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Abstract

Fluid-structure interaction has been the subject of extensive study due to its applica-
tion in numerous fields of scientific and applied research including the motion of micro-
organisms, insects, birds, fishes, aircrafts, arterial blood flow, automotive aerodynamics,
deflection of wind turbine blades, falling of a leaf, rocking motion of ships, elastic fila-
ments, and flexible polymers in fluid media, to name a few. Broadly, this dissertation
considers two topics in the context of fluid-structure interaction. The first part covers
the theoretical derivation of a generalized slender body theory for the motion of special
Cosserat filaments in Stokes flow. In the second part, an efficient singularity-free nu-
merical technique is proposed to solve the motion of filaments in Stokes flow using the
proposed slender body theory and further demonstrate the numerical technique through
simple flow problems such as filament motion in background shear and compressional
flow, and twirling-overwhirling motion of filament in background static flow.

To study the motion of filaments in fluid media, a well known slender body theory
exists wherein the fluid flow is assumed to be Stokesian while the filament is modeled
as a Kirchhoff rod which can bend and twist but remains inextensible and unshearable.
In the present work, the inextensibility and unshearability constraints on filaments are
relaxed, i.e., the filament is modeled as a special Cosserat rod. Starting with the boundary
integral formulation of Stokes flow involving the filament’s surface velocity and fluid
traction that acts on the filament surface, the method of matched asymptotic expansion
is used to first obtain a leading order representation of the boundary integral kernels in
filament’s aspect ratio. Thereafter, Fourier series expansion (in filament’s circumferential
coordinate) of both the filament’s surface velocity and fluid traction are substituted in
the aforementioned leading order representation. This is further linearized in the rod’s
shear strains to reduce the two-dimensional boundary integral over the filament surface
into a line integral over the filament’s centerline. Upon further collecting the coefficients
of sine and cosine terms, the zeroth order Fourier mode yields a non-local line integral
equation relating the rod’s centerline velocity with the distributed fluid force that acts on
the filament. The presence of line integral makes the relation non-local in nature. On the
other hand, the first order Fourier mode yields a simpler local relation between the rod’s
angular velocity and the distributed fluid couple. The line integral equation is shown to
reduce to the classical slender body theory when the shear strains and the axial strain are
set to zero. The non-dimensional governing equations of the special Cosserat rod are also
derived accounting for the distributed fluid force and distributed fluid couple in them.

As the derived slender body theory contains singularity, an efficient singularity free
numerical scheme is proposed in the present work to solve the governing equations. It
has been observed from the literature review that this singularity is tackled using cut-off



length, i.e., by removing the portion of singularity from the full domain or using mollifiers
such as in the method of regularized stokeslet. In the present work, no cut-off length or
mollifier is used to remove this singularity. It is demonstrated that the singularity is of
removable type which, once removed, makes the system well defined in the entire domain.
A second-order accurate finite-difference method is employed to discretize the governing
equations. In addition to bending deformation of the filament, the present formulation
also includes stretching, shearing and twisting deformations of the filament which have
been largely neglected in existing literature. The numerical scheme is demonstrated
through example problems of the filament behaviour in background shear flow wherein
the importance of distributed couple term is investigated, background compressional flow
wherein an interesting phenomenon of perversion is explored, and filament’s twirling -
overwhirling transitions when the filament is spun about its own axis in initially static
fluid. The comparison between Kirchhoff and special Cosserat based slender body theories
is performed in all the examples. It is shown that for relatively shorter filaments where
the effect of shear and axial stretch is more dominant, the results obtained from the
present work deviate from the ones based on the classical slender body theory.



