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SYTOPBLS

The mathematical description of various processes such as
diffusion-reaction mechaniam occurring in biological systems leads
to a system of non-linear differential equations., The thesis
deals with two types of applications: (i) the oxygenation of blood
in lung capillariesy and (ii) the interaction of diffusiqn re-
actibn in artificial, enz&matically active membranes. Accordingly,

the work has been divided into two parts,

PART I
CHAPTER l: This chapter deals with the general introduction of

the physiological background of the problem together with a brief

literature review.

The ﬁrocess of respiration essentially involves an uptake
of oxygen from the atmosphere and disposal of carbon-diqxide.
Oxygen is carried by the blood perfusing the pulmonary cirtulation
which simultaneously gives up the additional carbon dioxide that
it has brought from the tissues. Of the total amount of oxygen
carried by the blood, a small amount (0.3%) is dissolved physically
in the plasma whereas quite a significant.part of it (20,1%) com-
bines chemically with haemoglgbin which augments the transfer
of oxygen from a region of higher concentration to -that of lower
conqentration. Gas exchange process in the lungs between air in
the alveolar region and blood flowing through the capillaries
depends mainly on three transport mechanisms,; namely, molecular

diffusion, facilitated diffusiony and convection,



Murray (1971) has proposed a mathematical model for study-
ing the facilitated diffusion of oxygen across a membrane contain-
ing haemoglobin solution. Singh et.dl (1978) have discussed the
facilitated diffusion transport of Og and C0g across a membrane
containing haemoglobin in acqueous solution when Oy and €Oy dif=-
fused in the opposite directions, Colton and Drake (1971) have
shown that the boundary conditions affect greatly the oxygen trans-
port to blood flowing in a tube, As a result by modifying the
boundary conditions Singh et al. (1977) have applied their model
to study behaviour of Oy and COg in the presence.of heemoglobin

in pulmonary capillaries.

However the above studies do not account for the transfer
of 0o and 002 due.to convection, The present study presents a
mathematical analysis of gas exchange in pulmonary capillaries
by taking into account the convective effect of the bloods. Since
the procecss.-of~gas cxehange lcading to the oxygenation of the
blood in the lungs is wvery fast, it will be diffkcult to set up
an experimental study to determine the effects of various para-
meters on equilibration rate, Further it is ppoposed here to
study analytically the effects of various physiological parameters
on equilibration rate in pathological conditions. This study is
relevant for understanding the altered respiratory physiology in
conditions of hypoxia at high altitude, anaemias, emphysema,

fibrosis, €tCess



t
\uQ

CHAPTER 2: It describes a sheoretical model for studying the

rate of oxygenation of blood in pulmonary capillaries, The

model deals with the convective cffect of the blood on the trang-
port of oxygen and carbon dioxide due to their pure diffusional
flux as well as the facilitated diffusion, 'The venous (deoxyge-
nated) blood enters the capillary at z = O and it traverses a
length L to return as fully oxygenated (arterial) blood, As the
blood enters the capillary, it loses the carbon dioxide and gains
oxygen. The gases, oxygen and carbon dioxide, in the blood combine

reversibly with the haemoglobin as

k,
Hb + 02f-«$> HbO
<:E;“ .

2

m
Hb + c02«-£>

2

HbCOg

>

In the first stage of the analysis, the equilibrium solution
of the system is obtained which helps us in verifyingvﬁhe results
obtained from this model with the aweilable physiological data: for

the arterial blood,

The model confirms the well-known Bohr's and Haldane's effects
and the analysis shows that once equilibrium is reached no further
diffusion of gases across the membrane takes place and the species
acquire the material balance through the process of chemical com-
bination, It has been shown that in arterial blood, about 92% of

the haemoglobin combines with O, and the arterial PO and PCOg are



the same as the alveolar POy and PO, respectively, The concen-
tration of Hb002 is shown to vary linearly as P(_}O2 changes from
40 mm Hg to 46 mm Hg. It is shown that the concentration of free
haemoglobin not combining with 02 on CO2 increases with decrease
in PO2 and that the percentage of free haemoglobin at a given

