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Abstract
The central focus of this thesis is understanding small fluctuating active systems,
particularly through a thermodynamic perspective. Our approach includes a dual
strategy: first, we explore the theoretical and numerical approaches to studying the
dynamics of stochastic systems, exploring both Gaussian and non-Gaussian noises.
Secondly, we explore the realm of stochastic heat engines to investigate various
thermodynamic properties and explore the factors contributing to the enhancement
of their performance.

First, we examine the dynamics of a confined overdamped Brownian particle im-
mersed in a thermal bath and subjected to a non-equilibrium bath containing a
dilute solution of active particles. Due to confinement, the Brownian particle en-
counters a harmonic potential. Additionally, it undergoes Poisson shot-noise im-
pulses with a defined amplitude distribution resulting from collisions with active
particles within the bath. We derive the stationary solution for the displacement
distribution by analyzing the Fokker-Planck equation. We also calculate the mo-
ments, including mean, variance, skewness, and kurtosis. Additionally, we calculate
an effective temperature using the fluctuation-dissipation theorem and demonstrate
the validity of the equipartition theorem for all zero-mean kick distributions, even
those resulting in non-Gaussian stationary statistics. In the scenario of Gaussian-
distributed active kicks, we observe a transition from Gaussian to non-Gaussian and
again re-entry to the Gaussian stationary states with a heavy-tailed leptokurtic dis-
tribution across various parameters, consistent with recent experimental findings.
Further, we analyze the system’s irreversibility by calculating the time asymmetry
of cross-correlation functions. In our investigation, we conducted a comprehensive
study of the system to lay the groundwork for building a heat engine in the future.
We aim to identify the regions where non-Gaussian behavior can be attained and
subsequently analyze its impact on engine performance.

Later, we perform an extensive analysis of passive as well as active micro-heat engines
with different single-particle stochastic models. Using stochastic thermodynamics,
we calculate thermodynamic work, heat, entropy production, and efficiency of pas-
sive and active Brownian heat engines through analytical calculation and simulation



techniques and compare both results. We discuss a group of protocols for which ex-
act non-quasistatic calculations can be done, entirely in the passive engine case and
partially in the active engines. Then, we summarize our results for a particular pro-
tocol. We study the position distributions of the Brownian particle in both passive
and active engines. We compare their characteristics in terms of the parameter that
measures the competition between the active persistence in the particle position
and the harmonic confinement. Our goal is to uncover the correlation between non-
Gaussian attributes and efficiency through the computation of excess kurtosis. Our
findings indicate that the efficiency of thermal machines can enhanced or reduced
based on the activity within the model, and determining the exact cause solely from
the excess kurtosis is not straightforward.

Therefore, we further investigate the model of an active heat engine involving Brow-
nian particles in an active bath, resulting in active Poissonian noise. The positional
distribution displays a non-Gaussian leptokurtic fat-tailed shape, and we assess its
non-Gaussianity through the calculation of excess kurtosis. Our objective is to di-
rectly measure a parameter that correlates with the non-Gaussian behavior of the
system, establishing a direct link with the excess kurtosis. For this model, we study
two different protocols. We calculate exact analytical expressions for work, heat,
and efficiency, which further helps to understand many physical insights about the
system. Our research reveals that while there is a general trend of increasing effi-
ciency with increasing excess kurtosis initially, but no particular correlation can be
established between these two quantities. This indicates that other factors influ-
enced by activity, besides non-Gaussianity and excess kurtosis, contribute to the
observed enhanced efficiency.



साराांश 

इस थीससस का मुख्य उदे्दश्य कम उच्चावच ां वाली ससिय प्रणासलय ां क  समझना है, सवशेष रूप से 

उष्मागसिकी पररपे्रक्ष्य के माध्यम से। यह अध्ययन द  सिन्न  दृसिक ण से सकया गया है।  सवव प्रथम , हम 

स्ट केस्टस्टक प्रणासलय ां की गसिशीलिा का अध्ययन करने के सलए सैद्ाांसिक और सांख्यात्मक मानक ां 

का पिा लगािे हैं, सिसके अांिगवि गॉससयन और गैर-गॉससयन द न ां का अध्ययन प्रसु्ति सकया गया है।  