IR

S9-TRTT SfRIHaT axHe SR SIUAING ITHUT & Hs & foH 3316l & ¥4
O gereldl, dlemel, ulerl, wefodl, TRete, Y9+l I9d Udrg, SicHifcd
TRISAMA, ary <ehdld, Ul &1 fapfd, ufrl &1 iR, Sigrel &t figem @t 7fd, d=ia
yR1Sff ¥ TaRea fhamic, ﬁ?wmmﬁﬁﬁuﬁﬂﬁﬁmwwé o e
TN & HRU fIAR ¥ 37eqa &1 [aw 9917 31 fagd =0 ¥, 98 UHR0l Ga-TRaHl
W%mﬁﬁawﬁﬁmﬁm%lmwmwﬁmmﬁmﬁa
& I & foIU T AMHAHd Wier are! Rigid & Rigifds Fuio & daR axdr g1 gav
R &, U et RIgARE)-Hed FB1een dh-ch Tgel o 72 €, Rored wiey a1el
RIgid 1 U BReb I Tefl H =1y e fhaire & <o &1 8 fobdl T 8, 3R
2 WATHS TH1D DI TR Tl TN oI b gEYH T 3R Ytsrerss varg o
ﬁm@ﬁ?ﬁﬁawﬁmﬁ?ﬁmwﬁﬁm@ﬁw&ﬁwqéﬂ o gRI UG Rid foar
gl
RT3t & AT B 31z 3 & forg, T ulig Wi'sR sfel Rigia Hiee & o
ﬁmaﬁ@ﬁaﬂ?mﬂl\ﬂldl%wqﬁoﬁmﬁ?ﬁwmﬁ‘s$wﬁﬁ€am
ST & Sl fg¥e 8) qohdl § 3R 38 81 bl & Afdh Wd 3R IR &1 81 vl | g
&M ¥, ﬁmﬂwwm@%ﬁﬁﬁaﬁ?&mﬂuﬁwﬁmmw@?ﬁﬂé% 3t
ﬁﬂﬁ?ﬁwﬁﬁr&r PHIave IS & TY H ArSd a1 a1 8 | Wi YdTe & a3t Seid
BIHATH ¥ Y g, orad fhamic & Tdg 9 iR d HY0T i € (o frare
Tag R s &1 7), e fru v thimifes faar &) IfY &1 Iuant ugd ardsd
Wﬁ%w%%%%ﬁz%ﬁ%%ﬁwﬁ%
fore foa ST ) 39 1, fharte &t Tag! ov SR ffas caRM & B 47t fawdr
(rare & uRfY Fdzie o) o1 SR 9d/@ 7T Af$T sifer ufaffia & s mr g1 3
R s & R WA | cfifriepd fovar Sar § arfes fihamie Ide & SR &l-Smant
TSI SR B! 918 FhaTie Bt el & SHUR BT AR Scid Urdl o Yob | Jrg 3R
DTS sG] P HIUMBRIICH & THHd B W, YA BIRT A8 Th IR-JHG
iR GHIHRUT UeT HraT § ForH s Bt baxdl a7 & fhame R HRATS B4 ard
faaRa fire 9@ & a1y Faftrd foram Tam § | TR TR0 & IUfYd g1 & HRUI Jg
e TTHTad U § IR-VIFG 8 | gERY 3R, U8d hH BT BING A8 S &1 HIvfig 71fd &R
fIaRa ke HUd & o9 T U IRA RIF HaY Ual Bl ¢ | I8 fearar mr § o R
W 3R el WA B Y TR W AR S THISHRUT Felihd TieR sial ART &
ST & | faRIY eiRe Xie o TR-Sm! Taf— weieur, faaid foae aa ok faafkd ftas
HUA DI & H 37@d gu, Wi e me gl
Hfe Fpral ML wiex dre! Rigid # Ue /qddt §, a0 &M H a1 HiemRul
DI T B & [0 TP RS YT Aed WRATHD Ioi1 Tdd D1 1Ts & | e THien I
T 71 § 6 39 Sqdar ) de-3HTth s, srufd, guf S & srgddr o1 few Feraes,
7 AR &1 UGN TR (HYS 3h IR TIRIAC DI RE) 8 (bl 11 B