PO, is independent of the concentration of the total haemoglobin

present in the blood,

In the second stage of the analysis, the distance traversed
by the blood in pulmonary capillaries before equilibration is
reached, is determined by setting up an appropriate eigenvalue
problem., The governing equations of the model are linearized
atout the equilibrium solgtion. A scale analysis appropriate to
physiological situations}%g gg%gin the solution., Furthermore,the
model is used to predict the equilibrium length under various

pathological conditions,

This analysis shows that in a normal subjeBt, the blood is
completely oxygenated within approximately one thirtieth part of
the capillary, It is found that the dissolved Oo takes the long-
est in reaching equilibration whereas C0o attains equilibration
at the fastest rate - a result which may explain certain border-
line respiratory disorders, It is found that the alveolar PCOo
and the forward and backward reaction rates for COo with Hb do not
materially affect the equilibrium length, It is further shown

that the length of the pulmonary capillaries over which complete



equilibrium oceurs, increascs as:

a) the speed of blood increases in hyperkinetic conditions
| b) the alveoler P02 falls

c)  the concentration of the total haemoglobin increases

d) the caliber of the pulmonary capillary increases

el the diffusion coefficient of the species decreases

fs the dissociation rate of oxyhaemoglobin increases or

the association rate decreascs,

These results have been applied in various pathologieal
conditions, like high altitude, anaemia, muscular exercise, medi-
tation, fever, smoking, polycythaemia, hyper and hypo-ventilation
etc,

However, it should be noted that the above mathematical
analysis is done only for physiological data, Further, the system
of equations, obtained after linearization has also been solved for
the arbitrary values of the parameters without neglecting any term,
A complete mathematical analysis, which is called here exact analy-
sis, is also given. The results obtained by two methods are éuali;

tatively the same,

The latter method eventually leads to a transcendental equation
in k which has been solved numerically to obtain the smallest root

To determine the rate at which equilibration is achieved,

It is noteworthy that the intermediate terms occurring in

computation are of higher orders, From the conwergence point of



view, the solution of the transcendental equation requires

much more sgignificant places than are normally available on the
computer. Hence, a highly skilled multi-precision technique
will be described in Appendix;l. This technique allows us to
make the computation upto any number of significant digits; By
this technique it was possible to obtain an acceptable solution

of the physical problem,

CHAPTER 3: The governing equations dewveloped in Chapter~2 are
solved numerically by using the well-known semi-implicit scheme -
for various sets of initlal data, The. radial as well as axial
concentration profiles of various gpecies are calculated, The
average partial pressure of oxygen in the blood is also computed
at every cross section of the capillary, The results have been
discussed under normal as well as pathological conditions. It
has been found that if the venous blood returning to fhe lungs
is less saturated compared to that under normal conditions, the
blood will traverse a larger distance in the capillary, before

getting fully oxygenated,

/

CHAPTER 4: The model developed in Chapter 2 for the oxygena-

tion of blood describing the simultaneous diffusion of oxygen
and carbon dioxide is based on one step kinetics, However, one
step kinetics leads to a hyperbolic, rather than sigmodial oxy-
haemoglobin saturation curve, In view of the structural configu-
ration of haemoglobin the four step scheme due to Adair seems,to

be more accurate and has accordingly been adopted in this chapter,



Besides, the saturation function obtained by earlier investiga-
tors does not include the simultaneous effect of 002. However,
the present analysis is of importance as 1t incorporates this

short-coming as well,

This analysis exhibits an explicit dependence of COp on
the fractional saturation of haemoglobin with 02. A set of equili—
brium constants arising in the oxygen dissociation curve has been
obtained by the least square method of optimization suggested by
Maréuardt (1963), It has bcen shown that the values of these
constants lead to a saturation function which fits in very well

with the one based on experimental data,

Furthermore, the analysis shows that under normal phy-
siological situations main bulk of oxygenated oxyhaemoglobin exists
in fully saturated form, Thesd rcsults are applied under various

pathological conditions as high altitude, anacmic conditions ete,

ARPPENDIX~I: The intermediate terms involved in computation of a
root of transcendental equation, discussed in Chapter-zZ, arc of
higher orders. A programming technique is developed in this

Appendix, which improves the calculations,

As is well known, floating point computation is by
nature, incxact, that is to say, in floating=-point arithmetic, the
following more prevalent limitations gre frequently observed:

i) The results are usually inaccurate because'of errors

arising from too many round-offs, ctcs -



ii) The calculations are restricted to a specified number of
significant dccimal places beyond which the computer can neither

read nor ¢xccute/write,

From the point of conwergence, it may sometimes 'be re-
quired to include much more significant places than are normally
available with the ex1ut1ng computers, The transcendental equa-
tion of Chapter-2 requires at leagt 50 decimal place calculations

in order to obtain any acceptable solution,

By splitting the md@tissa of a multiple precision number
into BLOCKS of constant width, it has been shown that the pre-
cision of a computer can be increascd as high as we please by
merely developing a FORDRAN pfogram that can force the computer
to perform all arithmetical calculations upto any desired number
of significant decimal places. Some of the salient featureg of

such a programming are summarized as folldws:

1. It reduces inhcrent errors ar ising due to approximate
nature of representing in some finite number of digits a number
that cannot ordinarily be represenfed exactly in the number of
digits available with the particular instéllation being uced,

