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Abstract

Computer memory systems using high-density RAM chips are vulnerable to m-

spotty byte errors when they are exposed to high-energy particles. These errors can

be effectively detected or corrected using (m-spotty) byte error-control codes. In

order to study the properties of these codes and to measure their error-detection

and error-correction performance, m-spotty weight enumerators are introduced and

studied with respect to various weights such as m-spotty Hamming weight, m-spotty

Lee weight, RT weight. For a large code C, it is in general very hard to obtain the

m-spotty weight enumerator. However, when the code has a large size, its dual code

is of comparatively smaller size. MacWilliams [Bell System Tech. J., 1963] proved

an identity for linear codes relating the weight enumerator of a linear code with

that of its dual code. This identity enables one to obtain the weight enumerator of

a large code from the weight enumerator of its dual code.

Based on this, we introduced and studied m-spotty weight enumerator, split

m-spotty weight enumerator, g-fold joint m-spotty weight enumerator, complete

m-spotty weight enumerator, with respect to both m-spotty Hamming weight and

m-spotty Lee weight, of codes over the ring Z` of integers modulo ` or a finite field

F` or the finite chain ring Rq = Fq + uFq + u2Fq + · · · + ue−1Fq (ue = 0) or the

ring Rq = Fq + uFq + vFq + uvFq (u2 = 0, v2 = 0, uv = vu). We have discussed

some of their applications and derived MacWilliams type identities for each of the

v



vi Abstract

enumerators. We have also defined and studied the split ρ weight enumerator of a

linear code inMn×s(R), where R is any finite Frobenius commutative ring and derive

MacWilliams type identity for the same. Further, we defined the Lee complete ρ

weight enumerator of a linear code inMn×s(Zk) and obtain the MacWilliams identity

for it.

As an application of MacWilliams identity, one can determine several modular

forms from weight enumerators of self-dual codes over certain finite rings. In this

thesis, we obtained Jacobi forms (or Siegel modular forms) of genus g from byte

weight enumerators (or symmetrized byte weight enumerators) in genus g of Type I

and Type II codes over either the ring Z2m of integers modulo 2m or the quaternionic

ring Σ2m = Z2m+αZ2m+βZ2m+γZ2m with α = 1+ î, β = 1+ ĵ and γ = 1+k̂, where

î, ĵ, k̂ are elements of the ring H of real quaternions satisfying î2 = ĵ2 = k̂2 = −1,

îĵ = −ĵ î = k̂, ĵk̂ = −k̂ĵ = î and k̂î = −îk̂ = ĵ. We also obtained Jacobi forms over

the totally real field kp = Q(ζp+ ζ
−1
p ) with ζp = e2πi/p from byte weight enumerators

of self-dual codes over Fp. We also determined Siegel modular forms of genus g

(g ≥ 1 is an integer) over kp by substituting certain theta series into byte weight

enumerators in genus g of self-dual codes over Fp for all p ∈ P, where the set P

consists of all those odd primes p for which the ring Okp of algebraic integers of

kp is a Euclidean domain. Further, we defined some partial Epstein zeta functions

and derive their functional equation using the Mellin transform of the theta series

in each case.

Self-dual codes (Type I and Type II codes) play an important role in the con-

struction of even unimodular lattices, and hence in the determination of Jacobi

forms. In this thesis, we constructed Type I and Type II codes (of higher lengths)

over the ring Z2m of integers modulo 2m from shadows of Type I codes over Z2m , and

obtain their complete weight enumerators. As an application, we determined some

Jacobi forms on the modular group Γ(1) = SL(2,Z). Besides this, we constructed
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self-dual codes (of higher lengths) over Z2m from the generalized shadow of a self-

dual code C of length n over Z2m with respect to a vector s ∈ Zn
2m \ C satisfying

either 〈s, s〉 ≡ 0 (mod 2m) or 〈s, s〉 ≡ 2m−1 (mod 2m).