ित्पश्चाि, हम सवसिन्न थमोडायनासमक गुण ां की िाांच करने और उनके प्रदशवन क  बढाने में य गदान 

देने वाले कारक ां का पिा लगाने के सलए स्ट केस्टस्टक हीट इांिन के कायव सीमाओां का अध्ययन करिे 

हैं। 

अध्ययन के प्रथम िाग में हम ऊष्मा श्र ि में डूबे हुए एक सीसमि ससिय ब्राउसनयन कण की 

गसिशीलिा की िाांच करिे हैं, िबसक ब्राउसनयन कण ससिय कण ां के सनम्न साांद्रिा वाले असाम्य स्र ि 

के अधीन ह िे हैं। पाश की उपस्टथथसि में, ब्राउसनयन कण एक हामोसनक बल के अांिगवि गसि करिा 

पाया िािा है । इसके असिररक्त, यह स्र ि के ससिय कण ां के साथ टकराव के पररणामस्वरूप 

पररिासषि आयाम सविरण के साथ पॉइसन लघु- प्रासयक आवेग ां से िी गुिरिा है। हम फ कर-प्लैंक 

समीकरण का सवशे्लषण करके सवथथापन सविरण के सलए साम्य हल प्राप्त  करिे हैं। हम माध्य, 

सवचरण, सिरछापन और कटोससस ससहि अन्य गुण ां की िी गणना करिे हैं। इसके असिररक्त, हम 

उिार-चढाव-अपव्यय प्रमेय का उपय ग करके एक प्रिावी िापमान की गणना करिे हैं और सिी 

शून्य-माध्य सकक सविरण ां के सलए समसविािन प्रमेय की वैधिा प्रदसशवि करिे हैं, यहाां िक सक गैर-

गॉससयन स्टथथर आांकड ां के पररणामस्वरूप िी। गॉससयन-सविररि ससिय सकक के पररदृश्य में, हम 

गॉससयन से गैर-गॉससयन में सांिमण देखिे हैं और हाल के प्राय सगक सनष्कषों के अनुरूप, सवसिन्न 

मापदांड ां में िारी टेल वाले लेप्ट कसटवक सविरण के साथ गॉससयन के अध्ययन में पुनः प्रवेश करिे हैं। 

इसके असिररक्त, हम िॉस-सहसांबांध कायों की समय सवषमिा की गणना करके ससस्टम की 

अपररविवनीयिा का सवशे्लषण करिे हैं। अपनी िाांच में, हमने िसवष्य में िाप इांिन के सनमावण के सलए 

आधार िैयार करने के सलए प्रणाली का व्यापक अध्ययन सकया। हमारा लक्ष्य उन के्षत् ां की पहचान 

करना है िहाां गैर-गॉससयन व्यवहार प्राप्त सकया िा सकिा है और बाद में इांिन प्रदशवन पर इसके 

प्रिाव का सवशे्लषण सकया िा सकिा है। 

अध्ययन के शेष िाग में, हम सवसिन्न एकल-कण स्ट केस्टस्टक मॉडल के साथ सनस्टिय और साथ ही 

ससिय माइि -हीट इांिन का व्यापक सवशे्लषण करिे हैं। स्ट केस्टस्टक थमोडायनासमक्स का उपय ग 

करिे हुए, हम सवशे्लषणात्मक गणना और ससमुलेशन िकनीक ां के माध्यम से सनस्टिय और ससिय 

ब्राउसनयन िाप इांिन ां के उष्मागसिकीय कायव, ऊष्मा, एन्ट्र ापी उत्पादन और दक्षिा की गणना करिे 

हैं और द न ां पररणाम ां की िुलना करिे हैं। हम प्र ट कॉल के एक समूह पर चचाव करिे हैं सिसके सलए 

सटीक गैर-क्वासससै्टसटक की गणना की िा सकिी है, पूणविया सनस्टिय इांिन मामले में और आांसशक 

रूप से ससिय इांिन में। ित्पश्चाि, हम एक सवशेष प्र ट कॉल के सलए अपने पररणाम ां क  सांके्षप में 

प्रसु्ति करिे हैं। हम सनस्टिय और ससिय द न ां इांिन ां में ब्राउसनयन कण के स्टथथसि सविरण का अध्ययन 