7



I BT H, 3T 3ddl Bl g & iU BIg de-3HTh TaTs a1 AIfIhIaR BT SUART 8!
a1 3| T8 fowman T § T I8 S/qddl g I TR &1 § off, U §R gl fadT oIy, ot
R S T YITel! 1 It dve TRUTYT &1 <l 8 | a1 JHidRul & fswnergs e &
fo U fediae sifeR uRftr sfdR o &1 IuanT fevar wrar 81 fhamic of af
SHIHTA & ATal, Tad AT H 39 THiHR # fthamie o e, Rrafir ok fgfe
ST oY Tnfee fear ma R R Hivier Iife # o &) 3@ U 7 139 J-TEHS
dob-iieh Bl YU Bl UaTg H fharric & gagR o faald segm Wsg & Hga
B Sifg B 7S 2, gy FiieTrers vare R e 1 fiday geT &1 srwur i
a1 §, 9T flramie & ashul-3ifasad- seard oid fhare & Jid 5d § 3U- 4R & IR
3R YA T § & SaIex0l SHTel o ATed ¥ UGRid fosar a1 g1 foai SR favy
DI MYTRT I TR Rigial & e ga-1 I+ Iere vl § &1 718 ¢ 1 I8 feamar mar e
f sMgmHd Bic hamcy & oy, S8t Haw-! 3R 3R siefia R &1 gumE i
THIGRITE BidT 8, IdHH &9 F U IRy Femiied wWier siel Rigia R snefia
oo § i g




Contents

Certificate 1
Acknowledgements 3
Abstract 5
List of Figures 15
List of Tables 17
1 Introduction 19
1.1 Background . . . . . ... 20
1.1.1 Fluid-structure interaction . . . . . . . . . . . . ... ... .... 20
1.1.2  Structural Theories . . . . . . . . . . . ... ... ... ... .. 21
1.1.3  Fluid Theories . . . . . . . . . . . . . ... ... ... 22
1.1.4 Fluid Solver . . . . . . . . . .. ... 23
1.1.5 Coupling Methods . . . . . . ... ... ... ... L. 23
1.2 Fluid-structure interaction in one-dimensional structures . . . . . . . .. 24
1.3 A slender body theory for the motion of special Cosserat filaments in Stokes
flow . . . 27
1.4 A computationally efficient method for the locomotion of filaments in fluid
media . . ... L L 29
1.5 Research objectives and organization of the dissertation . . . . . . . . .. 30
2 A slender body theory for the motion of special Cosserat filaments in

Stokes flow 33

2.1 A brief description of the special Cosserat rod theory . . . .. ... ... 33

2.2 Boundary integral formulation of incompressible Stokes flow . . . . . . . 36

2.3 Asymptotic expansion of the boundary integral equation . . . . . .. .. 38

2.3.1 Outerregion . . . . . . . .. .. 41

2.3.2 Innerregion . . . . . . . ... 41

2.3.3 Common part . . . . . . . ... 42

2.4 Slender body equations . . . . . .. .. ..o 43

2.4.1 Composite representation of the boundary integral equation . . . 43
2.4.2  Slender body equations in terms of the filament’s centerline velocity

and angular velocity . . . . . ... oo Lo 48

2.5 Non-dimensionalizing equations of special Cosserat rods . . . . . . . . .. 49



3

Q w »

2.5.1 Linear Momentum Balance . . . . . . . ... ... ... ... ...
2.5.2 Angular Momentum Balance . . . . . . . ... ... ... .....
2.5.3 Final set of equations . . . . . . ... ... ... ... ... .. ..

A computationally efficient method for the locomotion of filaments in

fluid media

3.1 Simplified final set of equations . . . . . . .. ... ... ... ...
3.1.1 Special Cosserat rods . . . . . . . . . . ... .. ... ... ...
3.1.2 Kirchhoffrods . . . . . . ... ... ... ...

3.2 Removing singularity from the slender body equation . . . . .. ... ..
3.2.1 Special Cosserat rods . . . . . . . . . . ... ... .. ...
3.2.2 Kirchhoffrods . . . . . . . . . ...

3.3 Discretization of the governing equations . . . . . . .. .. .. ... ...
3.3.1 Special Cosserat rods . . . . . . . .. ... oL
3.3.2 Kirchhoffrods . . . . . . ... ... ... ... ..

