RESULTS ON ABSTRACT MODULE CATEGORIES AND
EILENBERG-MOORE CATEGORIES

DIVYA

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY DELHI
APRIL 2025



© Indian Institute of Technology Delhi (IITD), New Delhi, 2025



Results on Abstract Module Categories and
Eilenberg-Moore Categories

by

Divya

Department of Mathematics

Submitted
in fulfillment of the requirements of the degree of Doctor of Philosophy
fo the

Indian Institute of Technology Delhi
April 2025



Dedicated to my parents

Mr. Vinod Kumar and Mrs. Shakuntla



Certificate

This is to certify that the thesis entitled Results on Abstract Module Categories and Eilenberg-
Moore Categories submitted by Ms. Divya to Indian Institute of Technology Delhi, for the
award of the degree of Doctor of Philosophy, is a record of the original bonafide research work
carried out by her under my supervision and guidance. The thesis has reached the standards
fulfilling the requirements of the regulations relating to the degree. The results contained in this
thesis have not been submitted in part or full to any other university or institute for the award of

any degree or diploma.

Prof. Surjeet Kour
New Delhi

April 2025

Associate Professor
Department of Mathematics

Indian Institute of Technology Delhi



ii

CERTIFICATE




Acknowledgments

I am truly delighted to express my heartfelt gratitude to everyone who has supported and inspired me
throughout my Ph.D. journey. First and foremost, I thank the almighty for the grace and blessings that

have made my dreams come true.

1 would like to express my deepest gratitude and respect to my supervisor, Prof. Surjeet Kour, for her
continuous quidance, patience, and support. She has been a constant source of inspiration, encouraging
me fo think critically and work towards excellence. Her valuable advice and constructive feedback have
played a key role in improving the quality of my research. I feel truly fortunate to have had the opportunity

to learn and grow under her guidance.

1 wish to extend my heartfelt thanks to Prof. Abhishek Banerjee from IS¢ Bangalore, with whom I had the
opportunity to collaborate on two of my papers. He was always available for constructive discussions and
created a supportive environment where I felt comfortable asking queries and clarifying my doubts. His
dedication fo research has been truly inspiring, motivating me to remain focused and persevere through

challenges.

1 would also like to thank my SRC (Student Research Committee) members Prof. Vivek Mukundan, Prof
Ritumoni Sarma, and Prof. Shiv Dutt Joshi, for their constructive suggestions and engaging discussions
during progress presentations over the last five years. I am grateful to the amazing teachers from both
school and college who, whether knowingly or unknowingly, played a part in my journey. My school math
teacher, Mrs. Shalini, made mathematics so interesting and easy to understand. I am also deeply grateful
to Prof. Preeti Dharmarha from the University of Delhi, and Prof. Jayanthan A V, Prof. Sarang Sane,
Prof. K. C. Sivakumar, and Prof. S. Balasubramaniam from IIT Madras, whose exceptional teaching
and encouragement fueled my passion for mathematics. Also, I would like to thank CGSIR (Council of

iii



iv ACKNOWLEDGEMENTS

Scientific and Industrial Research) for providing me with financial assistance and the II'T Delhi authorities
for providing the essential facilities needed for my research. I also like to thank my senior, Dr. Sakshi
Gupta, and colleagues and friends Himanshu, Jaya, Divyanshu, Fawan, and Sourav for the meaningful

discussions and for creating a joyful environment.

T would like to thank my friends Soumya Ranjan, Garima, Harman, and Deeksha, who have always been
there for me through thick and thin. They were always there for me emotionally during challenging times,
and their companionship and motivation have helped me become the best version of myself. Soumya inspired
me fo dream big and work hard to achieve my goals. He not only encouraged me but also supported me
throughout my journey by helping with paper writing, making presentations, and meaningful discussions
in analysis. Beyond academics, he has always inspired me to be a better person. His empathy, kindness,
and philosophical stories have encouraged me to grow and strive to be more compassionate and thoughtful.

T will always cherish his love and support throughout my life.

I cannot picture my journey without the love and support of my family—my parents, my brother, and
my grandmother, who have always been my pillars of strength. They have always put my education and
aspirations first. Their belief in me and my dreams has been a constant source of support. I owe much of
my success to my mother, who taught me mathematics during my school years, and it is because of her that
I am where I am today. My father has consistently pushed me forward, offering both emotional support
and guidance in my career. I owe everything I am today to their love and sacrifices, and I am eternally

grateful to them.

New Delhi Divya



Abstract

The goal of this thesis is to study the results on abstract module categories and Eilenberg-Moore
Categories. This thesis is structured into two main parts. The first half focuses on the results on
abstract module categories, beginning with a chapter that provides a brief survey of the literature

on the subject.

In Chapter 2, we study local cohomology in the abstract module category, where we prove Grothendi-
eck’s vanishing theorem and Non-vanishing Theorem. In Chapter 3, we consider the categories of
contramodule objects and comodule objects in a Grothendieck category over an entwining structure
(A, C 1), where Ais a k-algebra and C'is a k-coalgebra. A measuring from an entwining structure
(A", C" Y to (A, C, 1) is considered, which induces pairs of adjoint functors between the cate-
gories of entwined contramodule objects as well as the categories of entwined comodule objects.
We provide conditions under which these adjoint pairs are inverse equivalences. In this chapter,
we also study separability, Frobenius, and Maschke-type results for functors between categories of

entwined comodules and entwined contramodules.

The second half of the thesis focuses on the results on Eilenberg-Moore categories. We begin
this part with a review of the literature on Eilenberg-Moore categories in Chapter 4. In Chapter
5, we consider representations of quiver taking values in the category of monads and comonads.
We develop a categorical framework for modules and comodules over these representations. Our
goal is to give conditions under which these categories become Grothendieck. We also study the
categories of cartesian modules and comodules over these representations, which resemble quasi-
coherent sheaves. We conclude this chapter by discussing the rational pairing between monad and

comonad representations.

In Chapter 6, we consider a differential monad (U, 0,7,d) on a Grothendieck category, where

d : U — U is a derivation on U, and we define a d-derivation D on a module over the monad
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U. We prove in this chapter that every hereditary differential torsion theory on the Eilenberg-
Moore category of modules over a monad (U, 6,7, d) is differential. Further, we show that every d-

derivation on a module in the Eilenberg-Moore category can be extended to the module of quotients.
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