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Abstract

In this thesis, we consider a constrained Markov decision process (CMDP) where running costs
and transition probabilities are uncertain. We model the uncertain running costs and transition
probabilities using robust optimization, chance-constrained optimization, and distributionally

robust chance-constrained optimization frameworks.

We start with a robust CMDP problem with known transition probabilities, and uncertain
running cost vectors that are known to belong to an uncertainty set. We consider polytopic, el-
lipsoidal, and semidefinite cone uncertainty sets and equivalently reformulate the robust CMDP
problem as a linear programming (LP), second-order cone programming (SOCP), and semidef-
inite programming (SDP) problem, respectively. As an application, we propose a variant of
a machine replacement problem and perform numerical experiments on randomly generated
instances of different sizes. Furthermore, we study a robust CMDP problem under uncertain
transition probabilities and known running cost vectors. Under the assumption that the un-
certainty is driven by a single parameter belonging to an interval, we equivalently reformulate
the problem into a bilinear programming (BP) problem. By exploiting the structure of the BP
problem, we construct an LP-based algorithm to find its global optimal solution. We propose a
sufficient condition under which an optimal policy of the robust CMDP problem is unaffected
by uncertainty. The numerical experiments are performed on a machine replacement problem
and on randomly generated CMDP problems of various sizes using LP-based algorithm as well
as Gurobi solver. We observe that in some cases, the LP-based algorithm outperforms the
Gurobi solver. We extend this work to the case where the uncertainty in the transition prob-
abilities is driven by multiple parameters belonging to a polytopic uncertainty set. Using the
duality theory of LP problem, we equivalently reformulate the problem into a BP problem and
perform numerical experiments on randomly generated CMDP problems of various sizes, using

the Gurobi solver.



vi ABSTRACT

As an alternative approach, we use a chance-constrained optimization framework to address
uncertainties in the running costs and transition probabilities. This leads to the formulation of
a joint chance-constrained Markov decision process (JCCMDP). We first consider a JCCMDP
problem where running cost vectors are defined using random vectors and transition probabil-
ities are known. We assume that the random cost vectors are elliptically distributed and the
dependence among the random constraints is driven by a Gumbel-Hougaard copula. Under
these assumptions, we present two SOCP approximations such that their optimal values pro-
vide upper and lower bounds to the optimal cost of the JCCMDP problem. The numerical
experiments are performed on a queueing control problem, a budget optimization problem in
advertising platforms, and randomly generated CMDP problems of various sizes. We also con-
sider the case when the distributions of running cost vectors are not known. In this case, we
use classical probability inequalities, namely, one-sided Chebyshev, Bernstein, and Hoeffding
inequalities, to construct convex programming problems, each of whose optimal value provides
an upper bound to the optimal cost of the associated JCCMDP problem. We propose an
LP problem whose optimal value provides a lower bound to the optimal cost of the associ-
ated JCCMDP problem. In addition, we study a JCCMDP problem where running costs are
known and transition probabilities have random perturbations. Under certain conditions on
the random perturbation vector, we construct convex programming problems using Bernstein
and Hoeffding inequalities, each of whose optimal value gives an upper bound to the optimal
cost of the associated JCCMDP problem. Similar to the case of random costs, we propose an
LP problem whose optimal value provides a lower bound to the optimal cost of the associated
JCCMDP problem. The numerical experiments are performed on a queueing control problem

and randomly generated CMDP problems of various sizes.

At the end, we consider a distributionally robust chance-constrained optimization frame-
work to address uncertainties in the running costs and transition probabilities. This approach
is used when the exact probability distribution is not known and the optimization model con-
siders the worst-case scenario of the underlying distribution. This leads to the formulation of
a distributionally robust joint chance-constrained Markov decision process (DRJCCMDP). We
first consider a DRJCCMDP problem under known transition probabilities and random running
cost vectors whose distribution is only partially known. The only information we have about the
distribution is that it belongs to an uncertainty set which is constructed using the full or par-
tial information available on the first two moments. We consider three different moments-based
uncertainty sets, and for each case, we present convex approximations whose optimal values

provide upper and lower bounds to the optimal cost of the original problem. Furthermore, we



vii

study a DRJCCMDP problem under random transition probabilities and known running costs.
We assume that the transition probability vector follows a discrete distribution and has a finite
support. Using the estimates of the first two moments, we construct two moments-based uncer-
tainty sets similar to the case of random costs. We show that the DRJCCMDP problem can be
equivalently reformulated either as a mixed integer bilinear programming (MIBP) problem or a
mixed integer semidefinite programming (MISDP) problem with bilinear constraints. In both
cases, we perform numerical experiments on randomly generated CMDP problems of various

sizes.