करिे हैं। हम उनकी सवशेषिाओां की िुलना उन मानक ां के सांदिव में करिे हैं ि  कण स्टथथसि में ससिय 

दृढिा और द लन पाश के बीच प्रसिस्पधाव क  मापिा है। हमारा लक्ष्य असिररक्त कटोससस की गणना 

के माध्यम से गैर-गॉससयन सवशेषिाओां और दक्षिा के बीच सांबांध क  उिागर करना है। हमारे सनष्कषों 

से सांकेि समलिा है सक मॉडल के िीिर गसिसवसध के आधार पर थमवल मशीन ां की दक्षिा क  बढाया 

या घटाया िा सकिा है।  केवल असिररक्त कटोससस से सटीक मानक सनधावररि करना एक कसिन 



सवसध है। इससलए, हम एक ससिय ऊष्मा इांिन के मॉडल की आगे िाांच करिे हैं, सिसमें ससिय बाथ 

में ब्राउनीयन कण शासमल ह िे हैं, सिससे ससिय प इस सनयन श र उत्पन्न ह िा है। स्टथथसििन्य 

सविरण एक गैर-गौससयन लेप्ट कसटवक फैट-टेल्ड आकार प्रदसशवि करिा है, और हम इसकी गैर-

गौससयनिा का मूल्ाांकन असिररक्त कुटोससस की गणना के माध्यम से करिे हैं। हमारा उदे्दश्य एक 

ऐसे पैरामीटर क  सीधे मापना है ि  प्रणाली के गैर-गौससयन व्यवहार के साथ सहसांबद् ह , 

असिररक्त कुटोससस के साथ सीधे सांबांध थथासपि करिे हुए। इस मॉडल के सलए, हम द  अलग-अलग 

प्र ट कॉल का अध्ययन करिे हैं। हम कायव, ऊष्मा, और दक्षिा के सलए सटीक सवशे्लषणात्मक 

असिव्यस्टक्तयााँ गणना करिे हैं, ि  प्रणाली के बारे में कई िौसिक अांिदृवसि समझने में और मदद 

करिी हैं। हमारा श ध यह प्रकट करिा है सक िबसक प्रारांि में असिररक्त कुटोससस बढने के साथ 

दक्षिा बढने की एक सामान्य प्रवृसि ह िी है, लेसकन इन द  मात्ाओां के बीच क ई सवशेष सहसांबांध 

थथासपि नही ां सकया िा सकिा है। यह सांकेि करिा है सक गसिसवसध से प्रिासवि अन्य कारक, गैर-

गौससयनिा और असिररक्त कुटोससस के अलावा, देखी गई बढी हुई दक्षिा में य गदान करिे हैं। 



Contents

Certificate i

Acknowledgements ii

Abstract iv

Contents vi

List of Figures xi

Abbreviations xvii

Symbols xix

1 Introduction 1
1.0.1 Motivation, Objective, and Scope of the thesis . . . . . . . . . 8

1.0.1.1 Theoretical study of stochastic system and modeling
of active bath . . . . . . . . . . . . . . . . . . . . . 9

1.0.1.2 Application in thermal and active particle heat engines 10
1.0.2 Organization of the Thesis . . . . . . . . . . . . . . . . . . . . 11

2 General Methodology: Stochastic Thermodynamics 15
2.0.1 Stochastic Energetics and Active Brownian motion: Langevin

and Fokker Planck Descriptions . . . . . . . . . . . . . . . . . 16
2.0.1.1 First Law of thermodynamics on a microscopic scale 17
2.0.1.2 Second Law of thermodynamics on the microscopic

scale . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.0.1.3 Thermodynamics for an active system and definition

of efficiency for an active particle heat engine . . . . 20
2.0.2 Experimental Parameter Range . . . . . . . . . . . . . . . . . 23

vii



Contents viii

3 Brownian particle in a Poisson-shot-noise active bath:
exact statistics, effective temperature, and inference 25
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.1.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3.1.2 Gaussian kicks . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.1.3 Inferring the statistics of the underlying active kicks . . . . . 35
3.1.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.2 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4 Exactly solvable model of a passive Brownian heat engine and its
comparison with active engines 43
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.1.1 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.1.2 Stochastic Thermodynamics . . . . . . . . . . . . . . . . . . . 47

