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In pasty, methods for approxiseting the unknown solution
of the second kind Volterra integral cquation:

X
yix) = mn] Kixetoy(tits a S S Dy (1)
a

have been frequently obtained by replacing the integral in
each interval by & numerical quadrature formsls treating
Kixstey(t)) as o single function, However, a better me thod
for approximating the unknown solution yi(x) can be obtoined
by tresting yix) separately in each interval, MNethods
obteined fopr equation (1) using the above concept will have
precision and improved accursgy.

In support of the above statement, we Bay consider the
following ¢lass of nonlinear segond kind Volterra integral

equationss
x

yix) = fix) 0, Mixst)ulyit))dt, a<x b (2)
)

If kixst) oscillates more Papidly or is less smooth then the
solution y(x), then it muy bo casily seen that the better
approximetions for the unknown solution y(x) cea be obtuined
by treating yix) separatelys

In Chaptersi ond 11, we describe some implicit and

explicit methods based on the above concept for the approxi~
mate solutions of (1). After going into the details of the



umumuwxmn.-mmmm
sion that any methed for (1) which hes been obtained by
treating Kixstoy(t)) as o single function con be easily
modified to give better approximetions for the unkhowh
solution yix) by spplylag the some approximetions on yix)
seporately which we have applied on Kixetayit)) treating it
a8 o single function, We show that such nmodifications
preserve the strong convergenge properties of the methods,
The methods described in ChoptersI end 11 ere stables but
we shall not go into detodls of these, keeping in view the
spoce and also cur aim is not this,

In Chapter 111, we describe a Chebyshev series w thod
for the approximte solutions of the Volterrs imtegrel

equs tion
X

wio = fx en [ (KxuAn09ptia, <<

“a (s
Here, a ¢ [0s1) ond A 18 o given constant, For b =0, the
integral equation (3) 4s o Volterrs integral equoticn of the
firot kind and for b 0 46 &5 an equation of the second kind,
Note that the kevnel 4n (3) is (weakly) singular if a & (Qed)e
The present sethod from Ats simplicity muy be used as Librory
program An computing lauboretorics for the approximate solutions
of first and second kind Velterpa integral equations with
singular (weakly) ond nonesingulor kernels,




In Chapter IV, we obtoin two quadrature fonmilas fop
the numerical evaluation of weighted Cauchy principal value
integral

|
Hpge) = {.cu)'tm&mmmn-. (4
3

whepe @uf > «1 and a @ (=1,1), The first quedrature formmla
uses w absgiesns x, = cosikw/n), k = 0l1)ng as its
"nodeg” ond the second quedrature formmla wees "prectical”
sbsclesas X, = cos(ku/n)y k = O(1)n and o o8 dts "nodes”.

We establish the convergenge of these quodreture formules for
o suitable ¢lass of functions, It should be noted here that
we Con nlso obtain quadrature formulss ueing "elassicel"
abscisscs X, = cos({anel) p/{2ne2) )y k =2 0(1)ny in plece of
"practicsl” sbecissus as "nodes” in similer mnner and these
quodrature formules will also be cuwergent for the scor Class
of functions, Later on in Chapter Vy we wse the first quadre-
ture formile, for obtaining the approximste solutions of the

singular Antegroal equationss
1

(git)/fitex))de o I kixst) gl t)ae

1
agix) ¢ (9 {-
- | S |

= gix)y «1<x< ) (3
wiere a ond D are real constants kixet) and gi(x) are Holdep-
continuows functions. fHgumtion (5) aceepts a solution of the
forms



¢it) = wit)rie) (6)
where
wit) = (1et)N1e0)?) g > -l

After obtaining the approximate vslues of £ on “"prectical”
and "clsssical" absciesas we obtoin the approximate values
of the first depivative of f ot the "practiczl” and
"glasaical™ abscisses (except st ¢ 1) by using second quadia=
wure formls,

The thesis Consdsts of Pive chapters and a bricf dose
eription of the contents of each chapter followst

Chepter Lo Noble (1969) has deseribed o method for
the numerical solution of secend kind Volterra integrel
equation (1) treating the nonlimeer kernel ae o single func-
tion and replucing the integrol in each interval by repeated
Simpson’s anli-rllu. We modify this method by replacing
the unknown solution in each intervel by repeated quadratic
and cubic interpolating polynomigls. The modified method
is fourth order comvergent with precision three (4,09 the
method 4s exsct Af the unknown solution is e polynomial of
degree legs or equal to three) and has improved accurocye
we also degcribe o fourth order selfestarting method based on
the sbeve concepty this method has precision one, Numericsl
exsaples are comsidered to demonstrate computationally the
fourth order convergence of the modified method ond the



smproved acouracy of the modified srthod over the method
deseribed in Noble (1969). This chapter is going to
appear in BIT,