3.4 Regularization . . . . . . ... oL

Numerical examples

4.1 Filament dynamics in background shear flow . . . . . . .. ... .. ...
4.1.1 Effect of distributed fluid couple . . . . . . . ... ... ... ...
4.1.2 Filament orientation vs. time . . . . .. .. ... ... L.
4.1.3 Local vs non-local Slender body theory . . . . . . ... ... ...
4.1.4 Transition from nearly straight to bent configuration . . . . . ..

4.2 Twirling and Overwhirling . . . . . . .. ... .. ... .. .. ...
4.2.1  Critical angular velocity of Twirling-Overwhirling transition . . .
4.2.2 Steady state Overwhirling dynamics . . . . . . . . .. .. .. ...

4.3 Filament dynamics in background compressional flow . . . . . ... . ..
4.3.1 Filament orientation vs time . . . . . . ... ... ...
4.3.2 Local vs non-local Slender body theory . . . . . . ... ... ...
4.3.3 Dynamics of filament with intrinsic curvature . . . . ... .. ..
4.3.4 Perversions . . . . ... o

Conclusions and Future Work
Integration with respect to s
Integration with respect to 6

Linearization in shear strains (vi,vs)

C.1 Linearization of elliptic integrals in Appendix B . . . . . ... ... ...

C.2 Linearization of second integral in equation (2.41) . . . . ... ... ...
C.2.1 First integral term . . . . . .. ..o
C.2.2 Second integral term . . . . . .. ... oo
C.2.3 Third integral term . . . . . . . .. ...
C.2.4 Fourth integral term . . . . . . .. ...
C.2.5 Final integration result . . . . . . . ... .. ...

C.3 Linearization of fourth integral in equation (2.41) . . .. ... ... ...

10

69
69
70
71
72
74
75
78
81
82
83
86
87
90

95

99



C.3.1
C.3.2
C.3.3
C.3.4
C.3.5

First integral term . . . . . . . . . ... oo 110
Second integral term . . . . . .. ..o 111
Third integral term . . . . . . ... ..o 111
Fourth integral term . . . . . . . . .. ... oo 112
Final integration result . . . . . . . . ... ... oL 112

11






List of Figures

1.1

1.2

1.3

2.1
2.2

4.1

4.2

4.3

4.4

4.5

FSI using Slender body theory as coupling method. The v and w represents
the centerline velocity and angular velocity of the filament respectively . 25
Propulsion mechanisms of microorganisms and analogous artificial propul-
sion of magnetic micro-devices. (a) Planar beating of flexible flagella. e.g.
spermatozoa (b) Rotating rigid helical flagella actuated by a molecular
motor, e.g. E coli bacteria (c) Cilia, e.g. paramecium (d) Flexible beam
actuated by a torque at the spherical head (e) Flexible magnetic micro-
bead tail (f) Rotating helical tail fixed to a magnetic head. (g) Artificial
cilia array of flexible micro rods (h) Artificial cilia array of self-assembled
magnetic micro-beads (Peyer et al., 2013) . . . . . . . ... ... ... .. 25
Impaired ciliary bending in wild-type (a) and hydin mutants (b) mice. The
time is indicated in milliseconds, and the arrow indicates the direction of
movement of the cilia. (c-f) The ciliary waveform in the wild-type (¢ and
d) and Hydin mutants (e and f). (Lechtreck et al., 2008) . . . ... ... 26

A schematic of a rod deforming from its straight state reference configuration 34
A schematic of a filament of length 2/ and maximum radius 7y immersed
in a fluid medium. Here s and 6 represents the centerline arc-length and
cross-sectional rotation. . . . . . . ... 37

An schematic of an elastic filament placed in a background shear flow and
initially inclined at an angle 6y from z-axis . . . . . . ... ... ... .. 69
Comparison of non-local regularized version of special Cosserat filament
configurations with and without distributed fluid couple (for different mag-
nitudes of perturbation) at a particular instant of time . . . . . . . . .. 70
Comparison of rigid rod tumbling analytical solution (equation (4.1)) with
non-local regularized versions of Kirchhoff and special Cosserat filament’s
orientation (mean € obtained using equation (4.2)) as a function of time
for different valuesof eand . . . . . . ... L oL 71
Effect of slenderness ratio on special Cosserat filament configurations with
and without non-local terms in slender body equation solved using devel-
oped singularity-free numerical scheme at a particular instant of time . . 73
Effect of effective viscosity on special Cosserat filament configurations with
and without non-local terms in slender body equation solved using devel-
oped singularity-free numerical scheme at a particular instant of time . . 73