4.2 The protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2.1 Passive Micro Heat Engine . . . . . . . . . . . . . . . . . . . 52

4.2.1.1 Time evolution of the Variance of the particle in the
presence of thermal fluctuation . . . . . . . . . . . . 52

4.2.1.2 Analytical calculation of the Thermodynamic quan-
tities . . . . . . . . . . . . . . . . . . . . . . . . . . 54

4.3 Active Particle Heat Engines . . . . . . . . . . . . . . . . . . . . . . . 60
4.3.0.1 Time evolution of the position variance of the par-

ticle in the presence of RT-type active fluctuation . . 61
4.3.0.2 Calculation of thermodynamic quantities with RT-

type activity . . . . . . . . . . . . . . . . . . . . . . 65
4.3.0.3 Thermodynamics of active micro heat engine with

Gaussian Colored noise . . . . . . . . . . . . . . . . 66
4.3.0.4 Time evolution of the position variance of the par-

ticle under AOUP . . . . . . . . . . . . . . . . . . . 67
4.3.0.5 Thermodynamic quantities with Colored noise . . . 70

4.4 Comparative study of the micro heat engines . . . . . . . . . . . . . . 71
4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5 Examining the effect of non-Gaussianity on active heat engine
driven by Poissonian noise 77
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
5.2 Definition of Model and Dynamics . . . . . . . . . . . . . . . . . . . 79

5.2.1 Effective temperature calculation . . . . . . . . . . . . . . . . 81
5.3 Construction of an engine and analytical calculation of the Thermo-

dynamic quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
5.3.1 Solving the Langevin equation for a time-dependent protocol . 83

5.3.1.1 Calculation of Work and Heat . . . . . . . . . . . . 86



Contents ix

5.3.2 Calculation of thermodynamic quantities for the PDF of kick
taken from a Gaussian Distribution . . . . . . . . . . . . . . . 89

5.3.3 Analyzing Engine Efficiency Under Diverse Conditions . . . . 91
5.4 Stirling PSN heat engine . . . . . . . . . . . . . . . . . . . . . . . . . 95

5.4.1 Solving the Langevin equation for a time-dependent stirling
protocol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.4.1.1 Results of thermodynamic quantities for the PDF of

kick taken from a Gaussian Distribution . . . . . . . 99

6 Conclusion and outlook 105

Scope for Future Work 108

Bibliography 111

Appendix A: Technical Notes for Chapter 3 123
A.1 Main results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

A.1.1 Moments of the distribution . . . . . . . . . . . . . . . . . . . 125
A.1.1.1 Moments of x1 and x2 . . . . . . . . . . . . . . . . . 126
A.1.1.2 Mean, variance, skewness, and excess kurtosis of x . 127

A.1.2 Inferring the statistics of the underlying active kicks . . . . . 129
A.1.3 Effective temperature . . . . . . . . . . . . . . . . . . . . . . 129

A.2 Gaussian kicks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
A.2.1 Derivatives of I(q) . . . . . . . . . . . . . . . . . . . . . . . . 132
A.2.2 Moments of x2 . . . . . . . . . . . . . . . . . . . . . . . . . . 133

A.3 Derivation of susceptibility . . . . . . . . . . . . . . . . . . . . . . . . 135
A.4 Numerical simulations . . . . . . . . . . . . . . . . . . . . . . . . . . 135

List of Publications 137

Academic Visit and Conference 139





List of Figures

1.1 Schematic diagram of a heat engine. The system is attached with
two heat reservoirs at different temperatures Th and Tc (Th > Tc) at
different instant of the cycle. . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Schematic diagram of a Active Brownian Stirling engine constructed
by trapping a Brownian particle by an optical tweezers and immersed
in a non-equilibrium bath composed of active particles. The Stiriling
cycle includes, isothermal expansion at Th (Step:1 −→ Step:2), com-
pression (Step:3 −→ Step:4) at Tc and connected with two isochoric
process (Step:2 −→ Step:3) and (Step:4 −→ Step:1) . . . . . . . . . 5