Contents

Certificate i

Acknowledgements iii

Abstract v

List of Figures xv

List of Tables xvii

List of Symbols xix

1 Introduction 1

1.1 MacWilliams Type Identities for Weight Enumerators . . . . . . . . . 2

1.2 Construction of Modular Forms from Byte

Weight Enumerators . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.3 Construction of Self-dual Codes of Higher

Lengths from Type II Codes . . . . . . . . . . . . . . . . . . . . . . . 11

2 MacWilliams Type Identities for Weight Enumerators with respect

ix



x Contents

to m-spotty Hamming Weight 15

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.3 Split m-spotty Hamming Weight Enumerator . . . . . . . . . . . . . . 19

2.3.1 A MacWilliams Type Identity . . . . . . . . . . . . . . . . . . 20

2.3.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.3 Some Applications . . . . . . . . . . . . . . . . . . . . . . . . 28

2.4 Joint m-spotty Hamming Weight Enumerator . . . . . . . . . . . . . 38

2.4.1 MacWilliams Type Identities . . . . . . . . . . . . . . . . . . . 43

2.4.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

3 MacWilliams Type Identities for g-fold Joint m-spotty Hamming

Weight Enumerators 59

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 The g-fold Joint m-spotty Hamming Weight Enumerator . . . . . . . 60

3.2.1 MacWilliams Type Identities . . . . . . . . . . . . . . . . . . . 66

3.2.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4 MacWilliams Type identities for Weight Enumerators with respect

to m-spotty Hamming Weight of Codes over Rings 77

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.3 The m-spotty Hamming Weight Enumerator . . . . . . . . . . . . . . 81

4.3.1 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.4 Split m-spotty Hamming Weight Enumerator . . . . . . . . . . . . . . 84

4.4.1 Some Applications . . . . . . . . . . . . . . . . . . . . . . . . 88

4.5 The g-fold Joint m-spotty Hamming Weight Enumerator . . . . . . . 91

4.6 Complete m-spotty Hamming Weight Enumerator . . . . . . . . . . . 98



Contents xi

5 MacWilliams Type Identities for Weight Enumerators with respect

to m-spotty Lee Weight 101

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.2 The m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . . . . 102

5.2.1 A MacWilliams Type Identity . . . . . . . . . . . . . . . . . . 104

5.2.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

5.2.3 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5.3 Split m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . . . . 115

