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Abstract

In this thesis, we investigate the semi-classical analysis of certain semi-discretized partial
differential equations. These equations include the classical wave equation, the fractional
Klein-Gordon equation, the heat equation with fractional Laplacian operator, the wave
equation with Schrodinger operator, and the general time-fractional diffusion equation
associated with Schrodinger operator. A semi-discretization method for solving PDEs
discretizes one or more independent variables while leaving the others continuous. In our
case, we keep the continuity of the time variable but make the space variable discrete by
converting the continuous domain R” to the discrete lattice AZ", where each point is a
grid node. The space derivatives such as gradient, Laplacian, and fractional Laplacian are
approximated by the finite difference operators. Here, the PDE is converted into a set of
time-dependent ordinary differential equations (ODEs). This strategy is employed when
the system’s spatial behavior is of significant interest and the time domain is continuous
or easier to analyze. The decision to employ semi-discretization is frequently decided
by the nature of the problem, the computational resources available, and the specific
properties of the PDE being solved. However, semi-discretization must be considered
very carefully, and the chosen technique must align with the simulation targets and PDE
characteristics.

As an introduction, Chapter 1 provides background information and the status of the
study that will be covered in the upcoming chapters. We also present an overview of the
thesis’s organization and emphasize our essential contributions. In Chapter 2, we begin
with the classical wave equation with smooth time-dependent coefficients and proceed to

develop the well-posedness results. However, we also recover the well-posedness results



in the limit of the semi-classical parameter A — 0. In Chapter 3, our analysis is then
extended to include the fractional Laplacian, and we take into consideration the fractional
Klein-Gordon equation with a space-dependent bounded potential, and obtain the well-
posedness, and recapture the Euclidean solution in the semi-classical limit A — 0. In
Chapter 4, we then expand our analysis to the fractional heat equation, permitting the
time-dependent coefficients to have irregularities and the initial Cauchy data to grow
polynomially. We develop the well-posedness result for the case of regular coefficients
in the space of discrete tempered distributions and see how the notion of a very weak
solution adapts in such equations when coefficients have a distributional singularity. We
also analyze how the very weak solutions can be approximated in the semi-classical limit
h — 0. In Chapter 5, we investigate a particular class of wave equation for operators with
a discrete non-negative spectrum, i.e., wave equation associated with the Schrodinger
operator, and take into account the situation when potential blows up to infinity as
|k| — oco. We first study the spectrum of the discrete Schrodinger operator and prove that
it has a purely discrete spectrum when the potential blows up to infinity as |k| — co. We
analyze how the well-posedness results, in this case, vary with the classical wave equation,
the fractional Klein-Gordon equation, and the fractional heat equation. In Chapter 6, we
extend our investigation for the general Caputo-type time-fractional diffusion equation
with the Schrodinger operator and consider the case when potential blows up to infinity
as |k| — oo. At the end of the thesis, we would like to draw attention to a few research

problems that have emerged throughout the process of writing the thesis.
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