3.1 (Left panel) We show the schematic diagram of a Brownian particle
trapped by an optical tweezer. The setup is immersed in a bath
of active particles with a net velocity µ. (Right Panel) The setup
is immersed in a non-equilibrium bath composed of active particles
with vanishing net velocity (µ = 0). (Centre Panel) We represent
stochastic trajectories of the Brownian particle in the non-equilibrium
bath with Gaussian active shot (Eq. (3.12)) for different bacterial
activity with different mean velocity (refer to section 3.1.2). The
green, red, and blue trajectories correspond to µ = 0, µ = −1, and
µ = 2, representing an optically trapped particle in a bath in an open
container where bacteria have a random motion with a net velocity
of zero, and others for µ ̸= 0 describes the same system under a
homogeneous fluid flow. . . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Excess kurtosis Kex as a function of the mass ma of the active particle
for different values of βa. (Left panel) The active particle in the active
bath has no average velocity, µ = 0. (Right panel) The active particle
has net velocity µ = 2.0. Other parameters: ω = 2.0, T = 0.5,
κ = 2.0, and γ = 2.0. The number of simulations is 105 with the
simulation time step dt = 10−4. . . . . . . . . . . . . . . . . . . . . . 37

3.3 (Left panel) Represents the excess kurtosis Kex as a function of the
kick rate ω for µ = 0.0 for different values of βa and (Right panel)
Represnts the excess kurtosis Kex as a function of the kick rate ω for
µ = 2.0. Other parameters used are ma = 2.0, T = 0.5, κ = 2.0,
γ = 2.0, number of simulations 105 and simulation time step dt = 10−4. 37

xi



List of Figures xii

3.4 (Left panel) Excess kurtosis Kex as a function of the kick rate ω.
(Right panel) The displacement PDF of the Brownian particle in an
active bath (P (x)) for the value of ω = ω∗ and compared with the
Gaussian PDF (P eq(x)). The other parameters: ma = 2.0, T = 0.5,
κ = 2.0, γ = 2.0, µ = 2.0. The number of simulations is 105 with
simulation time step dt = 10−4. . . . . . . . . . . . . . . . . . . . . . 38

3.5 Cross-correlation asymmetry in the presence of active Poissonian shot
noise (PSN) with amplitudes drawn from the Gaussian distribution
Eq. (3.12). (Left panel): Comparison between the forward and back-
ward x(t), x3(t) cross-correlation functions Eq. (3.23) for an equilib-
rium dynamics given by Eq. (5.1) without active PSN (i.e., vanishing
rate of kicks ω = 0). (Right panel): Comparison between the for-
ward and backward x, x3 cross-correlation functions Eq. (3.23) in the
presence of PSN with the rate of kicks ω = 10−2. Other simulation
parameters are T = 0.5, κ = 2.0, γ = 0.2, ma = 2.0, µ = 0.0,
and Ta = 8.0, number of simulations 105, and simulation time step
dt = 10−4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.1 A particular type of the time-dependent protocol of the stiffness κ(t).
k1 and k2 are the maximum and minimum values of the trap strength,
and τ is the cycle time. . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.2 Left panel represents the mean squared displacement σTh(t) as a func-
tion of t

τ
. Right panel represents the internal energy of the particle

⟨U(t)⟩ versus t/τ , for three cycle times τ = 1, 10, 100. The param-
eters used are k1 = 4.0, k2 = 2.0, γ1 = 1.0, γ2 = 2.0, T1 = 4.0,
T2 = 1.0. In all the figures, unless otherwise specified, symbols rep-
resent simulation results and solid lines analytical or numerical results. 54

4.3 Plot of σTh(t) versus κ(t). (Left panel) for different τ for non-quasi
static cases. (Right panel) for large τ , the quasistatic limit. The
parameters used are k1 = 4.0, k2 = 2.0, γ1 = 1.0, γ2 = 2.0, T1 = 4.0,
T2 = 1.0. In the (Right panel) τ = 300. . . . . . . . . . . . . . . . . . 55

4.4 Individual works and total work versus the cycle time τ (Left panel).
Heat absorbed, dissipated Q

(1)
Th and Q

(2)
Th respectively as a function of

cycle time τ (Right). The parameters are k1 = 4.0, k2 = 2.0, γ1 = 1.0,
γ2 = 2.0, T1 = 4.0, T2 = 1.0. . . . . . . . . . . . . . . . . . . . . . . . 56

