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In Paste mothods for .pprziti1 the t nO .►lollop 

of the second kind Volterra integral egaatioos 
x 

yin) a t( x) •1 j ~c(x. t.yl t)*t o a ( s 	i 4b. 	t ) 
Jill 

bete been frequently obained by replacing the lawgV.l La 
each interval by a w0wrtcal duadratun for 1a gating 

EI z.tsy(t)) as a single tw tlon. Raweeers a better tretbd 
for appr zL tieg the wnkamn Solution yin) can be abt uwd 

by treating yin) separately in each interval. MOO" 
obtained for equation (1) using U abWe eoieAA Will bate 

precision and improved acura41►. 

In support of the above statemat. ws sq consider the 
tonewiIg class of nonlinear seecid kind Volterra integral 

equsti ana $ 

= 
	1~tx,t)r(y(t) )dt. a 4 x 4 b. 	(a) 

It k(at) oscillates ssre rapidly or to less *moth then the 
solution yin). then it "'of be easily aeon that the better 
appraLMOtiolr for the W*n=D solution yin) ass be obtained 

by tseatiag y(z) separetrely• 

In 2saptersl and 110 we describe sass loplia It and 

enplyait aethads based on the abors eoaaept for the approL- 

~sta solutions of (1). After goir into the detail. of the 



thods giwtn La suptIrs I and II. M -, reach the coualm- 
sioa that air w tod for (1) ahAck has been obtMLne d t 
trestifti r(x.tsy( t)) a• a single tumtiou Can be easily 
modified to five better ap ro tm►ttaM for 1k 
solution s(x) Nr applyis0 1k oam apFrcelnatloas on y(z) 
separately dttc.h we lame applied on Kt x.try( t)) treats *$ it 

ear 0 single tia Uup. we 4Aar that such mAlflGatiaaa 

preserve tore stems convergence prop plies of flit 1w thuds. 

The rethode descries to Cho ors I and II are stable# but 
we shall not go into details of these, keeping in flew the 

• pace s d also ow tin is not this. 

IN Char Ills we describe a 	ihwskcw series ar tbw 
for the epprontte Solutions or the Volterra integral 

equs Uon 
x 

&Wtx) U!'tx) ♦ ~► I (K(xet)/I t)° ytt)dt. •1 * 1. 

•l 	 (S) 

Heine, a s (001) a d ). to a given Matt. For b $ 00 1k 
integral eq~Ira tioa (3) is o Volterra integral equatl ovi of fie 

first kind s*1 for b 10 0 At b0 an ewtloa of the sect kind. 
Mote that the be me l to ( S) to (we.kIY) singular it as (0.1). 
The present Maw troy its simplicity Syr be wed as library 
pro ra. in ooaputirg Ubor,torles for tip appronL tO solIUOSS 
or first ad second kind Volterra Lrtegvel equations with 

singular (weekly) sod aonmetagalur kerns ls. 



Is Chapter IV. we okts th two qdrature fond&• for 
the awwrlaat evsluatLon of weigtled C.ut privatpal ral+Ms 
late l 

1 

Ii tja) 	. i 	^ 1+&) Pi tix)/ix••a) )dm. 	(4) 
••l 

,Nero qr0 > .p1 and a x ( -1,1) . Tile MMMot r ara t 	too i Is 
cc •YAC~iC01" 

Use@ 11arabetlas.S 	Qoe(ki), k 	(1)ii; as Its 
woodee amm iM second dratire fcrisis Wes 'practical' 
abscissa• xk = cea(k ) • k e O( 1) s sad tai M Its "nodes'". 
we establtsb the eam erene of these dr.Wr+ torawl s for 
a iitabls 01nM Of nM U N ss It should be noted ke VO that 
ire► can also aiteio gw4rot~tre tonalas usisw "alosatcel" 
abxetseas xk =s cost i *.la q/k 3n.2) ). k = Ot 1)ny 14 place d 
'S41' 	oiMos as ' nades" to sLMlwr manner e0d Twee 
ga•drawre for'*ali s Will o.iso be aawer *t for the se. clue 
at tunatiasx. Later on to 	mer v we use the first cSadrs- 
tare torisla, toe o*tun&ng lbs apProxiatx solutions of i1M 

•In/ula r integral Fgalioas s 
1 	 l 

sOx) • (00/s) f 19(a)/(t z) )ds • I k(x.t) c( t)dt 
~1  •l 

nr sic)# .►1<*<1. 	($) 
ire a end D are reel eon t nts k(zst) and g(z) are R41deF-
contLnisors tuso tl oas. t U Gn ( S) rase pte a o lution of iAs 
toms 



Ott) a Mli}ttt} 	 () 

ie 

vie) a (lost) °(t.t) p$ a,>-l. 

