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SYNOPSIS

Classical rules for the mmerical integration of
function were developed 80 as to be interpolatory for certain
convenient sets of functions, mainly the powers of the
independent veriasble, Reecently, scttampts have been mede to
obtain the so-called 'optimal' mules, determining absciss s
and weights by minimizing the norm of the ervor of the mule
over o Hilbert space, Varidous such rules heve been computed
mumerically over lilbert spaces of functions analytic in
circles and certain ellipses, In the present work an attempt
hos been made to obtain these optinel Mles explicitly over
suitsble lilbert spaces of analytic functions and to study
the properties of these rules, The explicit deteruination
of an eptimal rule, as compared to its mmerical computstion,
mokes it possible to study the advantoges of these rules over
the clussicol rules, The mein ides hos been to employ @
Hilbert space possessing a complete opthonormel sequence
the elements of which aere alse orthogonsl on the renge of
integration with respect to the woight function in the integrol
itself, Such Hilbert spaces of cnolytic functions are available
only for the four Jacobi weight functions (1-x)*(1ex)** ond,
therefore, cur study of optimal muiles for mumerical integration
is concerned only with integrals with these four weight
functions,



The thesis consists of six chopters and o brief
desceription of cach chapter follous,

In hapter I we survey the work done so far for the
constiuction of optimel rules, e thon discuss briefly
the results obtained in the thesis,

In hapter 11 we discuss ':mwxa%mmv Qadre—
tures for the weighted integrel L(F) = I wix)Plx)dx with

wix) = U:-x)“(hx}ﬂ,_ (2e8) = ( g Uy & %) a;ﬂ‘ with £ snelytie
on [~3,1] . The abscissas ore precesizned at the seros of
the orthogonal pelynomial corresponding to wix) and the
intermediate-optimal woights are detormined 80 as to minimize
the norm of the error over a 'suitoble' Hilbert space

n2( é, slw(z)|) of functions enalytic in an ellipse E, with
focd at (1,0) and (~1,0) and whose sum of the seadaxes

is p. The Hilbert spece H( E'glﬂall) results from a
wedghted line integral amméiﬁ with the same weight ss that
in the integrel itself., It is only for the above four
Jacobi weight functions wix) thet & gystem of polynomisls
doubly erthogonal, with respect to wix) on [~1,1] and with
respect to |wix)| on the line integral sround f_, o 8 known,
The intermedisto-optionl weights cre given explicitly asnd
these come out proportional to the corresponding Geaussian
wedghts., An intermediate-optimel sule io thus simply related



to the corresponding Gauss ian rule; the ervor norms of
intermediate-optimal and the corresponding Goussian rules
can be casily compared, The weights in asn nepoint inter-
mediate-optimel rule differ from the corresponding Gauss ion
weights by at least 0(p~ %) por P < coe

In Chapter II1 we comsider optimal rules for L(f)
over H*( E”l'(l")l the optimel cbscieses and weights ere
determined so a8 to minimize the norm of the error over
W (Egplwlzd]).  For wix) = (1-x")"" the optimal ebseissas
and weights have been determined cxplicitly; the eptimsl
abscissas are the same es the Gouosion abscissas and the
optimal weights are proportional to the cerresponding
Goussion weights, For the other three wix), en explicit
determination of the optimel abscisscs and weights did not
seem possible; ond so, we have studicd the 'closencss' of
intermediate-optimel and the corresponding optimel rules,

In Chapter IV we discuss optisnl rules for L(f) over
He A E';Msll) with one or two of the abscissas fixed at
-1 or +1. For wix) = (1-x%)"" we obtain explicitly the
three optimal @adratures of the closed type with one
abscissa fixed at +1 or -1 and two chbscisses fixed at g 1,
The optinnl ebseissas are the same os in the corvesponding
Gaussion quadrature while the optincl weights sre proportionsl



to the corresponding Gaussien weights., The error norms
_ of these optimal fules can again be compored with the error
norms of the corresponding Gaussion yules,

!g Gapter V we discuss proporties of optimel and
intermediato-optimal rules for L(f) over H2( 6,,::(:)”.
ie alse consider the construction of optimsl and intermediato-
optimel wules for L(f) under the side condition that the
reles be exact for comstants, The optimel rules without
precision for constants are simply reloted to the corresponding
optimel mules with precision for commtontsj this makes the
cons tiuction of the latter mules sinpler once the former
rules have been computed, For wix) = (hzﬁ]'!ﬁ, Optimal
mule with precision for constants is Aidenticel with the
corresponding Geussien rule, For Pamining three w(x), an
intermediate-optimal aquadrature with precision for comstants
is ddentical with the corresponding Goussien quodrature,
For these three wix) we have studied the "eloseness' of the
optimel ond intermediate-optimel quodratures with precision
for comstants,

In hapter VI we extend the above results to discuss
optimal and intermediato-optimel rules for the double
1 1
integral l I uix) viy) rix,yldx dy with uix) -
1 -1

vix) = 1-0%(ex)?, @,8) = (&7, & %) ond with ¢



anelytic in [(xy)t -1 € x€ 1)), «1€ y €1 . The
Hilbert spoce employed is H2( E'u E’; julz)viw)|) resulting
fron double line integral around E’nE’ and with the same
weight as in the given integral. %he results are parallel
to those obtained for quadretures in Chapters II - V,

Seme of the results of Chapters 11, 11X and IV heve
been published in howls ond Radma [ 6],
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