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Abstract

In this thesis, we obtain a sufficient condition for the existence of a primitive normal pair
(o, f(a)) over Fgn, where f(z) is a non-exceptional rational function over Fyn of degree sum
m. Additionally, for rational functions of degree sum 4, we prove that there are only 37 and 16

exceptional values of (g, n) for ¢ = 2% and g = 3* respectively.

Next, we provide a sufficient condition for the existence of primitive normal pair (¢, f(«))
over Fg» with norm and trace of a to be prescribed in F,, where f(z) € Fgn(z) is a rational
function of degree sum m. Particularly, we investigate the rational functions of degree sum 4
over F,n, where ¢ = 11% and demonstrate that there are only 3 exceptional pairs (¢,n),n > 7
for which such kind of primitive normal pair may not exist. In general, we showed that such

elements always exist except for finitely many choices of (g, n).

Further, we extend our work to the existence of primitive normal triple («, 3, f(«, 8)) over
Fyn, where f(z,y) = az? + bry + cy? € Fyn[x],b* # 4ac. Next, we generalize this result for
the existence of r-primitive k-normal triple over Fy» and discuss the existence of 2-primitive
I-normal element o and 2-primitive element 3 in Fyn such that f(c, ) is also 2-primitive for
q = 3!, where t is a positive integer.

Next, we generalize our work on the existence of primitive triples by defining primarily excep-
tional rational functions in n indeterminates. We discussed the existence of triples («, 8, f(«, 5))
over Fy, where a, 5 are primitive and f(a, §) is an r-primitive element of F,. In particular, this
implies the existence of Fg-primitive points on the surfaces of the form 2" = f(x,y), where

r | ¢ — 1. As an example, we applied our results to the unit sphere over F,,.

Next work in the thesis deals with primitive polynomials. Primitive polynomials have their
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applications in stream cipher cryptosystems. These cryptosystems use linear feedback shift
registers (LFSRs) to generate their secret keys. There are different kinds of key-stream gen-
erators like filter generators, combination generators, clock-controlled generators, etc. For a
combination generator, the connection polynomial is the product of connection polynomials of
constituent LFSRs. The cryptographic systems using LFSRs as their components are vulnerable
to correlation attacks. The attack heavily depends on the t-nomial multiples of the connection
polynomial for small values of ¢t. In this thesis, we obtain the exact number of 4-nomial and
5-nomial multiples of the product of primitive polynomials. This helps us to choose a more
suitable connection polynomial to resist the correlation attacks. Next, we disprove a conjecture

by Maitra, Gupta, and Venkateswarlu.



HIX

9 TNY Yot H §H T U5 SHTSGH AH TH (a, £ (@) € Fyn X Fon b I b frw
Ueh T 1 U1 A &, W8T £ (x) € Fon (x) HTA G m BT Teb TR-SRATYRUN GRAT
B g | 39% 3ifafkad, O1d anT 4 91 GRET Ba1 & U gH I8 THINd HRa & [ g =
2k 3R g = 3* P AU HH: HId 37 3R 16 SRATYRU A B BISHR (¢, n) & I AH
IR guie 2 ) TP R &

S §1E, T SHTeH AT G (a, f (@) € Fyn X Fon & ST o o8 Ueb gafe
I UGH B &, STBI f(x) € Fyn (x) T U AN m BT URHA e § Td a & A1 3R
DI F, HiRa BT g | A U, 89 Fyn & SR 910 IRT 4 AT URET
el T eI HRA &, S8l ¢ = 11X 31 3qP 1Y 51 89 U8 WeRId A& [ (q,n) P
n > 7% {0 Had 3 SRATYRY g § P 1T 39 TR &1 3nfew Iy gm sifiqa o
11 a8 3 1 I U 9, A fam fh 39 YR & I gH @ HEd ©,
I $S M (g, n) & AFI & ATl

YT, BH 37U BT B AR B §UFyn b SR SMfcH I BHgm
(a, B, f(a, B)) P KTA BT I PRAG, Tl f(x,y) = ax® + bxy + cy® € Fyn [x],
b? # 4ac BaTe| TR EHr — SfCH k — T foUa & 31 & fore 59 afkomy &1
AR B § SR F,e H2 — SMMfeA 1 - I 9 o« 3R 2 — AT T g F
3T R I= A B, U16If(a g) 4t 2 — anfer el

3 d1C, TH SATYRUI URAT BTl Dl n —ATATH H ATUD 3Y J TR
2159 B (0,8, f(a,B)) € F, X F, x F, & &id W I Hd &, el a, B &7 F, A
A TA T 3R f(a, B) 8 F, H TP r — AGHdd & | IR EUGTHr | ¢ - 1 oW
27 = f(x,y) UPR B Tl R F, - 3AfeH [igafi 31 3ifiaa TaRid #=d 81 T Iareu
& ¥UH, gH uRAT &3 F, IR IR SobTs Brsan & TMiel TR S1u=) gRumTH 1 dn],
foari

MY Y&e B SATA HIT H SMfEH Igual W Sl fhar a8 | 3nfeH sguey &1 SuanT
WA TR PORReH 3 8 8 1 3 FrpiRre oreft T Joft S e g ¥
Wi RITe IR (LFsRs) BT STTNT R & | Foil-URT I B a1 fafd GhR &
mwwmw%aﬁwm I S ReR, gal-fFfa SRey,
TS | Ao S=ReR & forg, aﬁwa‘g’qawwsas%m:ra‘g’qa‘rwwsﬁ%
LFSRs BT YA & a1 fhPIUTithdh RIEH HINTRM 31¢dh & Ufd GdeT=na gid g | &
3 t B BIC AFI b (o B IgUe & ¢ —ANTHId 0| IR T &0 § ik avd
g1 39 MY Yt H, 1 3MSH SgUa! b UM P 4 —FTERIS 3R 5 —ATHIe TUTeh} bt
T T U Rl & | T §H DIRQARA 31 Bl UfeRie FH & o $1fh Sugad
HARM IgUC g B AeE HRdl ¢ | 39D TG, §H AT, T, 3R dhe 4R g ot T U
IR B WIS B B
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Symbol

reX
ré¢ X
X
ACX
Ag X
ged(a, b)

h

=
Q

LS

Meaning

the set of natural numbers
a prime power

the set of integers

for all x

a divides b

a does not divides b

x is a member of X

x is not a member of X
the cardinality of a set X
A is a subset of X

A is not a subset of X

List of Symbols

the greatest comman divisor of a and b

is equal to
is not equal to

finite field with g elements

the multiplicative group of non-zero elements of IF,

X1
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Fyn n degree extension of [F

F the algebraic closure of F),

o(n) Euler’s phi function of n

w(k) number of distinct prime divisors of a positive integer k

Qq(9) number of distinct monic irreducible divisors of g

W (k) number of square free divisors of a positive integer k

W(f(x)) number of square free divisors of f(z) over F,

AXxXB the cartesian product of A and B