4.5 The efficiency ηTh as a function of cycle time τ (Left panel). Effi-
ciency in comparison with the Carnot efficiency as a function of the
ratio of maximum and minimum value of the trap strength k1

k2
in the

quasistatic case (Right panel). Interestingly the efficiency reaches the
Carnot efficiency for large values of the ratio. Parameters used are
k1 = 4.0, k2 = 2.0, γ1 = 1.0, γ2 = 2.0, T1 = 4.0, T2 = 1.0 (Left panel)
and in the (Right panel) k2 = 2.0 is fixed and k1 varied for τ = 200. . 58



List of Figures xiii

4.6 Entropy (Left panel) and power (Right panel) as a function of the
cycle time τ . Parameters used are k1 = 4.0, k2 = 2.0, γ1 = 1.0,
γ2 = 2.0, T1 = 4.0, T2 = 1.0. . . . . . . . . . . . . . . . . . . . . . . . 58

4.7 The efficiency (ηTh) vs power (P ) for different values of γ2. Param-
eters used are T1 = 4.0, T2 = 1.0, k1 = 4.0, k2 = 2.0, γ1 = 1.0. The
plot shows a clear trade-off between power and efficiency, as discussed
in the text. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.8 A schematic of a passive Brownian particle in an active non-equilibrium
bath (Left panel). A typical trajectory of trichotomous noise as a
function of time t representing the random force generated by the ac-
tive particles. The noise strength can be larger in the first half than
the second half of the cycle (Right panel) . . . . . . . . . . . . . . . . 60

4.9 (Left Panel) simulation and numerical results σRT (t) with κ(t) for
different τ for non-quasi static case. (Right panel) result for the
quasistatic case. Similar to the passive engine, we also see the four
strokes of our engines. Parameters are k1 = 4.0, k2 = 2.0, γ1 = 1.0,
γ2 = 2.0, T1 = 4.0, T2 = 1.0, A+

1 = 3.0, A+
2 = 2.0, λ1 = 5.0, λ2 = 5.0

and τ = 200 for the (Right panel). . . . . . . . . . . . . . . . . . . . 62
4.10 σRT (t) (Left panel) and ⟨U(t)⟩ (Right panel) as a function of t/τ .

k1 = 4.0, k2 = 2.0, τ = 100, γ1 = 1.0, γ2 = 2.0, T1 = 4.0, T2 = 1.0,
A+

1 = 3.0, A+
2 = 2.0, λ1 = 5.0, λ2 = 5.0 . . . . . . . . . . . . . . . . . 64

4.11 (Left panel) Individual works and total work W
(1)
RT , W (2)

RT and W
(1)
RT +

W
(2)
RT with cycle time τ . (Right panel) heats with cycle time τ . Pa-

rameters used are k1 = 4.0 , k2 = 2.0, γ1 = 1.0 , γ2 = 2.0, T1 = 4.0,
T2 = 1.0, A+

1 = 9.0, A+
2 = 1.0, λ1 = 5.0, λ2 = 5.0 . . . . . . . . . . . . 65

4.12 (Left panel) Entropy SRT with cycle time τ . Efficiency for the active
particle ηRT with cycle time τ . Parameters are the same as in Fig. 4.11 66

4.13 (Left Panel) simulation and numerical results σCN(t) with κ(t) for
different τ for non-quasi static case. (Right panel) result for the
quasistatic case. Similar to the passive engine here also we see the
four strokes of our engines. Parameters are k1 = 4.0, k2 = 2.0,
γ1 = 1.0, γ2 = 2.0, T1 = 4.0, T2 = 1.0 D1 = 3.0, D2 = 2.0, τa = 2.5
and τ = 200 for the (right panel). . . . . . . . . . . . . . . . . . . . . 68

4.14 σCN(t) (Left panel) and ⟨UCN(t)⟩ (Right panel) as a function of t/τ .
Parameters are k1 = 4.0, k2 = 2.0, τ = 100, γ1 = 1.0, γ2 = 2.0,
T1 = 4.0, T2 = 1.0, D1 = 3.0, D2 = 2.0, τa = 2.5. . . . . . . . . . . . . 69