2e - The working of the computer proceeds just as if it were a
decimal computer, Naturally, we should expect better results even

for the same number of digits as the computer normally takes,

3. It takes due care of wvery low/high numbers oceurring in
intermediate calculations as onc word space is being provided

to store the exponent itself,



4, Being problem orientcd in naturc, the FORTRAN language is
most commonly understood by a large section of programmers, It is
mainly for this rcason that although it reéuires comparatively more
time and cpace, one can save one's own valuable time in learning
complicated asscmbly languages which differ from computer to

computcr,
5. It can be easily extended to complex numbers,
[

APPENDIX-II: A complcte listing of the subroutine subprogrammes

in FORIRAN is given for the algorithms developed in Appendix-I,

PART II

CL A AT

GHAPTER 1: The coupling of diffusion and reaction in artificial,
enzymatically active membranes gives rise to various phenomena of
biological significance such as hystercsis, oscillations, and
pattern formation, The mathematical - description of the inter-
action of diffusion and enzyme reaction in artificial membranes
eventually leads to a non~linear system of algebraic equations,
These equations involve the state of the system which may be a
vector of concentrations in the discrcte case or a vector of con-
eentration profiles in the continuous case, In addition there may
be a number of parameters describing the chemistry, environment,
and the geometry of the systems In practice, it is,generally, not |
desirable to vary all the paremeters at the same time independently,

and hence, we vary one parameter at a time in this study,



Thug the motivation of this study is to find a family of
solutions depending on the parameter, Hence, thc present investi-
gation deals with the development of some efficient algorithms

for exploring a whole connected set of solutions.

CHAPTER 2: By using continuity properties, Kubiecek (1976) has
developed a numerical algorithm for extending a smooth arc of ”
solutions from a starting point ( UyA ), However, the bifurca-
tion points and the bifurcating branches of solution®s are ignored
by such an aigorithm. In this chapter an attempt is made to modify
this method by providing the following possibilities for exploring

all the branches of solutions which arc connceted to the starting

point,

i) location of bifurcation points,

ii) distinction of bifurcation points from turning points,

and o
iii) computation of points on bifurcation branches in the vici-

nity of a bifurcation point in order to treat them as starting points

in a subsequent application of the continuation method,

This technique is easy to implement numerically and allows
the computation to proceed past turning points as well asalcngy

unstable solutions,

This method is applied to a model, proposed by Kernevesz
et al. (1979) for studying the phenomenon of spontaneous pattern

formation by a mathematical representation of immobilized enzyme



ribbon, This model is an open system wherc an external reservoir
supplies a flow of substratcs which are consumed in an enzyme re-
action inhibited by excess of one of the substrates and activated

by the other,

It has been found that the behaviour of the solutions for
the same system for finite N by using the different. approximationg

for the boundary conditions is not similar,

Also for the distributed system it has been shown that:

i) the bifurcations are unilateral,

ii) each primary bifurcation branch attached to the ith eigené
function of the Laplacian opcrgbtor with Neumann boundary
conditions forms a closcd loop passing through the two
bifurcation points, on the trivial branch, corresponding

to the ith cigen=-valuc,

iii) the secondery bifurcation branch attached to the secondary
bifurcation points lying on the primary bifurcation branches
corresponding to sugcessive eigenfunctions (Wi,i,> 1) forms
a "lemniscate shaped curve! and w

iv) the behaviour of the system is much simpler compared to
that in zero dimensional system,

Furthermore, it has been shown that this simple model

exhibits a hysteresis phenomenon,



CHAPTER 3: The method described in Chapter-2 umes the natural
basis of some finite dimensionel space and becomes very tiﬁe
consuming as the number of degrees of freedom increases, Hence,
the present chapter is devoted to a numerical method, called the
"Faedo-Galerkin method", in order to reduce the degrecs of freedom
by choosing some other appropriate basis., The set of first M
elgen-functions of the Laplacian operator with Neumann boundary
conditions have been used as the basis of come finite dimensional
space, This method is found to save the computer.time signifi;
cantly and the first few eigen-functions are enough to obtain a
good approximation of the cxact solutions, The results have been
computed in zero and onec, dimensions, and are compared with the
one dbtained by the technique described in Chapter 2, The follow=
ing phenomena, observed in the approximate problem, have been
justified mathematically,

i) If (u_4r,) is a simple bifurcation point of the original

o¥ 0

problem, the pair of bifurcation branches intersect at the bifurcae
tion point if it is symmctry breaking otherwise the pair of branches
forms a degenerate hyperbola éround that point,

ii) The simple bifurcation points on the trivial branch are
found only corresponding to the eigenfunctions used in the approxi-

mation, and

iii) The symmetry breaking bifuréationz are unilateral,

W o wy -
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