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Abstract

A loop is a generalization of a group and an associative loop is called a group.

Let R be an associative and commutative ring with identity. We construct the loop

ring R[L] from a loop L in a similar manner as the group ring R[G] is constructed

from a group G. If F is a field, then we call F [L], a loop algebra and F [G], a

group algebra. The problem of determining the unit group of a group ring is very

challenging and so is the problem to establish the structure of the unit loop of a

loop ring or a loop algebra. In this thesis, we determine the structure of the unit

loops of loop algebras of finite RA and RA2 loops over the finite fields.

An RA(Ring Alternative) loop is a loop whose loop ring R[L] over some com-

mutative, associative ring R with identity and of characteristic different from 2 is

alternative but not associative. RA loops have been completely classified. The

order of an RA loop is 2n, for a natural number n ≥ 4 and there are only seven

non-isomorphic classes of RA loops. All RA loops are Moufang loops of the type

M(G, ∗, g0), where G is a non-abelian group with involution ∗ on G and g0 is an

element in the center of G. We completely characterize the structure of the unit

loop of the loop algebras of all RA loops of order 32, 64 and then in general, of all

the seven classes of indecomposable RA loops over the finite fields of characteristic

greater than 2. When charF is 2 and L is an RA loop of order 2n, then we prove

that U(F [L]) ∼= F ∗ × (1 + ∆F (L)) and dimF (∆F (L)) = 2n − 1, where ∆F (L) is the

augmentation ideal of the loop algebra F [L].
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vi Abstract

An RA2 loop is a loop whose loop ring in characteristic 2 is alternative but

not associative. Every RA2 loop is an RA loop, but the converse is not true. All

RA2 loops have not yet been classified. But Chein and Goodaire have studied

a particular class of Moufang loop that forms RA2 loops. They proved that the

Moufang loop of the type M(G, 2) is an RA2 loop if G is one of the following

groups:

• the symmetric group, S3,

• the group of quaternions, Q8,

• the dihedral group D2m,

• the generalized dihedral group Dih(A) of any abelian group A, provided A

has exponent > 2,

• any non-abelian group G of exponent 4 which has precisely two elements of

order 2.

In this thesis, we deal with the loop algebras of RA2 loops M(G, 2) obtained from

the non-abelian groups mentioned above. We start with M(S3, 2) and determine the

structure of the unit loop of its loop algebra over the finite fields of characteristic

different from 3. The Wedderburn decomposition of F [M(Q8, 2)] when F is a finite

field of characteristic different from 2 is already known. Next, we consider the loop

algebra F [M(D2m, 2)] for an odd positive integer m and determine the structure of

its unit loop over the field F of characteristic 2.

For any abelian group A, the generalized dihedral group of A is the semidirect

product of A and C2, with C2 acting on A by inverting elements and is written as

Dih(A) = AoC2. For a prime p and a natural number m, we consider the generalized

dihedral group of Cm
p and determine its matrix representations over the finite field

F of characteristic 2 containing a primitive pth root of unity. As a consequence, we

explore the units in F [M(Dih(Cm
p ), 2)].
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[a, b] the commutator of elements a and b in R

[a, b, c] the associator of elements a, b and c in R
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