: ter obtaining the oppro*1*ate t►elnee of t ON "OrOc"4 +l" 

and "Classical" abscissas we obtain the epprONLRte ♦a l*es 

of the ?itt derivat1 a of t at the "PruatUCal" and 
"clssslawl" abscissas (ezept at 1 1) by umiwg ro0uad e dra-

to forila. 

The thesis Consists of rive chapter. ei a brief des" 

cription or the 601"O s or each chapter folio.. t 

er t•  Noble t 1969) 1 drow1bed a Mts©d for 

the a aw rloal solution of scoond kind Volterra Integral 

equsioa (1) tre:Ytlt the sanitaaar kerw 1 as a single trnbw 

Lion and replec1 rg the integral in each interval aw repented 

8lupson's and  -rules. we eodlty this method b)► replacing 

the utiknoun sotdtloa in eaCh Intemi bW repeat4d qua aUC 

and cubic interpolating pot 	Lam. The sodlfled thad 

is fourth order wave rgeat with precision three (i.e.. th1e 

ss thad is eft if the wno.a solution is a polymww l of 

degree less or equal to three) and NO iap'oved aocu rieq►. 

we also describe a fourth order eelM.%ertLn$ wtbod hoed an 

the iIwe oowce pt J this srthod has precision owe. l crtaal 

e 	les are ac i,dered to de* nstraW Cos tattw%sll3 the 

fourth girder convergee of the sDditled thod apd the 



l~ro*d ac owac ► of the sb dif to d or tPod war the method 
deserlbed in Noble (1969). This O apter is Io1Wg to 
appear to BIT. 

okr _11. we describe srooad, third cad fourth 
order self-starUa" ezplictt methods for the epproxisate 

eolutio#s of (1) by treating uz*Aown solution ytx) sepnre- 
tely. These wtlwds are exact it y(*) is a Sonsteal. veo 
also describe a fourth order explicit we thud based on the 

alol►e conef~$. This arthod r+~quirc s starting valve's :i d 
As exact it ytx i.e a polynca~ul of degree It ss or equal 
to two. i riaal examples are considered to show that the 

soonrecles of the methods are improved by treating wihe 

solution ytx) sepsrstely. he self—starting fourth #der 
or tbod of this d a Ater As soled to app*ar to BIT. 

MUL j"o we d. scribe u method for the dppro~ciite 

solutions of Volterra integral equation (S). The W&W 
Costs in epproulsxt*ng erne) by a trameated 4)byshe  

series. The eppr iisote values of this Cheby4bevu1~oxrler 

coe?ftcie~Ats are foxed by solving the llr.ear Nstes obtained 

by dlserr+etiostios of the iategrn! equation (3) at the 

"claseAcal" abscissas. If tie valiar of the solution is 
desired at the particular point to (.1,11, the finite 

4wby.hev series, with coefficients its determined above& eat 

be samara up by the using Clenshew's algorithm (195S). ve 



also represent the known tuncUon K(x,t)• for Fi*d as in 

tees of grated Chebyshr series. Vk re we also aI. 

that y(x) and K(. t) are aunt nu 	and of basaded vans.  

tion on t.l.l j. Nuserieol e•aa)les of Yalu 	integral 

equetl oas of the first and see 	kinds are give i to 

illustrate the ae tbod j these examples slaw that the present 

wthad gives quite sotisfnctory appminatlans for the 

pyshev-Furrier cu.ttioiefts at the unknown solution y(*). 

This aMpler As published In Jo rnsl at Mate itLCal and 

Pbyslosl 3olen0es, 17 (1978). 473-481. 

e►at.er IY.  we describe two quadrature Fors r Car 

the Amos° maul evaluation at O a%a ' prinsipa t va l integral 

(4) . First quadrature rwnseis is obtained by replacins P by 

• polynou&al interpolating 1 on  "pe'nuulOai"  abscissas % w 

ow(k' ). k = 0(1)n. The second quadrature Foravis is 

obtained by subtruottnK at the singularity and uses "practi-

cal" slectssas and pole as its "nodes", we establish the 

cotwergenoo or the first quadrature t w da for Ow clear of 

?uM ti on$ s1Kch are ttolde n.acWirouv s on (•1,1 j. we also 

show that the second quadrature roronla is co rgent it t 

satisfies the Following ocaiditioW 1 

(1) ! • N 0 tor0 <µ4 1. 