13



4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21

Maximum bending energy of non-local regularized versions of Kirchhoff
and special Cosserat filaments vs. @ at ¢ = 0.1: filament configurations
are shown for the instance when bending energy is maximum . . . . . . .
Transition of non-local regularized version of special Cosserat filaments
from nearly straight to bent configuration in the parameter space of slen-
derness ratio € and effective viscosity @ . . . . . . . ... ...
A schematic of an elastic filament placed in static fluid and initially perturbed
at a magnitude of le-3 fromeg axis . . . . . . . . ... ...
Comparison between local (green colored) and non-local (blue colored: solved
using developed singularity-free numerical scheme) versions of Kirchhoff’s slen-
der body theory for increasing and decreasing input angular velocity at the left
end . ... e e e e
Comparison between local (black colored) and non-local regularized (red col-
ored) versions of special Cosserat’s slender body theory for increasing and de-
creasing input angular velocity at the leftend . . . . . . . . . . .. ... ..
Steady-state overwhirling configurations for Kirchhoff local, Kirchhoff non-local
(solved using singularity-free scheme), special Cosserat local and special Cosserat
non-local regularized versions at angular velocity ratios of 1.2 and 1.41
Comparison of steady-state overwhirling configurations for Kirchhoff non-local
version (solved using developed singularity-free numerical scheme) of slender
body theory at angular velocity ratios of 1.2, 1.41, 1.8 and 2.6 . . . . . . . .
A schematic of an elastic filament placed in a background compressional
and extensional flows and initially inclined at an angle 6, from the z-axis
Comparison of rigid rod tumbling analytical solution (equation (4.26)) with
non-local regularized versions of Kirchhoff and special Cosserat filament’s
orientation (mean 6 obtained using equation (4.2)) as a function of time
for different valuesof eand iz . . . . . . .. ..o
Effect of slenderness ratio on special Cosserat filament configurations with
and without non-local terms in slender body equation solved using devel-
oped singularity-free numerical scheme at a particular instant of time
Effect of effective viscosity on special Cosserat filament configurations with
and without non-local terms in slender body equation solved using devel-
oped singularity-free numerical scheme at a particular instant of time
Local version of special Cosserat filament’s configurations for different val-
ues of € and 7z initially aligned in e3 direction and having intrinsic curvature
of 0.57 about e, direction placed in compressional flow in e; — e3 plane .
Local versions of Kirchhoff and special Cosserat filament’s comparison at
different time instances having parameters e = 0.1 and gt =5e4 . . . . . .
Local version of special Cosserat filament’s configurations for different val-
ues of € and 7z initially aligned in e; direction and having intrinsic curvature
of 0.57 about e, direction placed in compressional flow in e; — e3 plane .
Perversions in local Kirchhoff filament at different time instances having
parameters € = 0.00016 and g =1e6. . . . . . . . .. ...

Perversions in local Kirchhoff filament at a particular time instance (t=0.216)

having parameters ¢ = 0.00016 and 7z =1ed . . . . . . . .. .. ... ..

14

74

75

76

80

80

81

82

83

85

86

86

88

89

90

91

92



4.22 Perversions in local Kirchhoff filament at a particular time instance (t=2.09)
having parameters ¢ = 0.00016 and 7 =3e5 . . . . . . . ... ... ...
4.23 Perversions in local Kirchhoff filament at a particular time instance (t=1.01)
having parameters e = 0.00016 and g =1e6 . . . . . . . .. .. .. ...

15






List of Tables

A.1 Formulas for indefinite integration of equation (A.3) for different combi-
nations of (i,j) (Gradshteyn and Ryzhik, 2014) . . . . ... ... .. ..

17





