for the numerical integration
of periodic analytic functions by introducing appropriate Hilbert

spaces over the basic period-reétangle.

The thesis consists of four Chapters; a brief description

of the contents of each Chapter follows:

CHAPTER I: We discuss the construction of optimal linear rules
with polynomial precision based on pre-assigned abscissas over a
Hilbert space possessing a reproducing kernel function. A rule
based on N+1 distinct and pre-assigned points is required to be
exact for all polynomials of degree < n, n < N, and the weights
are determined by minimizing the norm of thé error of the rule,
The resulting optimal rules are characterized by the. property
that they are interpolatory for a certain linear mahifold of N-n
linearly independent functions of the Hiibert space, For illustra-
tion and numerical examples, we consider the Hilbert spaces
B?(C,) and Lz(ﬁr) of functions analytic in C,:|z| =T, v > 0. We

first discuss the construction of an optimal rule, with precision



for constants, for a point-functionals; in this case, the

optimal weights are determined explicitly . We then consider

some numerically computed optimal rules with polynomial preci-
sion for point and integral functionals. The numerical results
show that.optimal rules with polynomial precision may sometimes

be much better (having smaller actual error) then the corresponding

optimal rules without any polynomial precision.

CHAPTER II: In Part I of this Chapter, we obtain bounds for
the errors of optimal approximations with polynomial precision
by making use of the interpolatory property of these optimal
rules. The resulting error bounds are of the‘hypercircle
inequality type. Numerical examples are considered over the
Hilbert space Le(ar); the numerical examples show that the error
bounds obtained provide gquite reliable estimates for the actual
errors., In theblast part of Chapter I we discussed optimal
approximations which were required tc be interpolatory fof a
certain pre-assigned set of functions of the Hilbert. gpace. In

Part II of the present Chapter we discuss some properties of an

interpolation cperator associated with these optimal approximations.

CHAPTER III: Inbtroducing the Hilbert space Hz(R(r1,r2)), we
discuss optimal (with respect to both the abscissas and weights)
linear rules for functions amalytic in the circular annulus
R(rq,re) = {z3 v, < |z] < r2}. We then consider construction of

optimal rules for numerical integration round the unit circle



C1: Iz} = 1; we obtain a family of explicitly determined
optimal rules for j; f(z) |dz| over H2(R(r1,r2)), r, <1<,
The optimal weights are all positive and the optimal nodes are

1

located (equispaced) on C yi|z| =r*, r* = (r ,r2)5; interest-

1
ingly, the optimal nodes do not lie on C, unless T, = 1.
Optimal rules over [-1,1] can now be derived from optimal rules
over C,; for if f(w) is analytic on [-1,1], then f(%(z+z'1)) is
analytic in R(r"1,r) for some r > 1. From the family of optimal
rules for numerical integration over C1 we thus obtain certain
families of explicitiy determined optimal quadratures for inte-
gration over [-1,1].

CHAPTER IV: We obtain explicitly determined optimal rules for

zo+p
the numerical evaluation of
Z

f(z)|dz|, where f(z) is
periodic with (complex) period® p and analytic on the line
R z2,+ 0P, = < 0 < o, The optimal rules are obtained by
minimizing the error norm with respect to both the nodes and
the weights over two Hilbert spaces resulting from line and
area integral inner products over the basic period rectangle
of f. The optimal weights then determined are proportional to
the weights of the ftrapezoidal rule while the optimal nodes
are in general located (equispaced) on a certain line segment
4" parallel to f. We also discuss optimal rules with precision
for constants; fn this case an optimal rule ovef either of the
two Hilbert spaces turns out to be a trapezoidal rule having
its nodes lying on the line segment 4".

Some of the results of the thesis have been published in
NUMERISCHE MATHEMATIK (1974), and BIT (1973).
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