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Abstract

In this thesis, we study twisted derivations in group rings and algebraic number fields. The
theory of derivations has been developed in rings and various algebras and helps to study and
understand their structure. Derivations play an essential role in mathematics and physics.
They are extensively investigated in physics and engineering. The motivation to study twisted
derivations in group rings and algebraic number fields comes from the fact that twisted deriva-
tions have wvast applications in mathematics, physics, other sciences, and social sciences and
have received little attention in these algebraic structures. Therefore, this thesis aims to con-
tribute to studying twisted derivations in these two critical algebraic structures, namely, group
rings and algebraic number fields. Also, applications of twisted derivations in these algebraic
structures have been explored in Coding Theory. The thesis assumes the reader’s knowledge of
group, ring, field, module, basic structure theory of these algebraic structures, and basic coding

theory. The thesis has been divided into ten chapters.

Let R be a commutative ring with unity, and A and B be R-algebras with A C B. Leto,7: A —
B be two R-algebra homomorphisms. A (o, T)-derivation or twisted derivation D : A — B is an
R-linear map that satisfies the twisted generalized identity: D(af) = D(a)71(B)+o(a)D(B) for
all o, B € A. It is called inner if there exists some v € B such that D(a) = y1(a) — o(a)y for
all v € A. If D is not inner, then it is called outer. When o = 1, then a (o, T)-derivation, inner
(o, 7)-derivation, and outer (o, T)-derivation are simply called o-derivation, inner o-derivation,
and outer o-derivation, respectively. When o = 7 = id 4, then a (o, T)-derivation satisfies the
usual Leibniz rule: D(af) = D(«)B + aD(B) for all a,f € A, and then a (o, T)-derivation,
inner (o, T)-derivation, and outer (o, T)-derivation are called derivation, inner derivation, and
outer derivation, respectively. Analogously, we define these concepts for the twisted derivations
of an arbitrary ring R. But in this case, we do not consider the R-linearity condition. Here, D

must only be additive and satisfy the twisted Leibnitz rule.
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In Chapter 1, we introduce the work carried out in the thesis. We discuss the ABT structure
of the thesis. “A” stands for “and,” which signifies what is already known in literature. This
can be found in sections 1.1, 1.2, 1.8 and 1.4 of Chapter 1. In Section 1.1, we discuss the
motiwation behind picking up this topic. Section 1.2 discusses the basic definitions required to
understand the developed theory. Section 1.3 discusses the literature on twisted derivations in
group rings. In Section 1.4, we discuss the literature available on twisted derivations in algebraic
number fields. “B” stands for “but,” which signifies the gaps in the existing literature that need
to be filled and unknowns that need to be discovered. Finally, “T” stands for “therefore,” which
signifies what we aim to do further. “B” and “T” have been discussed in Section 1.5 of Chapter

1, wn which we discuss the research problems worked upon in this thesis.

In Chapter 2, we discuss the preliminaries required in the remaining chapters of the thesis.
In Section 2.1, we state some necessary lemmas on twisted derivations. In Section 2.2, we
give some known results from group theory such as results on conjugacy classes of some crucial
groups (for example, dihedral group Da,, dicyclic group Ty,, semi-dihedral group S Ds,, and Vg, ),
universal property of free groups, doubly-twisted conjugacy classes and some results on them,
group homomorphisms from Ds,, to Ds,. In Section 2.3, we state some well-known definitions
and results from the theory of group rings, such as the augmentation ideal, Maschke’s theorem,
Wedderburn-Artin Theorem, class sums, the concept of group ring matrices, and various ex-
citing and valuable results concerning these group matrices. In Section 2.4, we discuss some
results from the theory of linear algebra over commutative rings. In Section 2.5, we state basic
definitions and results from algebraic number theory. In Section 2.6, we discuss some basic
definitions from coding theory and some known results on zero-divisor and unit-derived codes

from group rings.