4.15 (Left panel) Individual works and total work W
(1)
CN , W (2)

CN and W
(1)
CN +

W
(2)
RT with cycle time τ . (Right panel) heats with cycle time τ . Pa-

rameters used are k1 = 4.0, k2 = 2.0, γ1 = 1.0, γ2 = 2.0, T1 = 1.0,
T2 = 0.5, D1 = 4.0, D2 = 2.0, τa = 0.2 . . . . . . . . . . . . . . . . . 71

4.16 (Left Panel) Entropy SCN with cycle time τ . Efficiency for the active
particle ηCN with cycle time τ . Parameters are same as in Fig. 4.15 . 72



List of Figures xiv

4.17 Internal energy as a function of the reduced cycle time t/τ , for β > 1
and β < 1 for large τ . We see that the RT model doesn’t have a fixed
T eff
RT when β < 1. The parameters are k1 = 4.0, k2 = 2.0, τ = 100,

γ1 = 1.0, γ2 = 2.0, T1 = 1.0, T2 = 0.5, A+
1 = 9.0, A+

2 = 1.0, D1 = 5.0,
D2 = 2.0, λ1 = λ2 = 0.4 and τa = 2.5 (for β < 1), λ1 = λ2 = 5.0 and
τa = 0.2 (for β > 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.18 Log-lin plot of (Left panel) P(x) with x at time τ
4
, and κexss with τ

(Right panel). We see that for the RT model, the distributions are
clearly non-Gaussian with larger widths than the passive case. For
CN, the distributions are Gaussian, but widths are still larger than
the passive case. The parameters are k1 = 4.0, k2 = 2.0, τ = 100,
γ1 = 1.0, γ2 = 2.0, T1 = 0.2, T2 = 0.1, D1 = 10.0, D2 = 4.0,
λ1 = λ2 = 0.4 and τa = 2.5 (for β < 1), λ1 = λ2 = 5.0 and τa = 0.2

(for β > 1) and A+
1 =

√
2D1

τa
, A+

2 =
√

2D2

τa
. . . . . . . . . . . . . . . . 73

4.19 Efficiency η as a function of the cycle time τ . (Left panel) for β < 1.
(Right panel) for β > 1. We see that for these parameters, RT and
CN engines always perform better than passive engines. For new
images The parameters are k1 = 4.0, k2 = 2.0, τ = 100, γ1 = 1.0,
γ2 = 2.0, T1 = 1.0, T2 = 0.5, A+

1 = 9.0, A+
2 = 1.0, λ1 = λ2 = 0.4 and

τa = 2.5 (for β < 1), λ1 = λ2 = 5.0 and τa = 0.2 (for β > 1) and
D1 =

(A+
1 )2τa
2

, D2 =
(A+

2 )2τa
2

. . . . . . . . . . . . . . . . . . . . . . . . . 74

5.1 (Left), (Center), (Right) shows schematic illustration depicting mul-
tiple cycles of a specific type of time-dependent protocol governing
stiffness, denoted as κ(t), temperature profile denoted as T (t) and
active temperature Ta(t). The parameters κ1 and κ2 represent the
minimum and maximum values of the trap strength. Tc, Th and Tac,
Tah denote the cold and hot temperatures of the thermal and active
reservoir, respectively. At the same time, τ signifies the total cycle
time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5.2 Plots represent the scenario where we have bacterial activity through-
out the cycle time but with different active temperatures at different
cycle times. In this case, we always observe engine behavior, which is
discussed above. (Left panel) we show how the mean of excess kurto-
sis Kµ

ex with the activity ω calculated using Eq. (5.7). (Right panel)
Represents total extracted work W and input heat Qh to the system
and the rejected heat Qc to the cold bath. The analytical results are
plotted (solid lines) using the equations Eq. (5.39), Eq. (5.40) and
Eq. (5.41). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94