=g AR89 #, gr ya Wifad arefa Aol ufshar (CMDP) &1 faaR &= & STgi Ied anTd 3R alkad=
GHTEATG AT €1 89 AfYd Tord aAnTal iR aRad d9ra=mstt ot AR e, dateH-Hifad
e, 3R fAauncHes ©U § fRR 3ot o Thddh T SUFNT &hch Hisd hed 3|

&9 Uk R CMDP AT o 91 Y& hed g ol ATd GRacd GHTeTG gidt 8, 3R rfAfhd erd
AN daeR gid € STt Tep S1fAffdar Oe & 2nfaet g7 & forg I 9i1a 81 89 utefieiftes, siferaisse, sk
YHITSThC i AT T ot e # Tt §U SR FHEUAT e |1 fRR CMDP §HET &l aRIhT d
g: Id o 8, ST foh SR g (LP), fgdfiae sl ohanfar (SOCP), ofik Sifefthae munfaar
(SDP) TH&T o ¥4 H, hAT: | Yoh SIIUANT o ¥4 H, §H Uoh AfA ufamu= aw<n &1 ge fafdeid
URATE Ud hed & SRR fAf9a SRl & aTgfeden Icu= Al IR AT TaNT Sifoid &hed €|
3qah SifalRaq, gn ifAfYd uReds dyrameif & d8d T fRAR CMDP GHTT oAl 3189 &hed & 3R
T Teld AT daexl & dgd | Ueb gt IRHTeR & SifHfgdar € uRkd g7 &t aferorer & dgd, g9 99
! Yo FZamt URfeT (BP) 99T | G: 3941 &hd ¢ | BP AT <hl TRTAT bl IUTNT Shech, §H U]
AfYop AT THTET §&- o folq Tep LP-31Tenid YerniRed fAffid aed &1 g7 Yok vaf a1 v
Hd g S dgd AR CMDP 9831 &1 Ueh 98 Hifa srfafgydaar € wefaa 78t gl Tearses uai
Toh A faemus 99 W SR LP-3uiRd UeiREA &1 IUANT heeh fafHa SRl & argfwdd
CMDP THEmsif R gl & 3R Gurobi ieaR T IUTNT &hech | gH 3Ed & foh o AMell |, LP-3menia
TATREH Gurobi Hicer el URYUT hdT 81 §H 39 hTH ohl SId & STgi HshHuT GHTa-TeT # srfafgaar
s Rifted T ORa § St uifereifUes sifafgydaar Oe o1 fgwar 81 LP a9 & g1 fgdtaarn & Rgia &t
IUANT T §Y, §H THAT hl it GHen d GAH FU & G: IR ad 8 3R 9= smepri 6 argfeden
34 CMDP SH&I13 TR H&ATeHe TN &d 8, Gurobi HiceR T SUATT &hid g