In Chapter 3, we study the derivations of group algebras of some influential groups, namely,
Dihedral (Dsy, ), Dicyclic (Ty,) and Semi-dihedral (SDs,,). First, we explicitly classify all inner
derivations of a group algebra FG of a finite group G over an arbitrary field F. Then we
classify all F-derivations of the group algebras FDs,, FTy, and F(SDs,) when F is a field of
characteristic 0 or an odd rational prime p by giving the dimension and an explicit basis of
these deriwation algebras. We explicitly describe all inner derivations of these group algebras
over an arbitrary field. Finally, we classify all the above group algebras derivations when F is
an algebraic extension of a prime field. In particular, when F is an algebraic extension of a
prime field, we give a sufficient condition under which these group algebras have a non-trivial

outer derivation, thus answering the derivation problem in these group algebras.
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In Chapter 4, we study inner and outer deriwvations of the group algebra FVy,, of V., a group of
order 8n (n a positive integer) with presentation {a,b | a*" =b* =1,ba = a~ b7, b7 a = a™1b)
over a field F of characteristic 0 or an odd rational prime p. We explicitly classify all the
imner and outer deriwations of the group algebra FVy,. First, we explicitly classify all the F-
derivations of FVg, by giving the dimension and a basis of the derivation algebra consisting of
all F-derivations of FVg,. Consequently, we classify all inner and outer derivations of FVg,
when F is an algebraic extension of a prime field. Thus, we establish that all the derivations
of FVg, are inner when the characteristic of F 1s 0 or p with p relatively prime to n, and that
non-zero outer derivations exist only in the case when the characteristic of F is p with p dividing

n.

In Chapter 5, we study (o, T)-derivations of group rings in terms of generators and relators of
the group. Leo Creedon and Kieran Hughes in [25] studied derivations of group ring RG (R a
commutative unital ring) in terms of generators and relators of group G. In this chapter, we
do that for (o, 7)-derivations. We develop a necessary and sufficient condition such that a map
f: X — RG can be extended uniquely to a (o, 7)-derivation D of RG, where R is a commutative
ring with unity, G' is a group having a presentation (X |Y) (X the set of generators and Y the
set of relators) and (o, 7) is a pair of endomorphisms of RG which are R-linear extensions of
the group homomorphisms of G. Further, we classify all inner (o, T)-derivations of the group
algebra FG of a finite group G over an arbitrary field F in terms of the dimension and a basis of
the corresponding F-vector space consisting of all inner (o, T)-derivations of FG. We also prove
that if R is a unital ring and G is a group whose order is invertible in R, then every (o,T)-
derivation of RG is inner. We finally apply the results obtained above to classify all inner and
outer o-derivations of dihedral group algebras FDs, (Da, = (a,b | a™ = b* = 1,07 ab = a™'),
n > 3) over an arbitrary field F of any characteristic, thus answering the twisted derivation

problem in dihedral group algebras.

In Chapter 6, we study inner and outer twisted or (o, T)-derivations of the group ring RG of
a finite cyclic group G over a commutative ring R with unity. Let R be a commutative ring
with unity, G be a finite cyclic group, and (o,7) be a pair of R-algebra endomorphisms of the
group algebra RG, which are R-linear extensions of the group endomorphisms of G. We give
two characterizations concerning (o, T)-derivations of the group ring RG. First, we provide
a necessary and sufficient condition for an R-linear map D : RG — RG with D(1) = 0 to
be a (o,7)-derivation. Second, we develop a necessary and sufficient condition for a (o,T)-

derivation of RG to be inner. We also illustrate our theorems with the help of examples.
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As a consequence of these two characterizations, we answer the well-known twisted derivation
problem for RG: Under what conditions are all (o, T)-derivations of RG inner? Or is the space
of outer twisted derivations trivial? More precisely, we give a sufficient condition under which
all (o, T)-derivations of RG are inner and a sufficient condition under which RG has non-
trivial outer (o, T)-derivations. Our result helps in generating several examples of non-trivial

outer (o, T)-derivations.

In Chapter 7, we study (o, T)-derivations of number rings by considering them as commutative
unital Z-algebras. We begin by characterizing all (o, T)-derivations and inner (o, T)-derivations
of the ring of algebraic integers of a quadratic number field. Then we characterize all (o,T)-
derivations of the ring of algebraic integers Z[C] of a p™-cyclotomic number field Q(C) (p odd
rational prime and ¢ a primitive p™-root of unity). We also conjecture (using SAGE and
MATLAB) an “if and only if” condition for a (o, T)-derivation D on Z[(] to be inner. We
further characterize all (o, T)-derivations and inner (o, T)-derivations of the bi-quadratic number
ring Z[\/m,/n] (m, n distinct square-free rational integers). In each of the above cases, we
also determine the rank and an explicit basis of the derivation algebra consisting of all (o, T)-

derivations of the number ring.