Shepter 1ie Ve describe second, third ond fourth
ordey self-starting explicit methods for the approximate
solutions of (1) by tresting unknown solution yix) separa=
tely. These methods are exsct Af yix) is a constont, Ve
slso degeribe s fourth order explicit method based on the
above goncept. This apthod roquirces starting values and
is exact Ar yix) 4s s polyncminl of degree less or equal
to two, Numericel exampies are considered to show that the
scouracies of the metheds are Amproved by treating unknown
solution yix) separately, The selfestarting fourth waer
ecthod of this chapter is going to appear in BIT,

Chapter 1ll. Ye deseribe o method for the epproximte
solutions of Volterra integral equation (3). The method
consiste An spproximting yix) by o truncated Chebyshey
gepies, The approximete values of tie ChebyshevsFouries
cocfficients are found by solving the lincar system obtained
by discretigetion of the integral equation (3) ot the
"gloseicel® abecissan, If the value of the sclution is
desired st the perticulse point in [«1,1]), the finite
Chebyshey serics, with coefficients es determined above, can
be swamed up by the using Clenshow's algorithm (1955). we



slso represent the known function K(xet) for fixed X, in
terms of truncated Chebyshew series, Here we also assume
thet yix) and K(,pt) are continucus and of bounded veris-
tion on [«1,1]). Numerical exaomples of Volterra integrsl
equotions of the first and second kinds are given to
illustPate the methody these examples show that the present
method gives quite sstisfactory approximations for the
ChebysheveFourier coefficients of the unknown solution yix).
This chapter is published in Journel of Mathemsticel and
Physical Sciemces, 12 (1978), 473-481.

Shapter 1Y, Ve doscribe two quadroture formlas for
the numcrical evelustion of Couchy principal veoluwe integral
{4). FPirst quadrature form:ls is cbtained by replacing f by
@ polynomial interpolating f on "proctical” sbscissas X, =
cosik®/n)y k = 0(1)n, The second quadrature formule i
obtained by subtracting cut the singularity ond uses "practie
cal” obscissas ond pole as its "Rodes”, We establish the
Mewumrmznmmrmrwmmc
functions which are Holderecontinuous on [~1,1). We alse
show that the second quadrature formula is convergent if ¢
satisfies the following conditions

(1) t.l’. for0<p<€l,

(44) f£'x) exists snd comtinuoms in a smll neighbour-
hood of s
(444) f{a) exists,



The first quedrature formule of this chapter is published in
Computing 23 (1979), 67-72.
Shopter Yo In this chepter we degseribe numerical

methods for the approximte sclutions of the singular integral
equation (35), which sccepts & solution of the form

olt) = wie)rie)

vheve
wit) = (1=2)N2e0)?

aid the constants « ahd P are given by

a = (30)") logle=id) Aosid) R, a> =1
p = «t298) " log((aeib) Aaeid))eity §> =2

with N and M integers such thet the index

vV = «lmf) = «(Nel)

is restricted to the values «~1, 0 and 1,

Approximte mrthods described by Krenk (1975,1978) for
the mumerical sclution of (§) nced geros of the appropriaste
Jacobd polymomialsj this requires sufficient amount of time
and 43 olso tedious,

Our aim in this chapter 4s to describe methods which
provide approximte volues of £ on [=1,1), inciuding points
¢ 1 and also the above tediows job 4s removed, The above

things sy be accomplished by replacing f by » polynomial



interpoloting § on "prectical" or "classicsl” sbscissas, The
approximete values of the unknown solution fix) at the
"practicel” ond "classical” absclsses are obtained by solving
the linesr system obtained by discretigation of the integral
equation (5) at the geros of the Chebyshov polynomials of the
second kind with the extra condition (4if it is there),

After obtaining the approximste values of £ on "practicel”
and "elussical” abscissas we obtein the approximate valuces of
£' on "practicel” and “clessicel” abscissos (except ot ¢ 1)
by using the second quadrature formila of Chapter IV,

Notet After submission of the synopsis, we hove
genovalised the concepts of Chapters IX end 111, In Chapter
11, we modify the modified increment mrthods of Garey (1975)
for nonlineap second kind Volterra integral equations (1) by
treating the unknown solution gseparately ond have shown that
the Gorey's methods are particular Cases of the present @ thods,
our modification improves the accurscy of the Garey's methods
snd aloo preserves the strong cowergence and stablility
properties, In Chapter 111, we describe & recurronce relation
for the evaluation of integrals

Toie)

5
Ipp'tew = l. =~ b iv o<x< 1

where p 4s o poritive w'ar>l.o<c<lnnl1“.(t)n
'r.ln-n. 0 €t <1y (T(¢) =cos (k arccos t) be the Chebyshev



polynomials of the first kind of degree k definod over
[«%,1])s The recurrence relation is useful in shiaining
nuserical sethods for sajular Volterra integral equations

W) = 2D+ | (5(% KAL) 98, 0<x <,
9

asiag Chebyshev polynomiclise The recurrence relation may also
bo used for pe 1 and a = 0,
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