Uch denfctich iR ehlUl &h &0 H, g9 Ii9-Haifda sifAfaarsil ot Tarer arTdi iR ehaoT Hora-rail
o AT e o folq Toh SraeR-Tfd STIdhet ST Sl IUTNT ohd & | ST TP STaeR-GfAd AThd
Aoty uferar (JCCMDP) a1 fAsior €11 81 8H Ugdl Geh JCCMDP HHAT o feaR &hd & Sigl Sarer
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AT deReR ATgfeedeh derexl ohl JUTNT ehech TR fohy STt & 3R HehAUT HHTEATE AT gl 81 &H
AqHd ¢ foh argfeder amTd deer sigfal 8 ok arefder ufdset & ffe dey iviRgR-ghrd aigen
o gR1 URA €1 & Ar=uarstl & SER, gH & SOCP SIIATUH! hl URdTd UKId hid & foi-ch Jfgd
e Sigt 3R et ST JCCMDP GH&T ht JUft hl Ich® ANTd UeT dhed g | ST AT Yeh
R R0 R W, fAH wiewH 7 a9ie g 99R iR, 3R faf9a smeRl dt argfden
309 CMDP Ia&13il R fhu S 81 89 a8 oft fIaR &d € ST aei= @I daexi ot fardRor gt SirET
STTET 81 39 A/ 5, 89 FATfehel UTAchdT SIATRISION, T, Ueh-dthid d6iid, s, 3R giftreT
AR el IUANT e &, dTfeh Udeh ehi-THeR THTTHT GHET &l fAHToT fohar S ek, foigent ude
TG HeT 31U IeadqH el o JTEH-USH el 8| J31 g8 JCCMDP GHET chl 20ft &hY I<HE rTd
% {771 87 Uk LP 99T o1 URATG hed & fotent SMfgcia Jed 39 dedg JCCMDP IH&T hl =gAaH
ARTd T STTETH-USH ehedT g1 1 81, 89 Teh JCCMDP IHTIT T 3190 ehed & STgi I dAnTd I1d
it & 3R HehHUT GUTGATY T1gfeeden URAH] ohl gl & | ATgfeeden uRad+ derer IR fAfd 2raf & agq,
BH IHEI 3R ST S ARISIUT ehl IUTNT hdeh ehi-THerd U GHETSdt eht fAHAT0T e 8, Foirent
ek g gea 39 Hafdd JCCMDP H-T hl IeadH ARTd ohl HGH-UGH Hhedl 81 ATgieedeh
ANTAT & | hl dE, 8H Ueh LP GHWT T UEdTd ohd & foidenT Aifgdia g 39 Hefdd JCCMDP
AT Y GATH AN hT HTEH-UETH Rl g | HATcHeh TINT Teh RIS AI=01 Grar R 3R fafa=
SThRI I ATgfedeh Iud CMDP FHwn3f R fohg SI1d 81

3fd H, g9 I ANTdl 3R Tshwor Garreraet 7 srfAfYadrsn &) e & faw ues faquffa Jee
JAER-Hed 31Icher i ol foaR &hd & | I gfeentur Iuail fohat STrar & ST aéier uiliehdr faaror
T ¢ | 399 Ueh faquffa Jee Tye sraar-ddf3a Areha fAofa afdear (DRICCMDP) et fR#for glar
&1 8H Ugdl ST & HehHUT HHTIATS 3R A1gfedden Iei= AT deexl & dgd Yeh DRJICCMDP IHwI
o1 fraR ed € forgent faaroT dhaet S1ifAes U & F1d g1 fIaror & aR # gaRT dhadl STHeer! & foh g
Teh AAATYaar 9e & et giar g S Uget &l &ul UR I9rey gut IT HifAeh STehRY Sl JUTRT dhech
fAfefa forar mar 81 g9 = fafera &ro wR senRa srfAfgyadT de &1 faar axd €, 3R e At &
foIq, &H IR IUYeRT Hed U ehd & Sl Hol GHET hl ISTdH ANTd oh folg I SR fAe Hiar ver
R &1 5T AR, 89 Teh DRICCMDP THET & SR i & STgT ATeedeh HehuT G9TETg
3R ST T T AT gl &1 8 AT & foh Hehmur GHTaHT deex Ueh faehf~ed fadRor et uretd et
g 3R o fAa ToefA wEar &1 usd & &10T & SIgATI ol IUTNT ahch, 89 gl T &t eToll R SreTRa
sifAfgaar e Afda d €, St argfcden arTdl & ATHe & AT 1 g feard € fs DRICCMDP a#&n
oh! GHhe = 8 qA: IR fohar ST derdt 8, a1 dt Uk fAfad gquifes srafefRor ahnfaT (MIBP) awwn
g1 Ueh FAfSd qutien Srgg=ita TRnfeT (MISDP) S#&T arafeifaR smenstf & a1l a4t Al |, gH
fafera SRRt &t argfeder Iq=a CMDP HHRITSH UR H&ATcHe TINT hid & |
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