List of Figures xv

5.3 Plots represent the scenario where we have bacterial activity through-
out the cycle time but different active temperatures at different cycle
times. Plotted the efficiency as a function of κ2 and compares Carnot
efficiency ηC and Carnot efficiency with effective temperature denoted
as ηeffC . The analytical results of η are plotted (solid lines) using the
equations Eq. (5.30). The parameters used are ma = 0.3, Tac = 0.1,
Tah = 0.5, Tc = 0.1, Th = 0.5 κ1 = 0.1, ω = 1.0 and γ = 0.2, number
of simulations 105 and simulation time step dt = 10−4. . . . . . . . . 94

5.4 (Left), (Center), (Right) shows schematic illustration depicting mul-
tiple cycles of a specific type of time-dependent protocol governing
stiffness, denoted as κ(t) changes with time, temperature profile de-
noted as T (t) and active temperature Ta(t). The parameters κ1 and
κ2 represent the minimum and maximum values of the trap strength.
Tc, Th and Tac, Tah denote the cold and hot temperatures of the ther-
mal and active reservoir, respectively. At the same time, τ signifies
the total cycle time. . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.5 The probability distribution of particle displacements P (x) for the
non-Gaussian reservoir and compared with a Gaussian thermal reser-
voir at the four-state points. A Stirling cycle between a hot non-
Gaussian (κ = 4.0 and Ta = 1.0) and a cold non-Gaussian reservoir
with (κ = 0.6 and Ta = 0.1). The trap stiffness κ(t) varies linearly
in compression and expansion steps. The Stiriling cycle includes,
isothermal compression at Tc (Step:1 −→ Step:2), expansion (Step:3
−→ Step:4) at Th and connected with two isochoric process (Step:2
−→ Step:3) and (Step:4 −→ Step:1) . . . . . . . . . . . . . . . . . . 97

5.6 Plots represent the scenario where we have bacterial activity only in
the 3rd (τ/2 < t ≤ τ) half of the cycle time. (Upper left) Repre-
sents the mean excess kurtosis Kµ

ex calculated using Eq. (5.7) (Upper
right) Total extracted work W and the intake heat Qh and rejected
heat as a function of the kick rate ω. The analytical results of work
are calculated using Eq. (5.56), Eq. (5.57). The analytical expres-
sion(solid lines) of heat intake Qh is calculated using Eq. (5.58) and
rejected heat is calculated using Eq. (2.7) and then matched with
simulation(symbol). (Central) The efficiency is plotted against ac-
tivity using Eq. (2.21). Parameters used are ma = 2.0, Tah = 2.0,
Tc = 1.0, Th = 4.0 κ1 = 2.0, κ2 = 4.0 and γ = 2.0, number of
simulations 105 and simulation time step dt = 10−4. . . . . . . . . . . 101

5.7 Plots represent the scenario where we have bacterial activity only in
the 3rd (τ/2 < t ≤ τ) half of the cycle time. Represents the efficiency
η as a function of the kick rate ω. The analytical results are plotted
using Eq. (2.21). Parameters are used ma = 0.01, Tah = 0.05,
Tc = 0.02, Th = 0.04, κ1 = 0.1, κ2 = 0.3 and γ = 0.01, number of
simulations 105 and simulation time step dt = 10−4. . . . . . . . . . . 102



List of Figures xvi

5.8 (Left) Represents efficiency with Kµ
ex as a function of activity level ω

for the case where bacterial activity is present with the same active
temperature (Tac=Tah). (Right) Represents efficiency with Kµ

ex as a
function of activity level ω for the case where bacterial activity is
present only in the 3rd (τ/2 < t ≤ τ) half of the cycle time. The
parameters used are the same as those used in the Fig.5.6 . . . . . . 103



Abbreviations

Th Thermal system
RT Run and Tumble
CN Colored Noise
AOUP Active Ornstein Uhlenbec Process
PSN Poisson Shot Noise
UCNA Unified Colored Noise Approximation
PDF Probability Distribution Function

FPE Fokker Planck Equation
FDR Fluctuation Dissipation Relation

xvii





Symbols

Th (T1) Temperature of the hot reservoir
Tc (T2) Temperature of the cold reservoir
Qh (Q1) The amount of heat absorbed from the hot reservoir
Qc (Q2) The amount of heat rejected to the cold reservoir
W and P Total extracted work and Power output
ηC and ηCA Carnot efficiency and Curzon and Ahlborn efficiency
η and ηeffC efficiency and effective Carnot efficiency
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