In Chapter 8, we study twisted derivations in algebraic number fields. Let A be a commutative
ring with unity, B = A[0] (for some 6 € B integral over A) be an integral domain with quotient
field K, and E be the minimal splitting field of 0 over K. Suppose o,7 : B — E are ring
homomorphisms that fir A element-wise. We prove that an A-linear map D : B — E with
D(1) = 0 satisfying certain conditions is a (o, T)-derivation. Consequently, we obtain results
on twisted derivations in algebraic number fields and their ring of algebraic integers. For the
ring of algebraic integers, Ox = Z[(] of the cyclotomic number field K = Q(¢) (¢ an n®
primitive root of unity), and a pair (o,7) of two different Z-algebra endomorphisms of Ok,
we conjecture a necessary and sufficient condition for a (o, T)-derivation D : Ox — Ok to be
inner. This is done for two different forms of n: (i) n = 2"p (r € N and p an odd rational
prime), and (i) n = p* (k € N and p any rational prime). We also conjecture the existence
and non-existence of non-zero outer derivations for the above two forms of n, thus answering

the twisted derivation problem.

In Chapter 9, we study the applications of the work done in the previous sixz chapters from
3 to 8 in algebraic coding theory. We construct good parameter codes, some of which have

additional properties, such as optimal, self-dual, self-orthogonal, and LCD. We give the notion
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of an “image of derivation-derived code”. Also, we show that derivations occur as zero-divisor

and unit-derived codes.

Finally, in Chapter 10, we conclude all the thesis findings by highlighting the main contributions
of the thesis. We also give several future research directions arising out of the work carried out

in this thesis.
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List of Symbols

For a commutative unital ring R, and R-algebras A, B with A C B, we use the following

notations:

Symbol Meaning

N the set of natural numbers

N Nu {0}

Z the ring of integers

Q the field of rational numbers

R the field of real numbers

C the field of complex numbers

Sh {(i,§) e Ng x Ny | i +j =k} for k e Ny

ged(r, s) the greatest common divisor of any two non-zero integers r and s
o(n) the Euler’s phi function of the positive integer n

b, (x) the n'* cyclotomic polynomial

|S] the cardinality of a set S

|G| the order of a group G

Ch a cyclic group of order n

lg] the order of an element g in a group G

G : H] the index of a subgroup H of a group G

Q < to indicate that some quantity Q) is finite

Z(Q) the center of a group G

Z(R') the center of a ring R’

Z(R'G) the center of the group ring R'G of a group G over a ring R’
Ok the ring of algebraic integers of a number field K

xvii



xviil LisT OF SYMBOLS
K, F] the degree of the field extension K of a field F
Fym finite field of order p™ (p prime, m € N)
char(F) the characteristic of a field F
1d gy the identity endomorphism on a ring R’
M sn(R') the ring of m x n matrices (m,n € N) with entries from a ring R’
M, (R) the ring of n x n matrices (n € N) with entries from a ring R’
I, the n X n identity matriz over a commutative unital ring
AT the transpose of a matrix A
Adj(A) the adjoint of a matriz A
det(A) the determinant of a matriz A
Ders(R') the set of all S-derivations (D : R — R') of a ring R’
Der(R') the set of all derivations (D : R' — R') of a ring R’
Deryn(R) the set of all inner derivations (D : R' — R') of a ring R’
Dr)(A,B)  the set of all (o,7)-derivations D : A — B
Inne- (A, B) the set of all inner (o, 7)-derivations D : A — B
D7) (A) the set of all (o, 7)-derivations D : A — A, that is, B = A
Inn7)(A) the set of all inner (o, T)-derivations D : A — A, that is, B= A
D,(A) the set of all o-derivations D : A — A, that is, T = o
Inng,(A) the set of all inner o-derivations D : A — A, that is, T = o
D(A) the set of all ordinary derivations D : A — A, that is, 0,7 = idy4

Inn(A)

the set of all ordinary inner derivations D : A — A, that is, 0,7 = idy