5.3.1 A MacWilliams Type Identity . . . . . . . . . . . . . . . . . . 118

5.3.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

5.3.3 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 121

5.4 Joint m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . . . . 125

5.4.1 MacWilliams Type Identities . . . . . . . . . . . . . . . . . . . 131

5.4.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

6 MacWilliams Type Identities for a g-fold Joint m-spotty Lee Weight

Enumerator 147

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

6.2 The g-fold Joint m-spotty Lee Weight Enumerator . . . . . . . . . . . 148

6.2.1 MacWilliams Type Identities . . . . . . . . . . . . . . . . . . . 153

6.2.2 An Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

7 MacWilliams Type Identities for Weight Enumerators with respect

to m-spotty Lee Weight of Codes over Rings 165

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

7.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166

7.3 The m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . . . . 167

7.3.1 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 170

7.4 Split m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . . . . 171



xii Contents

7.4.1 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 174

7.5 The g-fold Joint m-spotty Lee Weight Enumerator . . . . . . . . . . . 175

7.6 Complete m-spotty Lee Weight Enumerator . . . . . . . . . . . . . . 182

8 Byte Weight Enumerators and Modular Forms of Genus g 185

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

8.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

8.2.1 Byte Weight Enumerators in Genus g of Byte Error-Control

Codes over R . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

8.2.2 Jacobi Forms of Genus g . . . . . . . . . . . . . . . . . . . . . 190

8.3 Lattices and Byte Weight Enumerators in

Genus g . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192

8.4 Invariant Space containing Byte Weight Enumerators in Genus g of

Type II Codes over R . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

8.5 Determination of Jacobi and Siegel Modular Forms of Genus g from

Type II Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198

8.6 Determination of Jacobi Forms and Siegel Modular Forms of Genus

g from Type I Codes over R . . . . . . . . . . . . . . . . . . . . . . . 206

8.7 Partial Epstein Zeta Functions . . . . . . . . . . . . . . . . . . . . . . 213

9 Byte Weight Enumerators of Codes over Fp and Modular Forms

over a Totally Real Field 219

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

9.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220

9.2.1 Byte Weight Enumerators in Genus g . . . . . . . . . . . . . . 220

9.2.2 Jacobi Form over a Totally Real Field . . . . . . . . . . . . . 222

9.2.3 Lattices Induced by Codes over Fp . . . . . . . . . . . . . . . 224

9.3 Theta Series for a Lattice and Byte Weight Enumerator of a Code

over Fp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225



Contents xiii

9.4 Invariant Spaces and Jacobi Forms over kp . . . . . . . . . . . . . . . 227

9.5 Siegel Modular Forms of Genus g over kp . . . . . . . . . . . . . . . . 230

9.5.1 Determination of Siegel Modular Forms over kp . . . . . . . . 232

9.6 Invariant Space and Siegel Modular Forms of Genus g over kp . . . . 238

9.7 Partial Epstein Zeta Functions . . . . . . . . . . . . . . . . . . . . . . 242

10 Construction of Self-dual Codes over Z2m 249

10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 249

10.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 250

10.2.1 Shadow of a Type I Code . . . . . . . . . . . . . . . . . . . . 252

10.2.2 Generalized Shadow of a Self-dual Code . . . . . . . . . . . . 255

10.3 Construction of Type I and Type II Codes from Shadows of Type I

Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

10.4 Construction of Self-dual Codes from Generalized Shadows of Self-

dual Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 270

10.5 Some Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 272

11 MacWilliams Type Identities for Weight Enumerators with respect

to ρ Metric 277

11.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 277

11.2 Some Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . 278

11.3 Split ρ Weight Enumerator . . . . . . . . . . . . . . . . . . . . . . . . 280

11.3.1 An Application . . . . . . . . . . . . . . . . . . . . . . . . . . 283

11.4 Lee Complete ρ Weight Enumerator . . . . . . . . . . . . . . . . . . . 285

Bibliography 293

Bio-Data 301



List of Figures

2.1 An instance of u and v (the shaded region represents non-zero bits). . 22

2.2 The ith bytes: ri and ci. . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.3 An instance of v, g and u (the shaded region represents non-zero bits). 48

2.4 An instance of u, g, h and v (the shaded region represents non-zero

bits). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.1 σq+1(a) and µq+1(a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

xv



List of Tables

2.1 Distribution vectors of codewords of C⊥ . . . . . . . . . . . . . . . . . 27

2.2 Contributing polynomials of the codewords . . . . . . . . . . . . . . . 28

2.3 Distribution vectors of codewords of D . . . . . . . . . . . . . . . . . 57

2.4 Contributing Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 57

3.1 Contributing Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 75

5.1 Codewords, Composition vectors and Contributing polynomials . . . 110

5.2 Codewords, Composition vectors and Contributing polynomials . . . 121

5.3 The composition vectors ju(v) = k = (k1, k2, k3) and the contributing

polynomials Gk = Gk1Gk2Gk3 for each pair v ∈ D1 and u ∈ C⊥
1 . . . . 145

6.1 Contributing Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 162

8.1 Values of δ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

8.2 Values of ν . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

xvii



List of Symbols

Symbol Meaning

d·e The Ceiling function

b·c The Floor function

wH The Hamming weight

wL The Lee weight

wM The m-spotty Hamming weight

wML The m-spotty Lee weight

wρ The ρ-weight

〈·, ·〉 The standard inner product

dH The Hamming distance

dL The Lee distance

dM The m-spotty Hamming distance

dML The m-spotty Lee distance

dρ The ρ distance

Z` The residue class ring of integers modulo `, ` ≥ 2

F` The finite field of order `, ` a prime power

xix



xx List of Symbols

Mn×s(R) the R-module of all n× s matrices over the ring R

ζp A primitive pth root of unity

C Linear code

C⊥ The dual code of C

|A| cardinality of the set A
(
n
r

)
The Binomial coefficient

R The set of Real numbers

C The set of Complex numbers


	Ph.D. Thesis of Amit Kumar Sharma_2008MAZ8117.pdf