(11) t'(*) exists  sod continuos in a ssa►11 neigbOa-
hood at 

1i!1) r(e) .lets. 



The Plrut q .dratare C0r &a of this obbpter to pubU.hed Is 

ooa~Ua- 23 (0") • '772. 

y~~ a ear • Ia this o pt.r we describe raarLCal 

■e thoda for the approaL t* •v1utlaus of the sleds r isRMe$1 

egtotlou (5).  Lcb acceptsa soluttus of the tom 

qtt) o t(ur t) 

where 

aid the cots lantas a and p are given b3, 

a a (!*L) 1 log((e-)b)/r o.ib))+1, e>•1 

p = -.1Z*t) 11Og((A+1b)/t uolb) )may p>..1 

with N and M Lategera such that the idea 

V : .4 a►p) a ••t NNE 

AS retetated to the v&lWa -19 0 upd I. 

Approxi'tc w thods described by Kret* (i7517$) for 
the ma rical solYfinw at (5) Aced tear of the appropriate 
Jacobi polyaoatala f this re*pdres sufficient maaemt of flee 

end if ako tdlo1M• 

(*r eta in Wo cI pte r is to describe tboda Which 

provide eppromioatm nal ee of Ir an [-l. i j. including paints 

* 1 and also the above tedta. job As revcd. The abOS 

thing. A I be acOo il1ahe d bw repLacin t MO► a po y iio gal 



ls!►erpolatle/ f on "lra4tIcal" or "alasrical" bbsa&Mos. The 

OWM&Mte rel .s of the iksi 	solution !(x) at the 

"pracUcel" and "classical" uksolssns ore sbtalasd W solvLM 

the Uses? system OWAAe0 by alscretisoti+sS of the 1#tegsl 

equation (S) at the tyros or the 	hev polynawiels Of the 

seeOSd kind with the extra condition (it It L tllere). 

,attar obtainial the a ppeo*iIN tie ya lw s of r on "preot*oal" 

old"classical" Ubsomwes we obtain the approxim a Vs~l*'s of 

r' an "practical" and "elasstcal" alsolasas (ezoeit at * l) 

by wing the second . sdretsr roils at ( pf e r IV. 

e After fission at the synolsis t wP htVO 

gemssl&ses they concepts of ChaptOra II and III. In (Upwr 

11, we dlf'y the Aod1lir4 iscri wI* wthods of Carey (l 7 ) 

for oonllresr second kind Voltelrs integral eirtiops (1) by 

tee atlng the unkn 	solution se pP rate 2y and beeve shn that 

the Caney' $ sethsda are particular oases at the Preee+at sethor. 

Our usdUtcatiofl iaprows the aoetu~'a or the Carne's thods 

and also preserves the strong eanreeenas and stebilftp 
properties. In (2aptFr III# we describe a rvourreI a relation 

tar the a of at►of or L terrain 

a 	T' (t) 
Ik. N(". a) 	j 	sans 0 s s < 1. 

o (x-t ) 
acre pica  po. 1 five integer a l o 0 < $ < l as ?(t) 
Tk(2t-l) • 0 14 t (l 4'k(' seec (k aroaw t) be the  *s#ev 



polrnosLels if the first 	d of degr" k dsfia over 
(.1.1]). The rwurrsnos rslation La aasfal is obtaialag 
arnsrio al methods for at star f o1 terra integral s$aa t foss 

W(z3 a t(z)+ (JL(z t.7(I))/(#-tp)`)dt, 0 ~ s ; 

asiat Cisbyohsv pot norto1a. is rssutrrsaes rslr~1ea ay also 
be as" for p • 1 sad s• O. 

Ulsnsbaw 0. We 1953 A note on the srmea►tisn of U tsb7sbev 
sines* al' Ag 9. I IU 12x. 

Gar17, .L. 1975 3o1riug vDLisosr s soM Mad Volterra 
•c ua ui ono by codified ie rtas at so thods. , AI j. 
ilSft 4fil. 12. 5e 140$. 

Lrssic. 3. 1975 Q* gsadrat e f ormalas for oiuglar La$,&ral 
sgaats es. of the fuel and the .woad lid. 	. 
♦ns1. 1#ath. 33, 2"232. 

Lrsnc, 3. 1978 Qaadrat re f ormrlas of o to std typo f 
•olntion of oin9ILr i.ntgral •quatioao. , 	. 
ltatbI AD4io 22, )9- tOT. 

Nobles 9. 1969 Instability when solving Volterraa integral 

• qsa ti aw of the ,00 oad kind by .ltiotsp a» fh od s. 

it 23-39• 
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